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PREFACE. 

The  present  volume,  constituting  Part  III  of  this 

work,  deals  with  the  theory  of  ordinary  linear  differential 

equations.     The  whole  range  of  that  theory  is  too  vast  to 

be  covered  by  a  single  volume;  and  it  contains  several 

distinct  regions  that  have  no  organic  relation  with  one 

another.     Accordinglyi   I   have  limited   the  discussion 

'^       to  the  single  region  specially  occupied  by  applications 

i       of  the  theory  of  functions ;  in  imposing  this  limitation, 

^       my  wish  has  been  to  secure  a  uniform  presentation  of 

the  subject., 

As  a  natural  consequence,  muclfsoQ  omitted  that 
would  have  been  included,  had  my  decision  permitted 
the  devotion  of  greater  space  to  the  subject.  Thus  the 
formal  theory,  in  its  various  shapes,  is  not  expounded, 
save  as  to  a  few  topics  that  arise  incidentally  in  the 
functional  theory.  The  association  with  homogeneous 
forms  is  indicated  only  slightly.  The  discussion  of  com* 
binations  of  the  coefficients,  which  are  invariantive  under 
all  transformations  that  leave  the  equation  linear,  of  the 
asBooiated  equations  that  are  oovariantive  under  thesA 
tmnsfbrmations,  and  of  the  signifioanoe  of  these  invariants 
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and  oovariantoi  is  completely  omitted.  Nor  it  any  appli- 
cation of  the  theory  of  groups,  save  in  a  single  functional 
investigation,  given  here.     The  student,  who  wishes  to  f. 

consider  these  subjects,  and  others  that  have  been  passed 
by,  will  find  them  in  Scblesiuger's  Haiidlmch  der  Theorie 
der  linearen  Differeniialyleichutigen,  in  treatises  such  as 
Picard's  Cours  tVAnalyHe.  and  in  many  of  the  memoirs 
quoted  in  the  present  volume. 

In  preparing  the  volume,  I  h/ive  derived  assistance 
from  the  two  works  just  mentioned,  as  well  as  from  the 
uncompleted  work  by  the  late  Dr  Thomas  Craig.  But, 
as  will  be  seen  from  the  references  in  the  text,  my  main 
assistance  has  been  drawn  from  the  numerous  memoirs 
contributed  to  learned  journals  by  various  pioneers  in  the 
gradual  development  of  the  subject. 

Within  the  limitations  that  have  been  imposed,  it 
will  be  seen  that  much  the  greater  part  of  the  volume  is 
assigned  to  the  theory  of  ecjuations  which  have  uniform 
coefficients.  When  coeflicients  are  not  uniform,  the 
difliculties  in  the  discus^iion  are  giuve:  the  principal 
characteristics  of  the  integrals  of  such  an  equation  have, 
as  yet,  received  only  slight  elucidation.  On  this  score, 
it  will  be  sufficient  to  mention  equations  having  algebmio 
coetficients :  nearly  all  the  chamcteristic  results  that  have 
been  obtained 'ai*e  of  the  nature  of  existence-theorems, 
and  little  progress  in  the  ditficylt  task  of  constructing  .^ 
explicit  results  has  becA  made.  /   * 

Moreover,  I  have  dealt  mainly  with  the  general 
theory  and  have  abstiiined  from  developing  detailed 
properties  of  the  functions  defined  by  ^nportant  par- 
ticular equations.  The  latter  have  been  used  as  illustra* 
tions ;  liad  they  been  developed  in  fuller  detail  than  is 
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gtven,  the  inTestigations  would  soon  have  merged  into 
diBcussions  of  the  properties  of  special  functions.  In- 
stances of  such  transition  are  provided  in  the  functions, 
defined  by  the  hypergeometric  equation  and  by  the 
modem  form  of  Lamp's  equation  respectively. 


A  brief  summary  of  the  contents  will  indicate  the 
actual  range  of  the  volume.  In  the  first  Chapter,  the 
synectic  integrals  of  a  linear  equation,  and  the  conditions 
of  their  uniqueness,  are  investigated.  The  second  Chapter 
discusses  the  general  character  of  a  complete  system  of 
integrals  near  a  singularity  of  the  equation.  Chapters 
III,  IV,  and'  V  are  concerned  with  equations,  which  have 
their  integrals  of  the  type  called  regular ;  in  particular. 
Chapter  V  contains  those  equations  the  integrals  of  which 
are  algebraic  functions  of  the  variable.  In  Chapter  VI, 
I  equations  are  considered  which  have  only  some  of  their 

I  integrals  of  the  regular  type ;    the  influence  of  such 

integrals  upon  the  reducibility  of  their  equation  is  in- 
I  dicated«     Chapter  VII  is  occupied  with  the  determination 

of  integrals  which,  while  not  regular,  are  irregular  of 
specified  types  called  normal  and  subnormal ;  the 
functional  significance  of  such  integrals  is  established, 
in  connection  with  Poincar^'s  development  of  Laplace's 
solution  in  the  form  of  a  definite  integral.  Chapter  VIII 
is  devoted  to  equations,  the  integral  of  which  do  not 
belong  to  any  of  the  preceding  types;  the  method  of 
converging  infinite  determinants  is  used  to  obtain  the 
complete  solution  for  any  such  equation.  Chapter  IX 
relates  to  those  equations,  the  coefficients  of  which  are 
uniform  periodic  functions  of  the  variable :  there  are  two 
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olaaseBi  aooording  ai  the  periodicity  ie  eiinple  or  double. 
The  final  Chapter  deals  with  equations  having  algebraic 
coefiioients;  it  contains  a  brief  general  sketch  of  Poincar^'s 
association  of  such  equations  with  autoinorphic  functions. 


Tbinity  i/OLi.K<»iC|  Oamuriinjk, 
•1  Manh,  lUOi. 


In  the  revision  of  the  proof-sheets,  1  have  received 
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CHAPTER  I. 

Linear  Equations;  Existencb  or  Stnecho  Intborals: 

Fundamental  Systems. 

1.  The  couree  of  the  preceding  investigatioDS  has  made  it 
manifest  that  the  discussion  of  the  properties  of  functions,  which 
are  defined  by  ordinary  differential  equations  of  a  general  type, 
rapidly  increases  in  difficulty  with  successive  increase  in  the  order 
of  the  equations.  Indeed,  a  stage  is  soon  reached  where  the 
generality  of  form  permits  the  deduction  of  no  more  than  the 
simplest  properties  of  the  functions.  Special  forms  of  equations 
can  be  subjected  to  special  treatment;  but,  when  such  special 
forms  conserve  any  element  of  generality,  complexity  and  difficulty 
arise  for  equations  of  any  but  the  lowest  orders.  There  is  one 
exception  to  this  broad  statement;  it  is  constituted  by  ordinary 
equations  which  are  linear  in  form.  They  can  be  treated,  if  not 
in  complete  generality,  yet  with  sufficient  fulness  to  justify  their 
separate  discussion ;  and  accordingly,  the  various  important  results 
relating  to  the  theory  of  ordinary  linear  differential  equations 
constitute  the  subject-matter  of  the  present  Part  of  this  Treatise. 

Some  classes  of  linear  equations  have  received  substantial 
consideration  in  the  construction  of  the  customary  practical 
methods  used  in  finding  solutions.  One  particular  class  is  com- 
posed  of  those  equations  which  have  constants  as  the  coefficients 
of  the  dependent  variable  and  its  derivatives.  There  are,  further, 
equations  associated  with  particular  names,  such  as  Legendre, 
Bessel,  Lam4 ;  there  are  special  equations,  such  as  those  of  the 
hypergeometrie  series  and  of  the  qnarter-period  in  the  Jacobian 
theory  of  elliptic  fbnettoiM.  The  formal  solutions  of  such  equaiiAM 

r.  IV. 
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can  be  r^pudad  as  known;  bat  so  long  as  tbo  iovesligatiDn  k 
iMtrietod  to  the  piaeticnl  eonntruction  of  the  respeetiTe  eeriee 
adopted  for  tbe  toiotionSk  no  indication  of  the  lange.  over  which 
the  deduced  ac^ution  is  vidid,  is  thereby  given.  It  ia  the  aim  of 
the  general  theory,  aa  applied  to  auch  equations,  to  reconstruct 
the  various  methods  of  pruceediog  to  a  solution,  and  to  shew 
why  the  isolated  rules,  that  seem  so  simrceless  in  practice,  actually 
prove  effectiva  In  prosecuting  this  aim,  it  will  be  necessary  to 
revise  for  linear  equations  all  the  custoiharily  accepted  results,  so 
as  to  indicate  their  foundation,  their  range  of  validity,  and  their 
signiAcance. 

For  the  most  part,  the  equatioos  considered  will  be  ,kept  as 
general  as  pomble  within  the  character  assigned  to  them.  But 
from  time  to  time,  equations  will  be  discussed,  the  functions 
defined  by  ahich  cao  be  expressed  in  terms  of  functions  already 
known ;  such  iustaoccs,  however,  being  used  chiefly  as  illustrations. 
For  all  equations,  it  will  be  necessary  to  coosider  the  same  set  of 
probleuis  as  preseut  themselves  for  couMderation  in  the  discussion 
of  unrestricted  ordinary  equations  of  the  lowest  onlers :  the  exist- 
ence  of  an  integral,  its  uniqueness  as  determined  by  assigned 
conditions,  its  range  of  existence,  its  singularities  (as  regards 
position  and  nature),  its  behaviour  in  the  vicinity  of  any  singu- 
larity,  and  so  on :  together  with  the  converse  investigation  of  the 
limitations  to  be  imposed  u]>«>ii  the  form  of  the  equation  in  order  to 
secure  that  functions  of  specifietl  classes  or  types  may  be  solutions. 
As  is  usual  in  discussiens  of  this  kind,  the  variables  and  the 
porutaeters  will  be  assumed  to  be  complex.  It  is  true  that,  for 
many  of  tbe  simpler  applications  to  mechanics  and  physics,  the 
variables  and  the  parameters  are  purely  real ;  but  this  is  not  the 
case  with  all  such  applications,  and  insttunces  occur  in  which  the 
chamcturistic  CM|iiationH  posse.HM  imaginary  or  complex  parameters 
or  variables.  Quite  iiulc|)endently  of  this  latter  fact,  however,  it 
IS  desirable  to  use  complex  variables  in  order  to  exhibit  the  proper 
relation  of  functional  variation. 

2.  Let  r  denote  the  independent  variable,  and  w  the  dependent 
variable ;  s  and  w  varying  each  in  its  own  plane.  The  differential 
equation  is  considere<l  linear,  when  it  contains  no  term  of  order 
higher  than  the  first  in  w  and  its  derivatives ;  and  a  linear  equation 
ia  called  homogmeoui,  when  it  contains  no  term  independent  of  w 
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and  its  derivatives.  By  a  well-known  fonnal  result*,  the  solution 
of  an  equation  that  is  not  homogeneous  can  be  deduced,  merely  by 
quadratures,  from  the  solution  of  (he  equation  rendered  homo- 
geneous by  the  omission  of  the  term  independent  of  w  and  its 
derivatives ;  and  therefore  it  is  sufficient,  for  the  purposes  of  the 
general  investigation,  to  discuss  homogeneous  linear  equations. 
The  coefficients  may  be  uniform  functions  of  i«  either  rational  or 
transcendental;  or  they  may  be  multiform  functions  of  i,  the* 
simplest  instance  being  that  in  which  they  are  of  a  form  ^(#,  i), 
where  ^  is  rational  in  #  and  i,  and  #  is  an  algebraic  function  of  i. 
Examples  of  each  of  these  classes  will  be  considered  in  turn.  The 
coefficients  mil  have  singularities  and  (it  may  be)  critical  points ; 
all  of  these  are  determinable  for  a  given  equation  by  inspection, 
being  fixed  points  which  are  not  affected  by  any  constants  that 
may  arise  in  the  integration.  Such  points  will  be  found  to  include 
all  the  singularities  and  the  critical  points  of  the  integrals  of  the 
equation ;  in  consequence,  they  are  frequently  called  ike  iingu* 
laritUi  of  the  eqtuUion.  Accordingly,  the  differential  equation^ 
assumed  to  be  of  order  m,  can  be  taken  ic  the  form 

d^  "ft  ii^i  "^"^  di^^  +PmW, 

where  the  coefficients  jhi  Pi»  •••»  jNn  <ure  functions  of  i.  In  the 
earlier  investigations,  and  until  explicit  statement  to  the  contrary 
is  made,  it  will  be  assumed  that  these  functions  of  i  are  uniform 
within  the  domain  considered ;  that  their  singularities  are  isolated 
points,  so  that  any  finite  part  of  the  plane  contains  only  a  limited 
number  of  them :  and  that  all  these  singularities  (if  any)  for  finite 
values  of  «  are  poles  of  the  coefficients,  so  that  their  only  essential 
singularity  (if  any)  must  be  at  infinity.  Let  (  denote  any  point  in 
the  plane  which  is  ordinary  for  all  the  coefficients  p ;  and  let  a 
domain  of  (  be  constructed  by  taking  all  the  points  m  in  the 
plane,  sneh  that 

where  a  i^  the  nearest  to  C  unong  all  the  singularities  of  all  the 
ooefficientSL  Then  within  this  domain  (but  not  on  its  boondaiy) 
we  have 

*  Bm  my  TfHiHm  $m  DiffrewiM  EfmUmmttn. 
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where  P^  denotes  %  regular  fuDction  of  i  —  C  which  generally  ia 
an  infinite  eeriea  of  powers  of  « —  {^  converging  within  the  domain 
of  {^.  An  integral  of  the^  equation  existing  in  this  domain  is 
uniquely  settled  by  the  following  theorem: — 

In  ik§  domain  of  an  ardinarjf  point  {;  ike  differential  equation 
peeeessee  an  integral,  which  ie  a  regular* function  of  s^f^  and^  with 
ite  first  m  —  1  deriwitivee,  acquires  arbitrarily  assigned  values  when 
g  tm  ^;  and  this  integral  is  the  on{jf  regular  function  of  s-^t^  in 
the  spScified  domain,  which  satisfies  the  equation  and  fulfils  the 
assigned  conditions^. 

The  integral  thus  obtained  will  be  calledf  the  sjfnectic  integral. 

Sykectic  Integrals. 

S.  The  existence  of  an  integral  which  is  a  holomorphio 
function  of  j  —  (  within  the  domain  will  firat  be  etitablidhed. 

Let  r  be  the  radius  of  the  domain  of  {;;  let  Af|,  ...,  J/m  denote 
quantities  not  less  than  the  maximum  values  of  |^|,  ...,  \p^\ 
rettpectively,  for  points  within  the  doii^ain;  and  let  dominant 
functions  ^,  ...,  ^m*  defined  by  the  expretssions 

♦«"— ~T»  (#«1,  ...,  Ill), 

r 
be  constructed.    Then^ 
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for  every  positive  integer  o.    The  domiuant  functions  ^  are  used 
to  construct  a  domiuant  equation 

dr^         dr^^u         d^-^u 

dir  "  *'  di^^     *•  37«^  +  . . .  -f  f«tt, 

which  is  considered  concurrently  with  the  given  equation. 

*  Th«  oondiUont,  at  Co  tht  ftrbitrari&y  ftA»igneil  vaIum  lo  be  aoquirtd  at  f  by  « 
and  iU  dtfiffttivet,  art  ealknl  tbti  iuiUai  conUiIiumc;  Uia  valoot  am  oalM  Um 
inUial  valuii. 

t  Aa  U  U  a  ragular  fuDciioo  oi  iba  varUbU,  i(  woold  bava  been  fNroper  to  eaU 
il  tba  ri-gular  iotegral.  This  t«rm  baa  bowever  been  approprUted  (eee  Chapter  ui, 
I  iO)  to  deeoribe  another  elaee  of  integraU  of  linear  e(|u%iiont;  as  the  nee  in  thia 
other  eonnection  ie  now  wiaesprued,  confukion  would  lesult  if  the  uee  were  ohanged. 

^  Bee  ny  Theorj^  of  Functiout,  dud  edn..  |  :l*i:  (|aoted  bereafler  ae  r.  K 
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Any  Amction  which  is  tegular  in  the  domain  of  {  can  be 
eiprened  as  a  convei^g  series  of  powers  of  t  — {^;  and  the 
ooeflScienIs,  save  as  to  numerical  factors,  are  the  values  of  the 
Tarious  derivatives  of  the  function  at  {1  Accordingly,  if  there  is 
an  integnd  w  which  is  a  regular  function  of  «  —  {;  it  can  be  formed 
when  the  values  of  all  the  derivatives  of  iir  at  {^  are  known.    To 

^i  ^t  ••••  J^i^i*  ^®  arbitrafy  values  specified  in  the  initial 

conditions  are  assigned.    All  the  succeeding  derivatives  of  w  can 
be  deduced  from  the  differential  equation  in  the  form 

rf*w 


ds 


^, 


(for  aa>m,  m<f  1,  •••  ad  inf.),  by  processes  of  differentiation, 
addition,  and  multiplication:  as  the  coefficient  of  the  highest 
derivative  of  ti^  in  the  equation  (and  in  every  equation  deduced 
from  it  by  differentiation)  is  unity,  new  critical  points  are  not 
introduced  by  these  processes,  so  that  all  the  coefficients  A  are 
regular  within  the  domain  of  f. 

The  successive  derivatives  of  u  are  similarly  expressible  in  the 
form 


dj- 


ds* 


ds 


(for  aa>m,  m-f-1. ...  ad  inf.),  obtained  in  the  same  way  as  the 
equation  for  the  derivatives  of  w.  The  coefficients  B  have  the 
same  form  as  the  coefficients  A,  and  can  be  deduced  from  them  by 
changing  the  quantities  p  and  their  derivatives  into  the  quantities 
^  and  their  derivatives  respectively. 

The  values  of  the  derivatives  of  w  and  «  at  C  are  required. 
When  f  ■>  {;  all  the  terms  in  each  quantity  B  are  positive ;  on 
account  of  the  relation  between  the  derivatives  of  the  quantities  p 
and  f^  il  follows  that 

dm 
when  f  ^f.   Lei  the  initial  values  of  H, 


t  •••» 


f «{;  be  assigned  as  the  values  of  a.  ^ 
then 


t  •••» 


•  when 


£ii=i  "^^^  '-tj 


d^ 
d^ 


dp' 


6  ^^         Bxiamoi  or  [S. 

wheD  f  ^  (  fur  the  Talueii  m^m^k'  1.  ...oti.    If  iha  aaiiet 
oonveigei,  where  {juj  denotes  the  value  of  ^  when  ««  C*  ^he 


eene0 

<-)*(-«(s)**'-if^(S)--. 

where  I-t^j  denotes  the  value  of  -j^  when  m  «  (;  alao  eonvergea; 

it  then  represents  a  regular  function  ots-f^  which,  after  the  mode 
of  formation  of  its  coefficients,  satisfies  the  differential  equation. 

We  therefore  proceed  to  consider  the  convergence  of  the  series 
for  u,  obtained  as  a  purely  formal  solution  of  the  dominant  equa* 
tion.  To  obtain  explicit  expressions  for  the  various  coefficients  in 
this  series,  let  s  —  f  «■  rx,  taking  x  as  the  new  independent  variable. 
Points  within  the  domain  of  {^  are  given  by  |«|  <  1 ;  and  the 
dominant  equation  becomes 

When  the  series  for  u,  taken  in  the  fonn 

is  substituted  in  the  equation  which  then  becomes  an  identity,  a 
comparison  of  the  coefficients  of  j^  on  the  two  sides  leads  to  the 
relation 

-(m  +  i— 1)1(1- +  Ji/,r)fc«+»^,+  i  (m  +  i— s)lir^6.,^»^, 

holding  for  all  positive  integer  values  of  i\ 

This  relation  shews  that  all  the  coefficients  6  are  expressible 
linearly  and  homogeneously  in  terms  of  6t,  6|« ...,  6m-i:  Mid  that,  as 
the  first  m  of  theso  ooefficieuti  have  bi*en  m^e  equal  to  the  moduli 
of  tho  m  aHiitrary  quuatitios  in  the  initial  conditions  for  m^  and 
therefore  are  positive,  all  the  coi«fficients  6  are  positive,     ilenoe 

^        k  -^  in     ■•^•^* 


S.] 
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By  the  initial  definition  of  ifi,  it  was  taken  to  be  not  leee  than 
the  mazimum  valne  of  ||h|  within  the  domain  of  {;  it  can  there* 
fore  be  choeen  so  as  to  secure  that  ifir  >  m.  Assuming  this 
choice  made,  we  then  have 

so  that  the  successive  coefficients  increase. 

From  the  difference^uation  satisfied  by  the  coeflicients  ft,  it 
follows  that 

fca^^*  +  ifir^  i  (m ♦*-•)! jyfci^st 

So  fiur  as  iregards  the  m  — 1  terms  in  the  summation,  the  ratio 
ftiM4-^  -**  fr«H*-t  18  l^M  than  unity  for  each  of  them ;  M^  is  finite 
for  each  of  them;  and  {m^^ k ^ $)\ -h (m -¥ k)l  is  lero  fbr  each  of 
them,  in  the  limit  when  k  is  m^e  infinite.    Hence  we  have 


t:?E 


^1114* 


1. 


and  therefore 


<1, 

for  points  within  the  domain  of  f,  so  that*  the  series 

converges  within  the  domain  of  (  The  convergeuce  is  not  estab- 
lished for  the  boundary,  so  that  it  can  be  affirmed  only  for  points 
within  the  domain ;  it  holds  for  all  arbitrary .  positive  valuer: 
assigned  to  ^,  fti,  •••  9  6m.i. 

It  therefore  follows  that,  at  all  points  within  the  domain  of  {, 
a  regular  function  of  j  — {^  ezists  which  satisfies  the  original 
differential  equation  for  w,  and,  with  its  first  fii<-l  derivatives, 
acquires  at  (^  arbitrarily  assigned  values. 

4.  Now  that  the  existence  of  a  synectic  integral  is  established, 
the  explicit  expression  of  the  integral  in  the  form  of  a  power-series 
in  t  — C  ^i>  teries  being  known  to  converge,  cah  be  obtained 


•  C!lu7i«ia*i  il^tlfs,  vsL  B,  pi  ItL 
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idiraoUy  from  iha  eqiiaiioii.    As  C  i*  mi  oidiiiwjr  point  ibr  tmk  at 
iha  ctfeCdaoU  p,  we  luive 

|^» P.(j  -  C),  (t ->  1.  St ....  wX 

where  Pg  deooiee  *  reguler  fimctioa  of  t  —  {1    Lei  «»,  C|, ...» iu-t 

be  the  arbitrmry  veluee  Ainign^  to  icr»  ^- » ...»  d^m~i  •  ^hen  t»Ci 
end  Uke 

»«0el 


which  menifeeilj  eatiefieii  the  initial  cooditipne.  In  order  that 
this  may  aatiefy  the  equation,  ii  niu»t  make  the  equation  an 
identity  when  the  expression  is  substituted  therein.  When  the 
substitution  is  effected,  and  the  ooeAicients  of  («  -  {^y  on  the  two 
sides  of  the  identity  ifre  equated,  we  have  a  reUtion  of  the  form 


^m-t-i 


9  • 

where  Am-t-g  ie  a  linear  homogeneous  function  of  the  coeflScients  ««, 
such  that  « <  m  +  #,  and  is  also  linear  in  the  coeflScients  in  the 

quantities  P^(i^l^),  ...»P«('  — C)t  ^^  ^^^  relation  is  valid  for 
SB  0,  1,  2,  ...»  ad  inC  Usiug  the  relation  for  these  values  of  #  in 
succession,  we  find  a^',  s«^i,  ^m^,  •••  eipressed  (in  each  instance, 
after  substitution  of  the  values  of  the  coefficients  which  belong  to 
earlier  values  of  s)  as  a  linear  homogeneous  function  of  the  quanti- 
ties Oc,  tti,  ...»  0^.1:  and  iu  Am^j,  the  expressions,  of  which  the 
initial  constants  PU*  a,,  ...,  a^^i  are  coefficients,  are  polynomials  of 
degree  # -1-1  in  the  coefficients  of  the  functions  Pi(i  — O*  •••• 
'  Pm('  —  CX  "I^he  earlier  investigation  shews  that  the  power-series 
Ibr  w  converges ;  accordingly,  the  determination  of  the  coefficients 
a  in  this  manner  leads  to  the  formal  expression  of  an  integral  w 
satisfying  the  equation. 

i 

5.  Further,  the  integral  thus  obtained  is  the  only  rt»gular 
function,  which  is  a  solution  of  the  equation  and  satisfies  the 
initial  conditions  associated  with  a«,  a„  ...,  0^.1.  If  it  were 
possible  to  have  any  other  regular  function,  which  also  is  a  solu* 
tion  and  satisfies  the  same  initial  conditions,  its  expression  would 
be  of  the  form 
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*  regoUur  ftmetion  of  t  —  {1    The  ooefBcieott  would  bo  detenmn* 
able,  M  before»  from  a  relation 

"TT"  "«  IIM4I 

where  A  m^^  is  the  eame  fimctioii  of  Ctf  •t*^  %ik^i%  ^mt  •••»  ^wit  t 
as  ^fli^  IS  of  «g, ...,  «■»-!,  am,  •••,  (It If  |.    Hence 

i^sM-i  "■  '^'■M-t ""  '^M'l-if  c^r  mibstitution  for  9t^^ 


If 


and  80  on,  in  saccession.  The  coefficients  agree,  and  the  two 
series  are  the  same,  so  that  w^w'\  and  therefore  the  initial  oon- 
ditfons  nniquelj  determine  an  integral  of  the  equation,  which  is  a 
regular  function  of  t  —  {f  in  the  domain  of  the  oidinaiy  point  {1 

CoBOLLART  L  If  all  the  initial  eonstanU  a«,  «!•  •••»  ttm-i  ^"^ 
Mero,  then  the  eynectie  integral  of  the  equation  ie  identically  eero* 
For  in  the  preceding  discussion  it  has  been  proved  that  a^^g^  for 
all  the  values  of  # ,  is  a  linear  homogeneous  function  of  Ot,  ••«, 
cem.|  ;  hence,  in  the  circumstances  contemplated,  a^^  »  0  for  all 
the  values  of  #.  Thus  eveiy  coefficient  in  the  series  vanishes ; 
accordingly,  the  integral  is  an  identical  sero. 

Corollary  II.  The  initial  canetante  «#,  C|,  ...,  dr„|.|  occur 
linearly  in  the  expression  of  the  eynectic  integrcU ;  and  each  of  the 
m  variable  quantities,  which  have  those  constants  for  coefficients,  is 
a  synectic  integral  of  the  equation.  The  first  part  is  evident, 
because  all  the  coefficients  in  w  are  linear  and  homogeneous  in 
Of*  ^»  •••#  ^W-i«  As  regiards  the  second  part,  the  variable  quantity 
multiplied  by  «« is  derivable  from  w  by  making  Of  *  li  Mid  all  the  . 
other  constants  a  equal  to  sero ;  these  constitute  a  particular  set 
of  initial  values  which,  according  to  the  theorem,  determine  a 
synectic  intend  of  the  equation.  Thus  the  qmectic  integralt 
determined  by  the  initial  values  «•,•••»  Cm^,  is  of  the  form 

where  each  of  the  quantities  Hi,  Hi,  •••»  v«  is  a  qrnectie  int^ral  of 
the  equation. 

Noie  1.  The  series  of  pgwers  of  t  -*  C  ^hioh  repreibnte  the 
qmeelic  integralt  has  been  proved  to  conveige  within  the  domain 
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of  C  to  that  its  mdiat  of  coDvergence  U  |a  —  CIt  where  a  k  the 
•iuguUrity  of  the  coefliciente  which  is  ueareet  to  f*  A.U  theee 
einguleritiee  lying  in  the  finite  part  of  the  plane  are  determinable 
by  mere  inspection  of  the  forme  of  the  coeflBcients :  another 
method  muet  be  adopted  in  order  to  take  accoont  of  a  possible 
singularity  when  « «  oo  because*  even  though  « a^  ao  may  be  an 
ordinary  point  of  the  coefficients,  infinite  values  of  the  variable 

affect  the  character  of  w  and  its  derivatives. 

•  • 

For  this  purpose,  we  may  change  the  vuriable  by  the  substi- 
tution 

JXB  1, 

■ 

and  we  then  consider  the  relation  of  the  avorigin  to  the  trans* 
formed  equation  as  a  possible  singularity.  The  transformation  of 
the  equation  is  immediately  obtained  by  means  of  the  formula 

j^-i-ir  A   ai(a-l)I  (i-o)!  (!*•• 


inspection  of  the  transformed  equation  theu  shews  whether  x  »  0 
is,  or  is  not,  a  singularity.  Or,  without  changing  the  independent 
variable,  we  may  cimsider  a  series  for  w  in  descending  powers  of  $ : 
examples  will  occur  hereafter. 

It  may  happen  that  there  is  no  singularity  of  the  coefficients 
in  the  finite  part  of  the  plane,  infinite  values  then  providing  the 
only  singularity.  In  that  case,  we  should  not  take  the  quantity  r 
in  the  preceding  investigation  as  equal  to  jx  — C|i  that  is,  as 
infinite ;  it  would  suffice  that  r  should  be  finite,  though  as  large 
as  we  please. 

• 

It  may  happen  that  there  is  no  singularity  of  the  coefficients 
for  either  finite  or  infinite  values  of  z;  if  the  coefficients  are 
uniform,  they  then  can  only  be  constants.  The  dominant  equa- 
tion is  then  effectively  the  same  as  the  original  equation;  the 
investigation  is  still  applicable,  but  it  furnishes  less  information 
as  to  the  result  than  a  method  which  will  be  indicated  later  (§  6). 

Note  2.  The  preceding  proof  is  based  upon  that  which  is 
given  ^  by  Fuehs  in  his  initial,  and  now  classical,  memoir  on  the 
theory  of  linear  differential  equations. 

•  CrdU,  t  LiYi  (laCS).  pp.  133-125. 
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The  theorem  can  also  be  eetablished  by  regarding  it  as  a 
partienlar  case  of  Canchy's  theorem,  which  relates  to  the  posses 
sion  of  unique  synectio  integrals  by  a  system  of  stmnltaneons 
equations.    If 

tt'.-^  t  («-0, 1, ....  m-  IX 

the  homogeneous  linear  equation  of  order  m  can  be  replaced  by 
the  system 

Thei^  equations  possess  integrals,  expressible  as  regular  functions 
of  t  — C>  ^^^^  ^^^  ti^fi  tTi, ...,  KTai-i  assume  arbitrarily  assigned 
values  when  #"■{*•  <^  ^^e  integrals  are  unique  when  thus 
determined:  which,  in  effect,  is  the  theorem  as  to  the  qrnectio 
integnd  of  the  linear  equation  ^ 

ifoCs  8.  A  different  method  for  establishing  the  existence  of 
the  integrals,  though  it  does  not  indicate  fully  the  r^on  of 
their  convorgenoe,  can  be  based  upon  a  suggestion  made  by 
QUntherf*  It  consists  in  the  adoption  of  another  snbsidiaiy 
equation 

where  fn*  .      7-Ki>> 

for  ^«  1, ...,  m.  The  advantage  of  this  form  of  equation  is  that 
its  integrals  are  explicitly  given  in  the  form 

where  •*  is  a  root  of  the  equation 

•►  (•-- 1) ...  (e' -  m -f  1)  -  -  rlfie'C^  - 1) ...  (e' -  m  +  2) 

+  f*M^(&  - 1) ...  (e'  -  m  +  8)  + ... 

•  8m  Psri  n  of  Ikit  Tmlifc  H  4,  le-UL 

t  CrvOf,  t  ciTm  (1897),  pp.  SSI— SM|  ns  also  eosM  nsMikt  liwwsfoe  kf 

fSa,  pp.  So4,  SSS^ 
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If  *  root  m  is  niittltiple»  the  corresponding  group  of  integrak  is 
easily  obtained^. 

The  ounatruotion  of  the  actual  proof  on  the  foregoing  lines  is 
left  as  an  eiercise. 

JEr.  1.    Oooioder  ths  eqiiatloo 


whert  «  U  a  connUnt. 


The  niiigulArititMi  in  the  ttuite  |iart  of  the  plane  art  «wl,  jw-1.  On 
traiuifurmiiig  the  equation  by  the  auUititution  ur^  1^  eo  that  it  beoomeii 

we  Moe  that  jr*0  (and  therefure  j*co  )  U  another  aiugiilarilf  of  the  ooett- 
cieiiU :  ao  that  the  preooding  invontigation  doea  not  apply  to  the  inuuediate 
Tiduity  of  xmO. 

It  ia  oloar  that  the  i-origin  is  an  ordinary  point  of  the  ooefficienta  of  the 
original  equation :  the  douikin  of  iwO  ia  a  circle  of  radiua  unity.  The  equa- 
tion therefure  puHiuMiioa  a  ayiuictio  integral,  which  ia  a  aeriea  of  powers  of  j 
converging  within  the  circle ;  it  b  uniquely  dotenuinod  hy  the  conditiona 

that  raoi  ^j-'A  when  f^O^  wheru  a  and  fi  are  arbitrary  constants.  To 
obtain  its  expression,  let 

be  substituted  in 

which  then  must  be  an  identity.  In  order  that  the  coefficient  of  if  may 
vanish  after  substitution,  we  must  have 

(a  +  S)(ii  +  l)6,^,-(ii«  +  ii-s)*«-0^ 
eo  that 

_a*4s-«     . 

^•♦•"(s  +  i)(«  +  l)^' 
Now  by  the  initial  conditions,  we  have 


hence 


k        (jwt-I)(^^-^)-«i 


•  Bee  my  Tnatiu  on  DsfftrtniiM  Kqnaiiom,  H  47,  4S. 
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atidf  ttmilariji 

the  expressed  producU  being  taken  for  integer  Talnes  of  •  fktNO  1  to  m.    The 
^fneetic  integral  satief jing  the  initial  oonditions  is 


both  seriea,  if  infinite^  converging  for  Talnes  of  t  snoh  that  |t|  <  1. 

The  best  known  instance  of  this  equation  is  that  whioh  is  usnallj 
eiated  with  Legendre's  name :  s  then  is p(ji4- IX  Mid p  (in  the  simplest  form) 
is  a  positife  integer.  If  p  be  an  even  integer,  all  the  coeiBcients  6^,  for 
hm>Pf  vanish,  so  that  the  quantity  mulUpljing  m  is  then  a  polynomiid ;  the 
quantity  multiplying  0  is  an  in6nite  series.  If  p  be  an  odd  integeri  all  the 
ooeflkients  6^4 1«  for  Sm-t-I  >i^  vanish,  so  that  the  quantity  multiplying /I 
Is  then  a  polynomial ;  the  quantity  multiplying  •  is  an  infinite  BerieSi  In  all 
other  cases,  the  quantities  multiplying  •  and  fi  are,  each  of  them,  lollnite 
series;  inevety  instance^  the  series  con vetge  when  |f|<  I. 

Kx.%.    Obtain  the  syoectic  integral  of  the  equatkm 

(which  indodes  Besssl^  equation  as  a  special  oaseX  with  the  fadtial  oonditiona 
that  w«a,  -^L^P irhm  t «e,  where  |e|  >  a 

Eg,  S.    Determine  the  synectio  integral  of  the  eqaaUon  of  the  hyper- 

geometric  series 

the  teititl  eoodiUoM  being  that  w-il,  ^- A  *>>«<>  '-!• 

Eg.  4.    Determine  the  synectio  integrals  in  the  domain  of  t^O^  possessed 

by  the  equation 

«Pw 

3P' 


/ 


with  the  initial  cooditiotts  (I)  that  w-1,  ^-0^  when  t-0 ; 

(U)  that  w-0^  ^- 1,  when  t-O. 

Eg.b.    IVove  that  the  syMotio  Integral  In  ths  domain  of  •■>(\  possessed 
by  the  equatloB 

HI'' 


14  1QUAT10N8  WITH  .  [6. 

with Um  ioitUl oundiiioiM thai  wl,  ^-^0^  wImd  t «0^  k 

and  if  tiie  term  iii  tr  iuvolviDg  i*  Le   *  4*,  then 

n. 

Prove  eluo  tbat  the  priiuitivo  uui  be  ui|>nM»ed  in  lerme  of  BeMefe  ftmrtiune 

81 
a 


of  order  lem  aimI  Arguineni  —  c^ . 


£x,  6.    The  equation  with  ooiMtont  cuefficiente  uay  be  taken  in  the  fom 

it  powMMnee  A  eynectic  iiiti*gral  in  the  funii 

IT-   2  u^,-, 

which  converge*  everywhere  in  the  finite  imrt  of  tlie  pUne :  and  a«i  ..•«  «m.it 
are  the  arbitrarily  aHMigned  initial  cou»tantB. 

Bubtttituting  in  the  dilt'ercntial  equatiiin  thia  vidue  of  i#,  and  equating 
ooefl&cienta  of  - ,  s\  we  have 

The  ex|)reH«ion  of  the  coeflliuieiit«  a^,  <<mti»  •••  iu  tenua  of  a^,  a^^  ...i  flw-i 
de|ionda  (by  the  a«>lution  of  thu  furvguing  ditlenmue-equatiou)  upoo  the 
algobraioal  equation 

When  the  roota  of  ^(tf)aaO  m«  different  from  one  anotheri  lei  them  bo 
denoted  by  fl|,  a^,  ••••  ^m  »  ^>d  in  connection  with  the  m  arbitrary  conataota 
a«,  a|,  ...»  a^.n  determine  m  new  cuiuttantu  A^^  A^, ...,  J^i  by  the  relatione 

The  determination  ia  imique :  for  on  nolving  thciie  ta  relationa  aa  m  Kn^r 
equationa  in  J|,  ...f  A^,  the  determinant  of  the  right-hand  aide*  i* 

1        »    1        I  ...|    1 


which  ia  equal  t4^l[|4e  priMluct  4if  the  diH'erunce«  of  the  ruoU  and  ie  thorafoi^   • 
not  aoro.     Hence,  aathe  coiuitaiiU  u,,  <i|,  ...,  u^.,  kre  arbitrary,  the  at  new 
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eonaUaU  J|,  •..,  Amt  when  used  to  replaM  the  foraier  wt,  oui  bo  logoidod 
MmindependontArbitimryooiiitoiito.  With  tbooooopttonto  thuo  dolonained, 
wohafo 

-e.  5  opi«*-«  J^-l-e^  1  •,^•♦•-^11+  ...  -|.€U  1  mpTI^, 
lor  oil  taIom  of  11.    When  fi»0^  wo  hafo 

wbeQfi«l,  wohftfo 

•ad  80  on,  tho  genirAl  reouH  being  that 

for  an  taIom  of  n.    Honoe 

i-f     *» 

the  eustoQiAiy  form  of  the  tolution,  Ai^,.^  A,^  being  m  independent  arbitrerj 
oonetante. 

Sg.  7.  Apply  the  preceding  method  to  obtain  a  eimilar  eiprewioo  In 
toite  terms,  when  the  roots  of  the  equation  ^{i)mO  are  not  all  dMRnent  firom 
one  another. 

8.    A  different  method  of  dieeuming  the  iinear  equation  with 
constant  cocflScienta  has  been  given  by  Hermite. 

Taking  the  equation,  as  before,  in  the  form 
we  MBoente  with  it  the  exprewion 

♦(f)- r"-(cf— ' +c.r^+ ... +««> 

Denoting  hy/(f)  tatj  polynomi*!  in  H,  let 

W-   *    />/(f)  rff 

integration  being  taken  round  any  simple  contour  in  the  C-plane. 
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In  the  6nt  place,  the  degree  of  the  polynomiAl  /(O  inaj  be 
taken  to  be  lose  than  m.    If  initially  it  is  not  eo^  then  we  have 


on  diviaion,  g  (f )  being  a  polynomial,  and  /  (f )  a  polynomial  of 
Older  lees  than  that  of  ^,  that  is,  less  than  m.    Now 


/^^(C)rfC-o, 


round  any  simple  contour  in  the  f-plane ;  in  the  remaining  inte- 
gral, the  polynomial  is  of  the  forn)  indicated  Accordingly,  /(() 
will  be  assumed  to  be  of  order  less  thun  tn. 

We  have 

"'d^'ii.hi^]^''^'         (r-0.1.2....X 
taken  round  the  same  contour ;  so  that        * 

-  jS^/^ ^f )  If"  -  (cif-^*  +  cJT^  +  ...  -f  c«))  df 

-0. 

because /({')  is  a  polynomial  and  the  integral  is  taken  round  a 
simply  contour  in  the  {^-plane.  Thus  If  is  a  sdution  of  the 
equation. 

The  only  restriction  upon  /(f)  is  that,  effectively,  its  degree 
must  be  less  than  m.  It  may  therefore  be  taken  as  the  most 
general  polynomial  of  degree  m  —  1 ;  in  this  form,  it  will  contain 
m  disposable  cocfticients  which  can  be  used  to  satisfy  the  initial 
conditions.  Let  these  conditions  require  that,  when  w»0,  the 
variable  w  aud  its  first  m  *  1  derivatives  acquire  values  i*t,  ku  •••• 
Xm-i  respectively ;  then  we  determine /({^)  as  follows.    Since 


lift' l^"*'"  2/ir/^Tof'''*^' 


*(f) 

we  shall  draw  the  simple  contour  in  the  {^-plane  so  as  to  enclose 
the  origin ;  and  then  the  preceding  xelation   shews   that,  when 


«•) 


WITH  OONSTAIIT  GOIFPIOIBlfTC 


JT 


"^^^  M  expanded  in  deocending  powers  of  {,  the  coefficienl  of 
(~^*  18  Iv;  80  that»  88  it  holde  for  r  vO»  1, ...,  «m—  1,  we  have 

♦  (0    ?    t"  t~' 


and  therefore 


As  /{{)  18  a  polynomial  in  ^  all  terme  involving  negative  powere 
of  f  must  disappear,  when  mnltiplication  is  effected  on  the  rij 
hand  side ;  and  therefore 


\'i 


/(f)-  2  ftrir-^»-(e,r^-^+...+cw^)}, 


the  coefficient  of  km^  being  unity.  If  therefore  w  and  ite  fint  # 
derivatives  are  all  to  acquire  the  value  sero  when  t  —  0,  then  the 
dtgne  of  the  polynomial  /(f)  is  m  —  «  —  2. 

In  order  to  obtain  the  customary  expression  for  If,  let  the 
contour  be  chosen  so  as  to  include  all  the  seme  of  ^  (f ).  Let  m^ 
be  a  lero,  and  let  its  multiplicity  be  fii,  so  that 

♦  (f)-(C-«.^*.(0» 

where  the  roots  of  ^  (f)  ^^  the  other  roots  of  ^  (f ).    Let 
fit)      A'„         A'n  A\,        /.(O 

*(o  f-«.*(r^y" *(?-«.)"•* ♦.(C)' 

^n.ilfli ...,  being  constants,  and  /i(C)  a  polynomial  of  order 
m— Ml  — 1.  So  far  as  the  fint  iii  terms  are  conoerned,  their 
contribution  to  the  value  of  the  expression  fortF^^is  given  by 
taking  a  eontour  round  C|  only.    We  then  have 


tin 


A', 


{ 


(r-l)I 

OB  diaagiBg  khe  oonsUnta;  uid  .herefora  the  part,  uiaiog  thfongh 
kh*  took  i^  of  nralkiplicity  Hi,  in  the  eipreMioo  for  khe  int^rd  k 

(it.  +  A^  +...  +  Anit  *^-*)  •*•, 
V.  IT.  S 


18  iUEiuun's  Mvnioo  worn  iquatioms  [0. 

inYolviDg  a  number  of  oooaUnta  equal  to  the  multiplicity  of  the 
root.  This  form  holds  for  eaoh  root  in  turn;  and  therefore  the 
number  of  oonatantu  ie  the  «um  of  the  multiplicities,  that  in,  it  is 
equal  to  m,  the  degree  of  ^  {(),  But  m  is  the  number  of  arbi* 
trary  constants  in  /(C)»  when  it  is  initially  chosen :  thei^e  can 

therefore  be  replaced  by  the  constants  A  in  the  expression 

■ 

• 

the  summation  extending  over  the  roots  a  of  ^({^)«bO,  and  u 
denoting  the  multiplicity  of  a.  The  simplest  case,  of  course, 
occurs  when  all  the  ro4>ts  of  ^({^)«0  are  different  from  one 
another. 

The  method  can  he  apiilied  to  the  equation 
where  F(m)  b  any  fuuction  of  i.    Couiiider 

where  ^  (f)  has  the  same  iiignificauce  as  before,  /(i,  f)  i*  *  iMlynomial 
in  (  with  (unknowii)  fuuctiona  of  i  a«  ooeliicientai  of  the  powers  of  (^  aud 
integration  ezteuds  round  a  aioiple.  ooutour  thsit  includes  all  the  roots  of 
^(()-*0.    Then 


provided 


,   |>rovi<lad 


I 

and  so  on  in  suocesiuon,  until  we  have  ,  ^ 


provided 


Then 


; 


.1 


I 
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m%  hafe  If  m  a  ■olation  of  the  giTen  equaUoo  K  b  wkUtioo  to  11m  oUmt 
coodHion^  whkb  m  that 


A 


ibrr-f,l; 


/. 


^  —I  i 


Now  aa  Um cooloar  ambraoea  all  tha  rodta  of  ^({X  ^v«  hava^ 


fcr  fal;  ..^  M I  w  that,  taUiig 


-K 


* 

whara  ^(t)  la  a  fbHolkm  of  t  at  our  diapoaal,  wa  aallaiy  11m  ni«1  fcmal 
oonditkNia  uaaomMolad  with  /*(t);  and  than  ${$)  muai ba  auoh  thai 


Bataa 
wahafat 

and  tbaiwDfa 

Haooa 

aothai 


♦(0-f"-(<^if"-"+...-»-Oi 


Hn)^^F(.).. 


whara  ^(0  la,  ao  far  aa  oonoarna  tbia  moda  of  dateniiining/(if  0»  ^^J  fbnotlon. 
of  {,aiid  Intagration  iHth  regard  to  via  along  any  path  that  enda  inf.  Whan 
^(f)  la  aaro^/(i|  0  reduoaa  to  ^({) ;  mkI  then  tha  eolation  of  tha  diflbrentlal 
aqaatkm  ahawa  that  ^(0  ia  a  poljnomial  In  (,  of  degree  not  higher  than  m- 1. 
AoaordiagHy,  aa  g(0  la  Independent  of  f,  wa  taka  It  to  ba  a  poljnonlal  of 
digrea  ai.-l  la  {,  with  arbitimrj  oonataata  §ar  tha  eoaAclenta ;  and  tbaii  tha 
intagfal  of  tha  agnation  haa  tha  form 


r.  m  K  DL 


t  r .  r^  I  U,  m,  Oer. 


to  OOMTlllUATiaN  Of.  TBI  [8. 

wlMra  ihm  {'•ini^gratioii  eilcikU  round  anj  ninipla  oontoiir  innindinf  all  Um 
rooU  of  ^(C)""0»  And  ilie  M-integrfttioii  eiteoda  froni^  anj  Mrbitmy  iniliAl 
point  alonf  any  path  (tlia  Mniplar  the  battor)  to  «. 

Tha  aangla  intagral  in  the  aipfaaaion  for  IK  ia  clearly  the  complemantary 
Amotion,  and  tha  double  integral  ia  the  partioular  integnd,  in  tha  primitifa  of 
the  differential  equation.  The  expreaaion  can  be  developed  into  the  cuatomary 
fomii  in  the  same  way  aa  in  the  ainipler  oaae  when  F{i)  Taniahea. 

Hennite'a  invoMtigation,  baiied  upon  Cauchy'a  treatment  by  the  oalculua  of 
rasiduen  aa  expounded  in  the  Exeraces  <U  JiatA/maiiques^  ia  given  in  a  memoir 
in  Darboux'a  Buil.  Ms  Scienca  JfaM.,  2-*  S6r.  t  ill  (1679),  w  311—325 :  it  U 
followed  by  a  brief  note  {L  c,  p|i.  326-— 328),  due  to  Darboux.  A  memoir 
by  CoUi^t,  Ann.  iU  Fie  Norm.  Sup.,  3«*  S^r.  t  IV  (1887),  pp.  129—144,  may 
alaH«  be  cimiiulted. 

Tub  Process  0¥  Continuation  applied  to  the  Synectic 

Integral. 

7.  The  aynectic  integral  P('  — C)  i^  known  at  all  points  in 
the  domain  of  f,  being  uniquely  detenuincd  by  the  assigned 
initial  conditions  at  (l  So  long  as  the  variable  remains  within 
this  domain,  the  integral  at  m  does  not  depend  upon  the  path  of 
passage  from  {^  to  x,  so  that  the  path  from  f^tos  can  be  deformed 
at  will,  provided  it  remains  always  within  the  domain.  Let  {f  be 
any  point  in  the  domain ;  then  the  values  of  the  integral  and  its 
first  m  —  1  derivatives  at  {f  arc  uniquely  determined  by  the  initial 
conditions  at  jf,  and  they  can  themselves  be  taken  as  a  new  scit  of 
initial  conditions  for  a  new  origin  (*.  Accordingly,  construct  the 
domain  of  {^ ;  and,  .with  the  values  at  {f  taken  as  a  new  set  of 
initial  values,  form  the  synectic  integral  which  they  determine. 
As  the  new  initial  values  are  them^ftelves  dependent  upon  the 
initial  values  at  {^,  the  synectic  integral  in  the  domain  of  {^  may 

be  denoted  by  P,(x- jr.  ?). 

If  the  domain  of  {^  lies  entirely  within  that  of  {^(it  then  will 
touch  the  boundary  of  the  domain  of  {^  internally),  the  series 
Pi(x  — (^,  {^)  must  give  the  same  value  as  P(z  — {^):  for  every 
point  I  in  the  domain  of  ^'  is  then  within  the  domain  of  {^,  and  it 
ia  known  that  the  synectic  integral  is  unique  within  the  original 
domain. 

If  part  of  the  donmin  of  {f  lies  without  that  of  (;  then  in  the 
remainder  (which  is  common  to  the  two  domains)  the  series  Pi 
roust  give  the  same  value  as  P.  But  in  that  part  which  is 
outside,  the  series  Pi  defines  a  synectic  integral  in  a  region  where 


T.) 
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P  does  not  exist;  it  therefore  extends  our  knowledge  of  the 
integral,  and  it  is  a  continuation  of  the  sjmectic  integral  out  of 
the  original  domain. 

Let  Z  be  any  point  in  the  plane;  and  join  J?  to  {^  by  any 
curve,  drawn  so  as  not  to  approach  infinitesimally  near  any  of 
the  singularities  of  the  coefficients  in  the  differential  equation. 
Beginning  with  (^  construct  the  domains  of  a  succession  of  points 
along  this  curve,  choosing  the  points  so  that  each  lies  in  the 
domain  of  a  preceding  point  and  each  new  domain  includes  some 
portion  of  the  plane  not  included  by  any  previous  domain.  Owing 
to  the  way  in  which  the  curve  is  drawn,  this  choice  is  always 
possible  and,  after  the  construction  of  a  limited  number  of 
domains,  it  will  bring  Z  within  a  selected  region.  With  each 
domain  we  associate  its  own  series :  so  that  there  is  a  succession  of 
series,  each  contributing  a  continuation  of  its  predecessor.  We 
can  thus  obtain  at  Z  a  synectic  integral  of  the  equation,  which  is 
uniquely  determined  by  the  initial  values  at  {^  and  by  the  path 
from  {^  to  J?.  I 

Further,  taking  the  values  of  the  integral  and  its  first  m  —  1 
derivatives  at  J?  as  a  set  of  new  initial  values,  and  taking  the 
preceding  curve  reversed  as  a  path  from  J?  to  {*,  we  obtain  at  1^  the 
original  set  of  assigned  initial  values.  To  establish  this  state- 
ment,  it  is  sufficient  to  choose  the  succession  of  points  along  the 
curve  in  the  preceding  construction,  so  that  the  centre  of  any 
domain  lies  within  the  succeeding  domain,  and  to  pass  back  from 
centre  to  centre.  Stating  the  proposition  briefly,  we  may  say 
that  th$  rever$al  of  any  path  restores  the  initial  values. 

By  imagining  all  possible  paths  drawn  from  any  initial  point  {^ 
to  all  possible  points  s  that  are  not  singular,  we  can  construct  the 
whole  region  of  continuity  of  the  integral,  as  defined  by  the 
differential  equation  and  by  the  initial  values  arbitrarily  assigned 
at  {^:  moreover,  we  shall  thus  have  deduced  all  possible  values  of 
the  integral  at  s,  as  determined  by  the  initial  values  at  {^  It  is 
clear,  from  the  construction  of  the  domain  of  any  point  and  after 
the  establishment  of  a  synectio  integral  in  that  domain,  which 
can  be  continued  outside  the  domain  (unless  the  boundary  of  the 
domain  is  a  line  of  singularity,  and  this  has  been  assumed  not  to 
be  the  case),  that  the  region  of  continuity  of  the  integral  is 
bomided  hgr  the  singolaritiei  of  the  ooefBoienta    As  has  already 


St  DXfORIIABLI  [7. 

been  reiurkect  these  tingularitiet  are  called  the  tiiipdariim  qf 
tks  equation.  Tbue  all  the  critical  pointa  of  the  integral  an  ftzed 
pointi ;  and  if  the  equation  be  taken  in  the  Ibnn 

• 

where  the  functions  9«, ...» f^  are  holomorphic  over  the  finite  part 
of  the  plane  and  have  no  common  fiu^tor,  these  critical  points  are 
included  amoDg  the  roots  of  j,,  with  possibly  #nao  also  as  a 
critical  point  The  value  of  the  integral  at  an  ordinary  point  near 
a  singularity  has  been  obtained  as  a  synectic  function  valid  over 
the  domain  of  the  point,  which  excludes  the  singularity.  In 
later  investigations,  other  expressions  for  the  integral  at  the 
poiut  will  be  dctenninetl,  when  the  point  belongs  to  a  different 
domain  that  includes  the  singularity. 

• 

8.  Any  path  from  (  to  j  can  be  defonnod  in  an  unlimited 
number  of  ways :  and  it  is  not  inconceivable  that  thene  deforma- 
tions should  lead  to  an  unlimited  number  of  values  of  the  integral 
at  I,  as  determined  by  a  given  set  4»f  initial  values :  but  the 
number  is  not  completely  unlimited,  because  all  paths  from  f^  to  s 
lead  t<i  the  eame  final  value  at  z  with  a  gii^n  set  of  initial  values  at 
C  provided  they  are  de/ormable  into  one  another  without  crossing 
any  of  the  sinyularities.  To  prove  this,  consider  a  path  from  t^  to 
t,  drawn  so  that  no  point  of  it  is  within  an  infinitesinuU  distance 
of  a  singularity,  and  draw  a  second  '|Mitk  between  the  same  two 
pointy  obtained  by  an  infinitesimal  deformation  of  the  first ;  no 
point  of  4ho  second  path  can  therefore  be  within  an  infinitesimal 
distance  of  a  singularity.  On  the  first  path,  take  a  succession  of 
points  X|,  x„  ...,  so  that  X|  lies  within  the  domains  of  t^  and  of  ^„ 
X,  within  the  domains  of  X|  and  Xj,  and* so  on.  On  the  second  path, 
take  a  similar  succession  of  points  j/,  x/, ...,  near  X|,  x,,  •••  respec- 
tively, in  such  a  way  that  x/  lies  in  the  part  common  to  the 
domains  of  t^  and  x,,  while  t^  is  in  the  dontain  of  x/;  x,'  in  the 
part  common  to  the  domains  of  x,  and  x^,  while  x^  is  in  the  domain 
of  x/;  and  so  on.  Join  Xix/,  x^x/, ...  by  short  arcs  in  the  form  of 
straight  lines. 

• 

Now  we  have  seen  that,  in  any  domain,  the  path  from  the 
centre  to  a  point  can  be  deform^l  without  affecting  the  value  of 
the  integral  at  the  point,  previded  every  deformed  path  lies  within 
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the  domain.  Hence  in  the  domain  of  {^,  the  path  (Ir,  gives  at  Mi 
the  same  integral  as  the  path  C)r/#i.  This  integral  furnishes  a  set 
of  initial  values  for  the  domain  of  #|-;  and  then  the  path  #,#,  gives 
at  ^  the  same  integral  as  the  path  f|fiV^*  Consequently  the 
path  itiS^  gives  at  ^  the  same  integral  as  the  path  {!r/«i,  followed 
hy  x,j,V^*  But  the  effect  of  #/#|  followed  at  once  by  m/  i^  nut, 
because  a  reversed  path  restores  the  values  at  the  beginning  of 
the  path ;  and  therefore  the  path  (tiit  gives  at  St  the  same  integral 
as  the  path  Cr/f/'t* '  And  so  on,  from  portion  to  portion :  the  last 
point  on  the  first  path  is  g,  which  also  is  the  last  point  on  the 
second  path;  and  therefore  the  path  {!r,«f*'  gives  at  g  the  same 
integral  as  the  path  C'/x/***'* 

Now  take  any  ,two  paths  between  {^  and  g,  such  that  the  closed 
contour  formed  by  them  encloses  no  singularity  of  the  equation. 
Either  of  them  can  be  changed  into  the  other  by  a  succession  of 
infinitesimal  deformations :  each  intermediate  path  gives  at  g  the 
same  integral  as  its  immediate  predecessor:  and  therefore  the 
initial  path  and  the  final  path  from  f^to  g  give  the  same  integral 
at  g ;  which  is  the  required  result 

If  however  two  paths  between  {^  and  g  are  such  that  the  closed 
contour  formed  by  them  encloses  a  singularity  of  the  equation, 
then  at  some  stage  in  the  intermediate  deformation  the  curve  will 
pass  through  the  singularity,  and  we  cannot  infer  the  continuation 
along  the  curve  or  the  deformation  into  a  consecutive  curve  as 
.  above.  It  may  or  may  not  be  the  case  that  the  two  paths  from 
f  to  #  give  at  g  one  and  the  same  integral  determined  by  a  given 
set  of  initial  values ;  but  we  cannot  assert  that  it  is  the  case. 

Accordingly,  we  may  deform  a  given  path  without  affecting 
the  integral  at  the  final  point,  provided  no  singularity  is  crossed 
in  the  process.  Moreover,  in  order  to  take  account  of  different 
paths  not  so  deformable  into  one  another,  it  will  be  necessary  to 
consider  the  relation  of  the  singularities  to  the  function  represent- 
ing the  integral :  this  will  be  effected  in  a  lat^r  investigation. 

When  two  paths  can  be  deformed  into  one  another,  without 
crossing  any  singularity,  they  are  called  reeoneiteable ;  when  they 
cannot  so  be  deformed,  they  are  called  irrtooncUeahU,  If  two 
irreooncileable  paths  lead  at  #  to  different  integrals  firom  the  same 
initial  values  at  {;  the  closed  circuit  made  up  of  the  two  paths 
leads  at  C  to  a  set  of  values  different  from  the  initial  values. 


t4  fORII  or  THl  [8. 


Thew  new  Taluea  can  be  taken  as  a  new  aei  of  iniiial  vaiaea: 
when  the  same  circuit  ia  described,  they  are  not  reatored.  ao  that 
either  the  old  initial  valnen  or  a  further  aet  of  valuea  will  be 
obtained  :  and  so  on,  for  repeated  dencriptiona  of  the  circuit.  By 
thi«  proceim,  we  may  obtain  any  number,  perhaps  even  an  unlimited 
number,  of  seto  of  values  at  {^  deduced  from  a  given  initial  set ; 
and  thus  there  may  be  any  number,  perhaps  even  an  unlimited 
number,  of  values  of  the  integral  at  any  point  s. 

■ 

Cousider  any  path  from  ^  to  m;  and  without  crossing  any  of 
the  singularities,  let  it  be  deformed  into  loops,  drawn  from  {^  to  the 
singularities  and  back,  (these  loops  coming  in  appropriate  success* 
ion),  followed  by  a  simple  path  (say  a  straight  line)  from  {^  to  j. 
The  filial  value  of  the  integral  at  x  is  determined  by  the  values 
at  ^  at  the  beginning  of  the  straight  line,  aud  these  values  are 
deducible  from  the  initial  values  originally  assigned.  Hence  ike 
generality  of  the  integral  at  z  is  not  affected  by  taking  any  particular 
path  from  (  ^<^t  provided  complete  generality  be  reserved  for  the* 
initial  values :  aim  therefore,  from  this  aspect,  it  will  be  sufficient 
to  discuss  the  complete  system  of  integrals  as  krii^ing  from  com- 
pletely arbitrary  systems  of  initial  values  at  an  ordinary  poiut. 
This  investigation  relates  to  properties  of  the  integrals,  which  will 
be  found  useful  in  diseassiug  the  effect  of  a  singularity  upon  a 
given  integral ;  it  will  accordingly  be  undertaken  at  once. 

9.  It  has  already  been  remarked  that  the  synectic  integral, 
determined  by  the  arbitrary  constants  which  are  assigned  as  the 
initial  •  values  of  the  function  and  its  derivatives,  is  linear  and 
homogeneous  in  those  constants:  so  that,  if /*u>  Mn*  •••!  Mm  denote 
the  arbitrary  constants,  and  Wi  denotes  the  synectic  integral  which 
they  determine  in  the  domain  of  an  ordinary  point  (*,  we  have 

where  tf|,  li* u^  are  holomorphic  functions  of  i  -  (*,  not  involv- 
ing any  of  the  arbitriury  coefficients  p.  Take  other  m  —  1  sets  of 
arbitrary  constants  p,  such  that  the  determinant 

Mil,  Mw.  ••••  Mi»    .  -^(f)8ay. 
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is  dtflerent  from  leto.  Each  set  of  m  constants,  regarded  as  a  set 
of  initial  values,  determines  a  synectic  integral  in  the  domain  of 
(;  as  the  quantities  Ui,  u,, ...,  «.!  in  the  expression  for  «0|  do  not 
involve  the  arbitrarj  constants  determining  i9|,  it  is  clear  that  the 
expressions  for  these  other  m*  1  integrals  are 

Let  M^  denote  the  minor  of  i^^  in  the  non-vanishing  determinant 
A  (Of  ^hen  from  the  expressions  for  the  m  integrals  IS|,  ••••  ^n  in 
terms  of  ti|, ...,  Vm,  we  have 

A  ({^)  M  «  JficK^i  -f  AfflftTt  +  •••  +  ifmtt^ni  (t  "■  1,  ...  •  m). 

Mow  any  other  syuectic  integral,  determined  in  the  domain  of  ( 
by  assigned  initial  values  ^i,  ^tt  •••»  ^m*  is  given  by 

W -  tf,W,  +  tf,ll,  +  ...  +  9m^m 

where  the  constants  %  are  given  by 

1 


A(C)l-l 


(r"l,  •••,  m). 


These  constants  ^  cannot  all  vanish,  when  the  constants  9|,  ^t,  •.., 
9^  are  not  simultaneous  zeros :  for  the  determinant  of  the  minors 
Mfi  is  (A({^))"*~',  and  therefore  is  not  sera  Accordingly,  any 
integral  can  be  expressed  as  a  linear  combination  of  any  m 
integrals,  provided  the  determinant  of  the  initial  values  of  those 
m  integrals  and  their  first  m  —  1  derivatives  does  not  vanish.  But 
it  is  not  yet  clear  that  the  integrals  lOi, ...,  icfm  ^re  linearly  inde- 
pendent of  ono  another;  until  this  property  is  established,  we 
cannot  aflBnn  that  the  expression  obtained  is  the  simplest  obtain- 
able. 

Consider  therefore,  more  generally,  the  determinant  of  the  m 
int^grab  and  their  first  m  —  1  derivatives,  not  solely  at  (  but  fcr 
any  value  of  #  in  the  domain  of  C  say 


I  • 


••»  tiS 


i^Mtfm    tl*"^. 


•  •••• 


A  8PICUL  DRBRIIINANT 


[•- 


'hen  «  a  C,  it  beeomM  the  iletenniiuuit  of  iuitUI  vftluet  denoted 
r  A  (C).    We  have 


ds 


di'-* 


•^  I 


dt'  •     dx'-i  •  ""   *^  ' 


dt"'     df-* 


I    - 
I 


t^W 


/>.A(i). 


d  "'  I/I  u'^  III 

1  ttuUtituting  for    ,  J, ....  -.^'^  their  values  in  terms  of  the 
mvativeii  of  lower  orders  as  given  by  the  equation.    Hence 

ow  within  tho  domain  of  (;  the  function  pi  is  regular,  being  of 
le  form  P,  (z  —  O ;  heuco  tht*  integral  in  the  exponent  of  #  is  of 
10  form  A  (x  -  (^,  where  R  in  a  ri*>;ular  function  that  vanishes 
hen  i«  C  CHmtfiMiuoiitly  the  i*x|M>n4*iitial  ti*rm  on  the  right-hand 
(lu  does  not  vaniNh  at  iiny  fxiiiit  in  the  domain  of  {^;  also  A(() 
not  zero;  mo  that  A(z)  hii.s  no  Z4*ro  within  the  domain  of  (. 
[on*over,  each  of  tho  (|uautitieM  ivi,  ...•  w^  is  a  holomorphic 
inction  of  i  — f  in  that  domain,  so  that  Ci(z)  is  holomorphic 
Iso;  hence  A(/)  huH  no  zero  and  iw  intinity  within  the  domain 
f  the  onlinary  pant  f. 

Am  m  laattor  uf  f.u*t,  tho  only  iMiints  wlicru  ^{i)  may  vanuh  or  may 
x-oiiiu  ititinito  aru  tho  Miixularitio^  of  y*,.  For  in  aiij  region  of  common 
liHtoiu'o  of  tho  futictintiH  iTi,  ...,  ir^,  wo  have 

A(C) 

10  imth  fniiii  ( to  I  lying  within  tliat  rt^gion,  while  z  U  not  now  neceiManly  in 
10  iloiuitin  of  (.  If  (I  lie  i»no  of  tho  ningiilaritied  of />,,  tbo  ex|irc«mion  vipi  in 
iiy  |»iirt  of  an  annular  rvginn  round  a  aa  i-ontru  ia  of  tho  form 


'"-^'<'>^^+(A'-^ 


•••• 


horo  tho  nuniU'r  of  torma  in  negative  |ioweni  of  i-a  i«  finits  or  inftuitS| 
"'>g  an  tho  singularity  ia  ai-cideiital  or  eaaential ;  and  g' (s)  is  hulo> 
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iBorphio  in  the  Ticinity  of  a.    Taking  the  simpleii  cmo  m  mi  imUinoe,  lei 
•^■■•^■•••.mO;  then 


/<^.(-)V->-«>. 


ehewing  that  a  it  a  aero  of  A(f).if  the  real  part  of  eg  be  poeitife,  and  that  it 
ia  an  infinity  of  A'(f)  if  the  real  part  of  a,  be  negative.  More  generally,  the 
nature  of  A  (t)  in  the  Ticinity  of  any  aingularity  a  deptiida  upon  the  character 
of  Pi  in  that  vicinity :  in  the  caee  of  the  above  more^Heral  forUt  a  ia  an 
eaeential  dngularity  of  A  (t). 


Fundamental  Ststems  op  iNTEGRALa 

10.  The  linear  independence  of  w,, ...,  Wmt  And  the  property 
that  A  (i)  has  a  finite  non-zero  Talue  at  any  point  in  the  plane 
which  18  not  a  singularity  of  the  equation,  are  involved  each  in 
the  other. 


'  It  in  easily  seen  that,  if  a  homogeneous  linear  relation  between 
t^if  •••!  t9«i  of  the  form 

were  to  eiist,  the  quantities  e,, ...,  Cm  being  constants,  then  A  (g) 
would  vanish  for  all  values  of  #.  The  inference* is  at  once 
established  by  forming  the  m  —  l  derived  equations 

Ci-nr^ +... -♦•Cpi  jir""®»     (r«l,  ...,m— 1), 

and  eliminating  the  m  constants  C|, ...» Cm  between  the  m  equa- 
tions which  involve  them  linearly;  the  result  of  the  elimination. is 

A(i)-0. 

Hence  if,  for  any  set  of  integrals  ttt|,  •••,  19^,  the  determinant  A(j) 
does  not  vanish  (except  possibly  at  the  singularities  of  the 
equation),  no  homogeneous  linear  relation  between  the  integrals 
exists. 

To  establish  the  inference  that,  if  A(«)  does  vanish  for  all 
values  of  #,  a  homogeneous  linear  relation  between  fc^n  ••••  Wm 
exists,  we  proceed  as  followa 

In  the  first  place,  suppose  that  some  minor  of  a  constituent  in 
the  first  column  of  A(t),  ag.  the  minor  of    t^  ^  in  A(#X  ^J 
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'Ai(t),  does  not  Tanish  for  all  ordinary  valnea  of  #;  and  take  m 
quantitiea  y.,  ...,  y»,  the  ratioa  of  which,  an  defined  If  thm 
relations 


dwi  .  cftcfM 

jr.  rfi+...+y«l^,- 


o. 


1 

From  the  hyputheaeH  that  A  (f )  >■  0  and  that  A|  does  not  vanish,  ii 
follows  that 

Because  of  the  aHsumption  tliat  A|  does  not  vanish,  the  ratios 

yi     Jit         ym^i 

$  •     *  *  *  # 

!fm       !fm  gm 

are  determinate  finite  functions  of  i. 

Differentiate  the  first  of  the  relations:  then,  using  the  seoond, 

we  have 

y >,  +  ...  -f  y^'u'.-O, 

where  y/  denotes  dyr/dz,  for  the  n  values  of  r.    Differentiating 
the  second  of  the  relations,  and  using  the  third,  we  have 


/ 


/  du\ 


,  dw 


and  so  on,  up  to 


-0; 


obtained  by  differentiating  the  List  of  the  postulated 
and  by  using  the  deduced  relation.  We  thus  have  m*  1  relations^ 
homogeneous  and  linear  in  the  quantities  y/,  ...,  y^i  in  form, 
they  are  precisely  the  same  as  the  tii  — 1  relations,  which  are 
homogeneous  and  linear  in  the  quantities  yi,  •...y«.  Hence,  as 
Ai  does  not  vanish,  we  have 


(r-  1,  2 m-lX 


•o  that 
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^  - oonatant - f!^ ,     (r- 1,  S» ...,  m- 1), 


where  Xi, ...,  Xm^u  'Km  Mre  rimultaneous  values  of  yi, ...,  ym^»  y^ 
for  any  particular  Talue  of  § :  that  js,  the  quantitiee  X  are  con* 
Btante.  This  particular  value  of  i  is  at  our  disposal ;  we  may 
assume  that  Xm  is  different  from  zero,  because  the  ratios  of  yn  ••• » 
ym-i  to  yn  are  determinate  and  finite.    Now 

yiti«i  +  ...  +  y«,«ef„-0; 
hence 

X,«0,+  ...-|-XMtOm->0, 

that  is,  a  linear  relation  exists  among  the  quantities  %cp»  if  A  (s)  is 
sero,  and  some  minor  of  a  constituent  in  the  first  column  does  not 
vanish.  ^ 

Next,  suppose  that  the  minor  of  every  constituent  in  the  first 

column  vanishes:   in  particular,  let  A|(i)aBO,  for  all  ordinary 

values  of  m.    Then  A|  («)  is  a  determinant  of  m  *  1  tows  and 

columns,  constructed  from  m  — 1  quantities  «0|9  ...,  i9m.|  in  the 

sam^  way  as  A(j),  a  determinant  of  m  rows  and  columns,  is 

constructed  firom  the  m  quantities  «0|, ...,  Wm*    The  preceding 

analysis  shews  that,  if  some  minor  of  a  constituent  in  the  first 

column  of  A,  (m)  does  not  vanish  for  all  ordinary  values  of  s,  then 

a  relation 

<r,tif,  +  ...  +  jr«.i«(fM.|  -  0, 

where  jti,  ....Cm-i  ^^  constants,  is  satisfied:  so  that  a  linear 
relation  exists  among  the  quantities  w,  and  it  happens  not  to 
involve  Wn* 

Let  the  process  of  passing  from  A  (j)  to  A,  ($%  flrom  A|  (i)  to  a 
corresponding  minor,  and  so  on;  be  continued:  the  successive 
steps  are  effected  by  removing  the  successive  columns-  in  A(#) 
beginning  from  the  left  and  by  removing  a  corresponding  number 
of  rowsL  At  some  stage,  we  must  reach  some  minor  which  is  not 
aero  for  all  oidinary  values  of  #:  so  that . 


I  •••# 


^ 
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▼anisbet  when  #«0«  1, ...,  r,  but  is  different  from  lero  when 
#  ■"  r  -f  !•  Then  the  earlier  analysis  shews  that  a  linear  relation 
of  the  fium 

exists,- where  /h»«***P»-«  *<^  coiistauts:  in  effect,  a  linear  homo- 
geneons  relation  among  the  quantities  t(f|, ...,  tcfgi  which  happens 
not  to  involve  19.^^4.1, ..«,  ip^*  Hence,  if  ik§  determiimni  A(xX 
contiruded  /rvm  ik$  m  inte^aU  v^i,  .j.,  Wm,  vanisheM  /ur  all 
ordinary  valuer  o/m,  iker§  is  a  homogeneouM  linear  relation  between 
theee  integrals. 

Integrals  are  sometimes  called  independent  when  they  are 
linearly  independent,  that  is,  connected  by  no  homogeneous  linear 
relation ;  but  the  independence  is  not  functional,  because  all  the 
integrals  are  functions  of  the  one  variable  1.  A  set  of  m  linearly 
independent  integrals  w  is  called  a  fundamental  system ;  and  each 
integral  of  the  set  is  called  an  eletnent  or  a  member  of  the  system. 
The  determinant  £i  (t\  constructed  out  of  a  set  of  m  integrals,  is 
called  the  determinant  o/the  system ;  so  that  the  preceding  results 
may  be  stated  in  the  form : — 

If  the  determinant  of  a  set  of  m  integrals  vanishes  for  ordinary 
(that  is,  non-singular)  values  of  the  variable,  the  set  cannot  cinistitute 
a  fundamental  system ;  and  the  determinant  of  a  fundamental 
system  dues  not  vanish  for  any  nou'singulur  udue  of  the  variable. 

11.     We  now  have  the  important  proposition : — 

Every  integral,  which  is  determined  by  assigned  initial  values, 
can  be  expressed  as  a  homogeneous  linear  combination  of  the 
elements^  of  a  fundamental  system. 

Let  W  denote  the  integral  determined  by  the  assigned  values 
at  {^,  taken  to  be  an  ordinary  point  of  all  the  coeflScieuts  in  the 
differential  equation ;  and  let  tt*, , ..., u^,^  be  a  fundamental  system. 
Let  constants  Ci,  ...,CaM  be  deduced  such  that,  when  z^f^,  we 
have 

IT-  V  cu^, 

dW^  2      dwj, 


d^2^W      «       d'^-Hui, 
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This  deduction  is  uniquely  poerible ;  because  the  determinant  of 
the  quantities  c  on  the  iight«hand  sides  is  the  determinant  of  a 
fundamental  system,  and  therefore  does  not  vanish  when  #■■(• 

Thus  TT  —  £  caIc^a  i>  bQ  integral  of  the  equation ;  this  integral 

and  its  first  m  — 1  derivaiiTes  vanish  when  t«{^;  so  that  it 
vanishes  everywhere  (Cor.  I,  {  5),  and  therefore 

IT-  2  ci,Wk, 
the  constants  e  being  properly  determined  as  above. 

CotL  I.  Between  any  m  + 1  branckee  of  the  general  eolution, 
there  mtut  be  a  homogeneaue  linear  relation.  For  if  m  of  them  be 
linearly  independent,  the  remaining  branch  can  be  regarded  as 
another  integral :  by  the  proposition,  it  is  expressible  linearly  in 
terms  of  the  other  irt. 

CotL  II.    Any  eyetem  of  integrate  u^^ ,..,  Um  ie  fundamental  if 
no  rehiion  exiete  of  thefomi 

where  Au  ...,  Am  ^re  conetante.  For  taking  a  fundamental  system 
Vif  ••••  V'lii*  ^0  can  express  each  of  the  solutions  u  in  the  form 

where  the  coefficients  a  are  constants.  If  C  denote  the  determ- 
inant of  theise  m'  coefficients,  C  must  be  different  from  sero :  for 
otherwise,  on  solving  the  m  equations  to  express  i9|  in  terms  of 
«hf  ••*>  ^f  ^^  should  have  a  relation  of  the  form 

and  no  such  relation  can  exist  If,  then,  £km{M)  denote  the  deter* 
minant  of  the  set  of  integrals  a,  and  if  A«(j)  denote  that  of  the 
fundamental  system  t^i,  •••,  Wmt  we  have 

by  the  properties  of  determinants.  Now  0  does  not  vanish,  nor 
does  A#(#)  at  any  ordinary  point  in  the  plane ;  hence  A«(#)  does 
not  vanish  at  any  ordinary  point  in  the  phuie,  and  therefoiw 
«!,  •••,  Hai  are  a  fandamental  system  of  integrala 
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The  reittit  may  bt  aUted  dao  m  foUowt:  i/  m  tnlgyralt  ai  W 

ioib#r0  fAi  d0Urm%9iatU  qf  ike  coefidmU^  a  %$  nai  $€ro,  and  lk# 
integraU  ware  a/unia$n$nUU  sjftUm^  iKen  tk$  $ysUm  of  inUgraU 
u  If  oUo/undanuntaL 

lS.r  One  portioular  fundiuoobtal  tystem  for  the  differeniud 
equation  can  be  obtained  as  followa.  Let  «(^  be  a  apecial  integral 
of  the  equation,  that  is,  an  integral  determined  by  any  upeeial  aet 
of  initial  conditions,  and  substitute 

w  iB  wJvdM 

» 

in  the  equation ;  then  p  is  determined  by  the  equation 

where 

in  dwi 

Similarly,  let  Vi  be  a  special  integral  of  this  new  equation,  with 
the  appropriate  conditions ;  then  substituting 

we  find  that  the  equation,  which  determines  u,  ia  of  the  form 

dP^  "  »•»  dxm-$  +  —  +  ^m-.u, 

where. 

m  —  1  rfw, 

And  so  on. 

It  ia  manifest  that  the  quantities 

^u    ^Jvidz,    iifJiVifMids)ds,  ... 

are  integrals  of  the  original  equation.  Uoreover,  they  constitute 
a  fiiudamontal  system;  for,  otherwise,  they  would  be  linearly 
connected  by  a  relation  of  the  form 

CiWi  f  CfWjvids  +  c^ufjivjiiidi)  if  +...•■  0, 
that  is, 

Ci  +  cjv^ds  +  cj{vjuid$) df  -f  ^..  •■  0. 


li] 
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When  this  is  di 


thai  is. 


I,  it  gives 

Effecting  m  —  1  repetitions  of  this  operation  of  differentiating  and 
removing  a  non-sero  bctor,  we  find 

as  the  result  at  the  last  stage.  Using  this  in  connection  with  the 
equation  at  the  last  stage  but  one,  we  have 

c»-i  -  0. 

And  so  on,  from  the  equations  at  the  various  stages,  we  find  that 
all  the  coefficients  c  vanish.  The  homogeneous  linear  relation 
therefore  does  not  exist :  the  system  of  int^^rals,  obtained  in  the 
preceding  manner,  is  a  fundamental  system. 

As  an  immediate  corollary  from  the  analysisi  we  infer  thai 

constitute  a  fundamental  system  for  the  equation  in  v ;  and  so  fcr 
each  of  the  equations  in  succession. 

The  determinant  of  this  particular  fundamental  qrslem  is 
simple  in  expression.  Denoting  it  by  A,  and  denoting  by  Ai  tlie 
determinant  of  the  fundamental  system  of  the  equataon  in  % 
we  have,  as  in  1 9, 


1  JUki  m  dwi 

riz  "ft  "ft--  -3.  f 


so  that 


SI'S 


W|  'ii 


hence 


I  dH  ^1_  liAi     m  dwi  ^ 

where  X|  is  a  constant    Similarly,  if  Ag  denote  the  determinant 
of  the  fbadamentai  system  of  the  equation  in  «» we  have 

A,    ^^      • 

r  IT.  S 
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a&d  to  OD.  The  last  defcermiiuuit  of  all  ia  tho  aoiual  integral  of 
the  last  of  the  equaiiona ;  hence 

where  0  ia  a  conataot  Uureover,  A  ia  the  determinant  of  a  par- 
ticttlar  system,  so  that  0  is  a  determinate  constant  It  is  not 
diflScult  to  prove  that 

X.-(-l)— S    X,-(- !)«-•..... 
and  therefore 

consequently, 

Es.    VerUy  tlie  last  mult,  mi  to  the  funa  of  A,  in  the  oaM  of 

(i)     Legeodra'a  equation : 

(il)    the  equation  of  the  hyfiorgeoinetrio 

(iii)    BenMePa  equation. 


CHAPTER   11. 
Obksral  Form  and  Properties  op  Inteorals  near  a 

SiNGlTLARITT. 


13.  We  have  seen  that,  within  the  domain  of  an  ordinary 
point,  a  synectic  integral  of  a  linear  difierential  equation  is 
uniquely  determined  by  a  set  of  assigned  initial  values ;  and  that 
the  said  integral  can  be  continued  beyond  that  domain,  remaining 
unique  for  all  paths  between  the  initial  and  the  final  values  of  the 
variable  which  are  reconcileable  with  one  another.  When  the 
variable  is  permitted  to  pass  out  of  its  initial  domain  though 
returning  to  it  for  a  final  value,  or  when  two  paths  between  the 
initial  and  the  final  values  are  not  reconcileable,  the  various 
propositions  that  have  been  established  are  not  necessarily  valid 
under  the  modified  hypothesis:  it  is  therefore  dcMrable  to  con- 
sider the  influence  of  irreconcileable  paths  upon  an  integral, 
still  more  upon  a  set  of  fundamental  integrals.  Remembering 
that  any  paUi  is  deformable  without  affecting  the  integral  if,  in 
the  deformation,  it  does  not.jMss  over  a  singularity,  we  shall 
manifestly  obtain  the  effect  of  a  singularity,  that  renders  two 
paths  irreconcileable,  by  making  the  variable  describe  a  simple 
circuit,  which  passes  firom  the  point  m  round  the  singularity 
and  returns  to  that  point  s,  and  which  encloses  no  other 
singularity. 

Let  a  be  the  singularity  round  which  the  simple  closed  circuit 
is  edmpletely  described  by  the  variable.  Let  Wi,  ...^  Wm  denote  a 
Auidamental  system  at  s;  and  suppose  that  the  effect  of  the 
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oirouii.is  to  change  the  tn  tntegrak  iuto  W/i  ...» wj  leepectifeljr. 
That  the  set  of  m  new  integrals  thus  obtained  is  a  fundamental 
system  can  be  seen  as  followa  If  it  were  not  a  fundamental 
system^  some  relation  of  the  form 

r-l 

would  exist,  with  constant  coellicients  k,  for  all  values  of  $  in  the 
immediate  vicinity.  In  that  case,  the  quantity  £  kgw/  (which  is 
an  integral)  is  zero  everywhere,  together  with  all  its  derivatives, 
as  it  is  continued  with  the  variable  moving  in  the  ordinary  part 
of  the  plane.  Accordingly,  let  the  integral  be  continued  from  $ 
along  the  closed  circuit  revenicd  until  it  returns  to  g  where»  by 
what  has  been  stated,  it  is  zero.  The  effect  of  the  reversal  is 
(I  7)  to  change  w^  into  Wri  and  so  the  integral  after  the  reversed 
circuit  has  been  described  is  S  krW^,  so  that  we  should  have 

r-l 

contrary  to  the  fact  that  u;i,  ...,u^«  constitute  a  fundamental 
system.  The  initial  hypothesis  from  which  this  result  is  deduced 
is  therefore  untenable :  there  is  no  homogeneous  linear  relation 
among  the  quantities  u;/,  ....ii;^,  which  therefore  form  a  funda- 
mental system. 

Since  the  system  «c^i,  ....  k^m  is  fundamental,  each  of  the  inte« 
grals  Wi\  ••••  Wm  is  expressible  linearly  in  terms  of  the  elements 
of  that  system ;  so  that  we  have  equations  of  the  form 

where  the  coefficients  a  are  constants.  As  the  system  uf/  is 
fundamental,  the  determinant  of  these  coefficients  is  different 
from  zero:  this  being  necessary  in  order  to  ensure  the  property 

that  till,  ...,  Wm  are  expressible  linearly  in  terms  of  w/ wj,  • 

fundamental  system. 

Take  any  arbitrary  linear  combination  of  the  system,  say 

where  the  coefficienU  p  are  disposable  consUnU ;  and  denote  this 
integral  by  ii.    When  the  variable  describes  the  complete  closed 
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ST 


drcait  round  the  singalmiitjrv  let  u'  denote  the  modified  ralne  of 
«,  to  that 

m  m 

■■  Pi  2  •if^V  +  •••  +  f>i»  X  ^mi^r* 

It  ie  eonceivable  that  the  coefficients  p  oould  be  chosen  so  that 
the  integral  repiodnces  itself  eicept  as  to  a  possible  oonstant 
fiictor;  a  relation 


would  then  be  satisfied,  $  being  a  oonstant  quantity.  This  rela- 
tion, in  terms  of  10^, ...,  Wmti^ 

Pl  1  airt9r-t*  •••  -f  Pin  2  «W«V 

which,  as  it  invoWes  only  the  members  of  a  fbndamental  system 
linearljTt  must  be  an  identity:  the  coefficients  of  Wi, ...,  «!>«  most 
therefore  be  equal  on  the  two  sides.    Henoe  we  have 

pi(«ii-^-t-pAi-l--.  +  pi»««tt  -0 

Pi«it  +  /»,(««-tf)  +  ,..-l-p,«a,i.  -0  U 

If,  therefore,  $  be  determined  as  a  root  of  the  equation 

the  preceding  relations  then  lead  te  values  for  the  ratios  of  the 
Constanta  p  for  each  such  root  It  is  to  be  noted  that,  in  this 
equation,  the  term,  which  is  independent  of  $,  does  not  Tanish, 
fbr  it  is  the  determinant  of  the  coefficiento  a ;  hence  the  equation 
has  no  sero  root. 

As  the  equation  definitely  possesses  rooto  9,  it  follows  that 
integrals  eiist  which,  after  a  description  of  the  simple  joontour 
round  a.  reproduce  themselves  save  as  to  a  constant  footor.  If  it 
should  happen  that  the-oonstant  footer  is  unity,  then  the  effoet  of 


TBE  fUVOAMXirrAt  IQUATIOir  [IS. 

deaeription  of  the  oontoor  opoo  the  integral  it  mereljr  to  leave  it 
ODohauged:  in  other  words,  suoh  an  integral  if  uniibnn  in  the 
vicinity  of  the  singuhurity. 


Pbopertibs  op  thb  Fundamental  Equation. 

-  14.  The  epedial  significance  of  the  equation,  in  relation  to 
the  singularity  a,  lies  in  the  proposition  that  th$  coefficienU  of  th$ 
pariouM  powers  of  $  in  A^O  art  independent  of  the  fundamental 
eytte^n  initialltf  ekoten/or  diecueiion.  To  prove ^  the  statement, 
it  will  be  sufficient  to  shew  that  the  same  equation  is  obtained 
when  another  fundamental  system  is  initially  chosen.     For  this 

purpose,  lot  tfi y^  denote  some  other  fundamental  system; 

and  suppoiie  that,  by  the  simple  closed  contour  round  a  'described 
by  the  variable,  the  members  of  the  system  become  y/,  ...,ym' 
respectively.  Then,  as  both  these  systems  are  fundamental,  there 
are  relations  of  the  form 

y/-/3«yi  +  -..  +  /8^y«i,  (s-1,  ...,mX 

where  the  determinant  of  the  coefficients  0  is  not  sera  The 
equation  B^O,  correHponding  to  A^O  for  the  determination  of 
the  factor  0,  is  formed  from  the  coefficients  fi  in  the  same  way 
A  from  the  coefficients  a,  so  that  the  expression  tor  B  is 


B- 


Pll  —  ft    Pii  •    •  •  •  •    Pmi 


Him        •    Htm        f    •  •  •  •    Pima  ""  ^ 

Because  each  of  the  sets  Wu  •••»  ^c^mi  J/u  ••••yni  is  *  funda- 
mental system,  the  members  are  connected  by  relations  of  the 

form 

where  the  determinant  of  the  coefficients,  which  may  be  denoted 
by  r,  is  different  from  xero.    The  quantity 

Vf  - (7„W|  +  ...  -f  yrmWm) 

is  lero  everywhere  in  the  vicinity  of  m  ;  and  it  is  an  integral, 
^^■<*,h  accordingly  is  zero  everywhere  in  its  continuations  over  the 

WOoCsdopM  U  dot  to  HAmborgMr,  CrtlUt  i.  lxxvi  (WS).  pp.  IIS— ISS. 


x*J    • 


n  tiTTARiAirnyB 


ofdinaiy  part  of  the  plane.  When  it  is  oontiiiQad  along  the 
simple  ooDtoiir  roaiid  a,  the  Tariable  retorning  to  t»  tbe  integral 
is  aero  there;  that  is, 

3^  ""Tn^  +»»»"f7n»*^» 


Henoe 


and  therefore 


Aiyi-f  —  -i-/9r«y»«X  Zjn^^w^, 


1-1  f-i 


l«l«-l  f«l««l 


This  rehtioB  ioTolves  only  the  members  of  a 


system 


linearly ;  henoe  it  mast  be  an  identity.    We  therefore  have 

MM. 

••1  ••!  . 

say,  the  relation  among  the  oonstants  holding  for  all  valoes  of  r 
ami  1  Now  forming  the  prodoet  of  the  determinants  F  and  A^ 
we  have 

Til- 


7«i. 

7it. 

7m»  ••• 

««-*, 

«■    > 

•■         ff   ••• 

7«. 

7». 

7«»  ••• 

■i»    f 

««-#, 

a«   f  ••• 

7«. 

7«» 

7«»  ••• 

•••••••e 

«M     > 

• •••••• • f • 

^— ^9  ••# 

o«  —  7«^»  On  —  7b^,  ••• 


-A 


mj ;  and  nmilarly,  forming  the  product  of  B  ud  F,  we  have 


BT- 


Ai  — V,  At      9  At      f  ••• 

fim        t   Ai""^»   Ai        t  ••• 

^«      t  Ai      t  H»  — ^f  ••• 


Tint  7Ss»  7in»  ••• 
Tbf  Tbf  Tbff  ••• 
Tbf  Tbt  7b»  ••• 


0|i*^7iA  0|i*7ii^»  ••• 
4b  — 7a^»  ^n^lfii^t  ••• 


-A 
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identically.    Alio  T  doei  not  vanish ;  henoa 

for  all  values  of  A 

Acoordingly,  Uie  equation  il  -  0  is  invariantive  for  all  ftinda- 
mental  systems  in  regard  to  the  effect  of  the  singularity  a  upon 
the  members  of  the  system:  it  is  called^  tk$/iindam$nial  sgimltoa 
belonging  to  the  iingularitg  a.  We  note  that  iU  degree  is  equal  to 
the  order  of  the  differential  equation. 

While  the  equation  is  thus  invariantive  for  all  fundamental 
systems,  the  actual  invariance  of  one  of  its  ooeflBcients  is  put  in 
evidence,  either  when  the  differential  equation  of  |  2  is  initially 

devoid  of  the  term  involving  -r-^^i  .  or  after  the  equation  has 
been  transformed  by  the  relation 

so  as  to  be  devoid  of  the  term  involving  'j'li^zr*    I^  A^O,tk$ 

term  which  is  independent  of  $  is  ei^ual  to  unity,  a  property  first 
noted  by  Poincar^f.  For  when  pi  is  zero,  the  determinant  A  of 
the  fundamental  system  is  a  constant,  for  (|  9)  its  derivative 
vanishes;  it  therefore  is  unchanged  when  the  variable  describes 
a  simple  closed  circuit  ri>und  the  singularity.  The  effect  of  such 
a  circuit  upon  £i  is  to  multiply  it  by  the  term  in  A  which  is 
independent  of  0:  accordingly,  that  term  is  unity. 

The  linear  equation  can  always  be  modified  so  that  the  term 
involving  the  derivative  of  the  dependent  variable  next  to  the 
highest  is  absent;  and  the  necessary  liuear  modification  of  the 
dependent  variable  leaves  the  independent  variable  unaltered. 
This  change  does  not  influence  the  law  giving  the  effect,  upon 
the  integrals,  of  a  description  of  a  loop  round  the  singularity; 
and  the  fundamental  equation  is  independent  of  the  choice  of 
the  fundamental  system.  Accordingly,  the  coefficients  of  the 
various  powers  of  $  (except  the  highest,  which  has  a  coefficient 
(-I)"*,  and  the  lowest,  which  has  a  coefficient  unity)  are  fre- 
quently called  the  invariants  of  the  singularity:  they  are  m— 1 
in  number. 

•  Someiimet  Also  tb«  ekatiMeUrUtie  equatiom. 
t  Acta  Xiatk,.  4.  if  (18S4).  p.  203. 
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16.  There  is  a  ftirther  important  invariantive  property  of  the 
determiiiants  A(0)^  B(0\  vii.:  If  all  minan  of  order  n  (and 
therefore  all  minwn  of  Unoer  order)  in  A  {0)  vanish  for  a  particular 
mUu$  of  09  hut  not  all  thote  of  order  n  -l>  1,  Uien  all  minore  of  order 
n  in  B{0)  aleo  ffaniA  for  that  value  of0^  hui  noi  all  ihom  of  order 
n-l-1. 

A  minor  of  order  n  is  obtained  by  suppressing  n  rows  and  n 
columns;  accordingly,  the  number  of  them  is 


l(m-fi)l  nlj  •     ^' 


say.  'Let  them  be  denoted  by  af^,  h^,  e^^,  d^  when  formed  from 
A(0)9  B{0)t  r»  D  respectively*  where  i  and  j  have  the  values 
1, ...,  /ft,  these  numbers  corresponding  to  the  various  suppressions 
of  the  rows  and  the  columns.  Then,  regarding  D  as  the  product 
of  A  and  P,  we  have^ 

.^■■Cfta/i  +  ciia/,4-...  4-c«^afj^; 

and  regarding  D  as  the  product  of  B  and  F,  we  have 

d^^biiCfi^biiCji+ •.. '^biftCj^, 

All  the  quantities  o^^  are  supposed  to  vanish  for  a  particular  value 
of  9;  hence  for  that  value  all  the  quantities  d^  vanish.  Assigning 
to  J  all  the  values  1, ...,  ^  in  turn,  we  therefore  have  * 

0  — Oiiftii  -f  eii6||-f ...  4-Ct^iy 
0-Cb6|,  -f  e«6<t-l-...  4-e^6^  L 


/ 


The  determinant  of  the  coefficients  of  bu,  b^f  ..••  bin  >>  ^^^  tof 
where 

does*  not  vanish.    Accordingly,  we  must 


that  i%  the 

have 

6ii-0,   6ii-0,  ...,6^-0; 

as  this  holds  for  all  values  of  i,  it  follows  that  all  the  minors  of 
B{0)  of  Older  n  vanish  for  the  particular  value  of  0. 

•  SsollPk  tMtrmimmi§,  p^  SS.  t  A-t  ^  •!• 


I 


4t  blkmkmtabV  [1^  ' 

The  mioon  013(9),  whbh  ara  of  order  n  +  l.  omuioI  M  ynmA 
for  the  value  of  tf ;  (or  then,  by  applying  the  remit  jual  obtained^ 
all  tboee  of  A  (0),  which  are  of  order  n-h  1,  would  vaaiah,  cootraiy 
to  hypothesia. 

16.  A  more  general  inference  can  be  made.  Leaving  0  arbi* 
tritry  and  not  reatricting  it  to  be  a  root  of  the  fundamental 
equation,  the  twp  expreiwions  for  d^  give 

holding  for  all  values  of  i  and  j.  faking  this  equation  for  any  one 
value  o(j  and  for  all  the  ^  values  of  t\  we  have  fi  equations  in  all, 
expressing  a^i,  a^,,  ••.,  a^^  linearly  in  terms  of  6^.  The  detemu- 
nant  of  coefficients  on  the  left-hand  side  is  r\  as  before,  and  does 
not  vanish ;  so  that  each  of  the  quantities  ujr  is  expressible  linearly 
in  terms  of  the  quantities  6^,  the  coefficiei^  involving  only  the 
constituents  of  P.  Similarly,  taking  the  equation  for  any  one 
value  of  %  and  for  all  the  /a  values  of  j,  we  find  that  each  of  the 
quantities  hpq  is  expressible  linearly  in  terms  of  the  quantities  aj^^ 
the  coefficients  involving  only  the  constituents  of  P.  If  therefore 
all  the  c|uantities  ajr  have  a  common  factor  O-^Oi,  and  if  that  factor 
bo  of  multiplicity  o*,  then  all  the  quantities  6j^  also  have  that 
factor  common  and  of  the  same  nmltiplicity  c ;  and  conversely. 

These  results  aiisociate  themselves  at  once  with  Weierstraas'a 
theory  of  elementary  divisors*.  If  (tf-^i)'  is  the  highest  power 
of  0  —  ^1  in  il  {$),  if  (0  -  OiY*  is  the  highest  power  of  that  quantity 
common  to  all  its  minors  of  the  tirst  order,  if  (0  —  0|)'«  is  the 
highest  power  common  to  all  its  minors  of  the  second  order,  and 
so  on,  then  (as  will  be  proved  immediately) 

ff  >  0*1  >  ff ,  > . . . ; 
and 

are  called  elementary  divisors  of  the  determinant  A  {0y  It  follows 
from  the  preceding  investigation  that  ike  elemetUafy  divisors  of  « 
ihs  /undainenta^ifHt^tion  are  intfariantive,  as  well  as  the  eouatioa 


•  Beri.  MonauUr,,  {Itm),  pp.  SlO-SaS ;  Qet.  MVr*#,  I.  n,  p^  19-44.  a^ 
abo  s  meiooif  by  SAavA«{<i,  Am.  de  vAc.  Sorm,,  'i*  B*r.,  t.  vtu  (1S91),  pp.  3SS--S40s 
and  a  trvAiiM  bj  Mulh,  EUmentariktiUrt  (Leipzig,  iSttO). 
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itself;  for  they  are  independent  of  the  {Mtfticular  choice  of  a 
fundamental  qretem. 

If  the  earliest  set  of  minors  of  the  same  order  that  do  not  all 
Tanish  when  9  >■  9|  is  of  order  p,  so  that  they  are  of  degree  m  —  p 
in  the  coefficients  in  A^  then  the  elementary  dirisors  are 

being  p  in  number:  and  then  p  is  one  of  the  invariantive  numbers 
associated  with  the  particular  singularity  of  the  equatioiL 

As  two  of  the  properties  of  the  inTsrisati?e  squation,  sssooialed  wHh  the 
eleiiientaiy  diTisors,  are  required,  they  will  he  proved  here :  for  Ibll  dlscoeeioii 
of  other  propertieii  reference  may  be  made  to  the  authorities  quoted. 

It  is  easy  to  ohlain  the  result 
Just  eUted  abore.    For 

where  A^  is  the  miner  of  «,,- A  In  if  ^  there  is  a  footor  (^- ^|)'S  for  eseh 
of  the  quantities  if  ,r'is  a  first  minor :  therefore  that  footor  ooours  in  their 
sum  and,  owing  to  the  combination  of  termai  it  may  baTe  an  sten  higher 
indes  than  ^g.    On  the  left,  the  foctor  in  ^- ^g  has  the  indes  r - 1 ;  hence 

thalis, 

Similarly  for  the  other  inequalities. 

Again,  we  know^  that  any  minor  of  degree  p  which  can  be  formed  out  of 

the  first  minors  of  il  (^  is  equal  to  the  product  of  A*"^{9)  hf  the  compls- 

mentaiy  of  the  corresponding  minor  of  J  (^    Henoe^  taking  p'i^%  we  ba?s 

relations  of  the  form 

if  1^1  *"  if  I  A|  ■■  if  C, 

where  il|i  iln  ^,  ^  are  minors  of  the  first  order,  and  (7  is  a  miner  cf  the 
second  order    Choose  a  minor  of  the  eeoond  order  which  is  dirisibls  by  no 

higher  power  cf  #-^|  than  (^-^i)'* ;  the  left-hand  side  is  certainly  dlHriUs 

by  (^-^)^9aad  it  may  be  dirisible  by  a  higher  power  if  the  tsrsss  combins  i 


ih.il..  *"^'*'- 

SimOarfyv  ws  hare  ths  other  inequalities  of  ths  sst 

r-r,>^i-rt>rt-r,>...>r^.,, 

so  that  the  indices  of  ths  elementaiy  dirison^  as  atrsagsd  sbct%  Ibrm.  a 

Ct  Qsorissing  numbsra 

•  Beetle  l)>rtiwsisswei,  p^  la 
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Functions. 


17.  Before  eoDsidering  the  roots  of  the  Aindainentsl  equalioii, 
it  is.  worth  while  eetsbliahiDg  s  convem^  of  the  propositibps  in 
1 18,  S8  follows : 

^  yi»  ••••  Vm  ^  fn'linearljf  independent  fundione  of  s,  loAtcA 
are  uniform  over^  any  eimply-connected  area  not  indudtng  anjf 
critical  paint  of  the /unctione :  let  tKe  critiaU  pointe  be  ieolated  and 
let  each  of  them  be  euch  that,  when  a  eimple  contour  encloeing  ii  ie 
deecribed,  the  values  of  the  functions  at  the  completion  of  the  contour 
are  given  by  relatione  of  the  form 

■ 

yr'-«nyi  +  ...  +  «rmyw*,  (r- 1,  ...,  m). 

where  the  detenninant  of  the  coefficients  a  ienot  sero,  and  the 
constants  may  change  from  one  critical  point  to  another :  then  the 
m  functwm  are  a  fundamental  system  of  integrals  for  a  linear 
differential  equation  of  order  m  wit/i  uniform  coefficients. 

It  IB  clear  that,  if  the  functioiu  are  integrals  of  such  an  equation, 
they  form  a  fundauieiital  systeui  because  they  are  linearly  indepen* 
dent.    On  account  of  this  linear  independence,  the  determinant 


A, 


dx^-»  '     dz 


yi 


d-^-'ym     d'^r'y^ 


does  not  vanish  for  all  values  of  s.  Let  ^  denote  the  detenninant 
which  is  derived  from  ^  by  changing  the  «th  column  ii^^  j^» 

*"'  "tU^'^  ^^^  consider  the  quantity 

«-^ 

• 

For  any  contour  that  encloses  no  critical  point,  A  and  At  are 
uniform,  so  that  pg  is  uniform  for  such  a  contour.  For  a  simple 
contour,  which  encloses  the  critical  point  a  and  no  other,  the 

•  It  it  gif«n  by  Tmumtj,  Amu.  di  Vic,  Noim,  Sir.  S-*,  t.  it  (lS7ft),  p.  ISO. 
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deiermifuuit  A  after  a  ringle  description  acquires  a  constant  factor 
E,  where  R  is  the  (non-zero)  determinant  of  the  coefRcients  in  the 
set  of  relations 

The  determinant  At  acquires  the  same  fiustor  iZ»  in  the  same 
circumstances;  and  therefore  p^  is  unchanged  in  value  by  a 
description  of  the  contour*  that  is,  it  is  uniform  for  such  a 
contour.  As  this  holds  for  each  contour,  it  follows  that  p^  is 
uniform  over  the  plane. 

The  m  quantities  yt  •  • . . ,  yw  evidently  are  special  integrals  of 
the  equation 

ct*y  ««  <^'y 


+  —  +/>my. 


which  is.  linear  and  the  coefficients  in  which  have  been  proved 
uniform  functions  of  #. 

CkiROLLART.  If  all  th0  critical  poinU  of  the  /undiom  are  of 
an  algebraic  ckaracUr,  that  »»  of  the  eame  nature  a$  the  critical 
points  of  a  function  defined  by  an  algAraic  equation,  and  are 
limited  in  number,  then  tlie  uniform  coefficiente  p  in  the  differential 
equaJtion  are  rational  functions  of  m.  For  as  p«  is  uniform,  the 
critical  point  a  is  either  an  infinity,  or  an  ordinary  value  (including 
sero).  If  it  is  an  infinity,  it  can  be  only  of  finite  multiplicity ; 
for  the  critical  point  is  one,  where  A  and  A«  can  vanish  only  to 
finite  order  because  of  the  hypothesis  as  to  the  nature  of  the 
critical  point : ;  that  is,  the  point  is  then  a  pole  of  finite  order. . 
Likewise,  if  it  is  a  zero,  the  multiplicity  of  the  zero  is  finite. 
This  holds  at  each  of  the  critical  points  of  tbS^ftinptions  yi«  • ..,  ym  t 
and  the  number  of  such  points  is  finite.  Moreover,  every  point 
that  is  ordinary  for  each  of  the  functions  is  ordinary  for  A  and  At 
and,  in  particular,  A  cannot  vanish  there :  so  that  no  such  point 
can  be  a  pole  of  any  of  the  coefficients  p.  It  therefore  foUowit^ 
that  each  of  these  coefficients  is  a  rational  meromorphio  function 
oft. 

The  converse  of  the  corollary  is  not  necessarily  (nor  even 
generally)  true:  it  raises  the  question  as  to  the  tests  sufficient 
and  necessary  to  secure  that  the  integrals  of  a  linear  equation  with 
rational  coefficients  should  be  algebraio  Amotions  of  the  variable. 
This  discussion  must  be  deferred. 
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JSm,  1.    The  inoti  oomipicuouft  intUnoe  ariaes  wImq  ibt  dipwidiPl  vaii- 
aUe  If  &i  Ml  Algebrtio  Aiociion  oCi^  defined  hj  mi  elgebimio  equAlaon 

of  degree  «i  in  w.  Eeoh  bnuioh  oC  the  liinoii4Mi  ao  defined  le  unilbna  in  the 
Yiotnitj  oi  Ml  oniinMy  point ;  in  the  vicinitj  o#  a  brmnoli-point»  the  brMiohei 
divide  thenwelfee  into  groupe ;  Mid  Miy  linear  combinetion  of  them  ia  aul 
to  the  fbregoiug  Uwe  of  cbMige  (which  telce  a  perticulMij  eimple  form  in 
oaee)  when  $  deecribee  e  circuit  round  a  hraiich-point. 

To  obtain  the  homogcueoua  linear  equation  of  order  «i  which  it  eatinfied 
bjr  every  root  of /»0,  we  can  proceed  aa  loUowa.    Let  ^(«}aBO'be  the 

elimiuant  of /•■O  and'K^^O;  ao  that*  all  the  branoh-poinU  of  the  alge* 

braio  function  are  included  among  the  roota  of  ^--O,  though  not  every  root  ia 
a  branch-point  By  a  renultt  in  the  theory  of  elimination,  we  know  that  the 
reaultant  of  two  quantica  u  and  p  o{  degree  m  and  n  rcttpectively  in  a  variable 
to  be  eliminated  ia  of  the  form 

•'i'l  +  '^ii 
wheiiB  ti|  and  V|  are  of  degreea  m- 1,  a  - 1  reapectively  in  that  variable ;  and 
therefore 

where  C^  la  of  degree  m~%  in  v  Mid  K  ia  of  do|(ree  m - 1  in  v.  But  /  it 
permanently  equal  to  aeru  for  all  the  valuea  of  w  conaidered ;  hence 

*  7.  >'.,  eh.  vui. 

t  I^  ia  moal  aaaily  iarivabla  from  Sylvatler'a  dialytke  form  of  the  eliminant,  aa 

foUowa.    Let 

ii««^jr»+a,x«^i^aj«^*+..., 

»»c,*»  -f e|««-*  -fc,**-*  -I-...; 
tha  alimiaanl  ia 


/ 


~*.  tha   aannni 


To  tha  laat  eoloma*  add  tha  firat  oolamn  maltipliad  by 

moltipUad  by  a*^^**,  and  ao  on  i  a  change  whieh  doea  not  aflaet  the  value  of  M, 

The  conatituanta  in  tha  naw  laat  eolamn  are 

aapanding  £  by  taking  avary  larm  in  thia  laat  oolamn  with  ita  minor,  eoUaatiag  all 
tha  tarma  Involving  u  into  one  aat  and  thoaa  in? olt ing  a  into  anothari  wa  have 

whara  V|  la  of  degree  a  •  1  in  a  and  Mi  la  of  degrM  ai  - 1  ia  a. 
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Wi' 


^7  mmxm  cifmO  wbicb  it  of  degrif  m  in  ii^  we  oan  redoot  ^^^o  thai  it 
contoins  no  poncr  of  «  higher  than  the  (m-  l)Ch,  mj 

where  P|  k  a  potynomiel  in  w  of  degree  not  higher  than  m-I.    (If  ibe 

higheet  term  in  /  baa  unity  for  ita  ooeffleieni,  then  P,  la  a  poljnMBiial  in  t 

alao.)    Again, 

.    rf*w      P,9P,,    1    9P,      F,   H 


on  redndng  to  a  oommon  depominatbr ;  hj  meene  of /bO^  the  polTnomial 
Pg  oen  he  made  of  degree  not  higlier  than  m- 1  In  v,  and  ite  ooefteiente  are 
nnilbnnftinotionaof  ti    And  ao  on,  up  to  * 

where  Paiia  a  polynomial  ii\  w  of  degree  not  higher  than  «i-  If  the  eoefleienta 
being  mdlbmfbnetionB  of  ii    We  thus  hare 


Among  theee  m  eqiiatione  we  oan,  hj  a  linear  oomhinaHon^  eliminate  the 
m- 1  qnantitiee  i^,  «*,  ...i  «*">  (Mm  the  left-hand  aidee ;  and  the  reaoH  haa 

where  ^,  9|,  •••«  ^^  are  uniform  ftinoiiono  of  i.    Tliia  ia  eatle6ed  for  Ofeiy 
root  w  of  the  algehraio  equation :  and  it  ie  of  order  «•. 

Oofottmrjf.    There  la  one  apedal  eaae^  when  the  diftrentlal  equation  la  ef 
order  «- 1,  Ti&i  when  the  algebraic  equation  ia 

ao  t^  the  term  ini^->  la  abeent    Wethenhave 

w^-f  i^<f ...  -f  «b*^ 


'wci'iQV:^fryt^  -x 


i8  szAMPLn  or  [17. 

■o  Uuil  OM  of  Um  III  bcMiohM  w  oMi  bo  siprvMed  liniariijr  la  Umm  of  thm 
olKen ;  Taonaiy's  looolt  shew*  that  tU  di/freniiai  §fwaiiom  u  tk$m  of  mdtt 
noi  higlm  tkam  m-l.    In  ihAt  omo,  it  would  be  lutBcieDt  to  tako  onlj  tho 

For  ioiiUooo,  oonaider  the  algebnuo  «qiioUoii 

where  %  U  aoj  funotion  of  < ;  it  i*  to  be  expected  that  tbe  lioMr  difliBreiitiAl 
oquoUou  oatiefied  by  each  of  the  three  branchee  of  the  Ainction  defined  bj 
thia  cubic  equation  will  be  of  tho  eecoud  order,  aaj 

where  A  and  B  are  Ainotioua  of  t.    We  have 

eo^  eubetituting  in 

and  uaing  u^-k-Zw^mu^  we  have 

ir(ti-2M^)+iJii'H-|i«''-««' (^Y. 

MulUplying  the  right-haiHl  aide  by  (i0>-ft-l)*,  and  the  left-hand  aide  by  iU 
aquifaknt  l-ft-i^a-ir*,  we  have  ^ 

S«^)y'9-i(l-|-WM'-«^){Mil'4-lii"-|-i^(ti-Sir)) 

-(l4-«'M-«<^)(MM'4-K)-»-^{3M-ft-if(vS~a)-3i9%), 

on  reduction  by  the  original  algebraic  equation.  Thia  will  hold  Ibt  oaoh  of 
the  three  rootiT  of  that  equation,  if  ^ 

Theee  conditiona  give  the  valuea  of  A  and  Bi  and  the  equation  for  w  la  oaai]|y 
found  to  be 

di«  "*■  WV4  "  u')  i/" * •i«+4 **• 

where  «'  and  n^  are  the  first  and  the  aeooud  derivativea  of  ti.    Tho  oquatioii 

it  of  the  eocond  order  aa  indit^ited. 

* 

Note  1.  When  the  algobraio  equation  of  degree  ai  in  w  it  of  quite 
general  form,  tho  linear  difiTcrential  equation  tatiafied  by  ita  roota  it  of  ofdar 
M.  But  when  the  algebraic  oquatiou  haa  very  epecial  fomu^  though  atill 
irresoluble,  the  differential  equation  may  be  of  order  leaa  than  m ;  for  the 
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elimiiittiioo  of  Twioiui  powers  of  w  mmj  nol  require  derlTativee  up  to  that  of 
order  m.  The  most  oooepicaoiulj  simple  oeee  ie  that  in  which  the  alge- 
brmio  equetioD  Is 

where  it  Is  a  rmtionsl  Amotion  of  t ;  the  diflerentisl  eqnstioii  Is 

011I7  of  the  first  order. 

Other  esses  occur  hereafter,  in  Chapter  ▼»  where  quantities  connected  with 
the  roots  of  algebraic  equations  of  degree  higher  than  two  satisfy  linear 
diflerentkl  equations  of  the  second  order. 

JFote  t.  The  differential  equations  considered  have,  In  each  case^  been 
homogeneous.  If  we  admit  non-homogeneous  linear  diflteentlal  equations, 
tI&  those  which  hare  a  term  independent  of  w  and  Its  dsrhrathres,  then  In 
the  general  case,  where  /(w,  t)  has  a  term  in  i^*S  ikt  difarmUitU  §ptaihm  4$ 
of  nrdtr  si-l  oii/jf.  This  can  be  seen  at  once  from  the  elfaninatioB  of 
w",  w*, ...,  i^~*  between 

'— *  ill*-*" 

leading  to  a  (non-homogeneous)  linear  equation  of  order  »- 1.  This  result 
i^ipearB  to  hare  been  first  stated  \rf  Cockle*:  H  Is  the  fadtlal  reauH  In  the 
ffomal  theofy  of  diflbrential  resolvents  t. 

Jk  t.    Shew  that,  when  the  algebraic  equation  Is 

the  two  linear  diflbrential  equations,  homogeoeous  and  nea»hoinqgsnsoui 
respectirelj,  are 

Aff    8-ft-Si*cft9^8<fii>       ^ 

aSi  "  7??  ifi"^  ???•'■"' 

dw     H-2i«  I* 

I"*  f-ff*  ^""1+1^' 

E*.t.    Obtain  the  diflteenUal  equations  satisfied  by  eaeh  root  of 

(i)    «*-Sw*-fi«-iO; 
(11)    w>-Sffw^iP-ia  . 

Jk4.    Shew  thai  anj  root  of  the  equation 

jr.njf-(fi-l)# 

•  Pm.  Mm§^  %.  m  (lifil),  pp.  tT^-MS. 

t  For  mtoenees,  see  a  paper  bj  Hariegr,  JfeneA.  EM.  end  PM  Mnmin^  U  ? 
(IM),  pp.  If— 69. 

P.  IT.  4 


UMHJC  Boon  or 


'^.    WlMtbUMrwuifuTM-Sf 
Www  UmI  U17  RMt  of  tba  aqiutlmt 

aftUr  tbui  t)  MtUAaa  lb*  aiiuatUMi 


.  &    Pruva  Uwt,  if 


!(>+    ^-'    !'*' « 0. 


in  Iho  onlar  of  the  diflenotiAl  ■ 

(Ibtb.  Trip,  FMt  n,  ISOOL) 


FlTMIUHKNTAL  SYSTEM  OP  ImTEURIU  liSIUCUTKD  WITH  A 
FUNDAMEKTAL  EqITATIUH. 


1&     We  now  proceed  to  tba  coimidurutioo  uf  the  I 
uation  ^  —  0  appt-rtaiuing  to  thv  uiigulanty  a. 

Thu  ■implotit  CUM)  is  that  ia  which  thu  m  roots  of  that  sqiutioa 

e  diHtinct  fruui  one  aiiulher,  nay  0,,  tf, fi^.     Not  aU  th* 

iiiont  uf  thu  Ant  order  vaiiiah  f<ir  any  one  of  the  roota :  if  tbejT 
J  vunuh,  thu  root  would  bo  multiple  for  the  origiDal  .equatioB, 
L-ucu  each  root  $r  duteniiinwt  ratios  of  LMiflicivDts  e^,  Cn,  ■■•■  Crm 
liifui'ly,  Buch  thut  an  intogntl  of  thu  etjuatioa  exista,  having  tb« 
luu 


■  +  f™.M'- 


d  potisoMiiiif  the  pruporty  that 
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where  u^  is  the  value  6f  Ur  after  m  has  described  a  complete  simple 
contour  round  a.    We  thus  obtain  a  set  of  m  integrals. 

These  m  integrals  constitute  a  fundamental  system :  otherwise 
a  permanent  relation  of  the  form 

would  eiist  This  jquantity  SiCrtfr  is  an  integral:  as  it  is  sere 
and  all  its  derivatives  are  zero  at  and  near  #,  it  is  sero  everywhere 
when  continued  over  the  regular  part  of  the  plane.  Accordingly, 
let  B  describe  a  simple  closed  contour  round  a:  when  it  has 
returned  to  its  initial  position,  the  sero-integral  is  Sffr«r^  that  is, 

Similariy,  after  a  second  description  of  the  simple  closed  contour, 
we  have 

Let  m  - 1  descriptions  of  the  contour  be  made  in  this  way :  we 
have 

for  r^iO,  1,  •..,  m  — I.  Unless  all  the  coeflBcients  m^  •••>  ^m  i^re 
sero,  we  have 


1 

9x 


.  1 


>  •  •  • »  ^t 


0, 


that  is,  the  product  of  the  differences  of  the  roots  is  sero.  This  is 
impossible  when  the  roots  are  distinct  from  one  another;  hence 
the  coeflBcients  «i, ...,  Km  vanish,  and  there  is  no  homogeneous 
linear  relation  among  the  integrals  ti|, ...,  ««,  which  accordingly 
constitute  a  ftindamental  system. 

The  general  Amdtional  character  of  these  integrals  is  easily 
found.    Let 

so  that  %  is  a  new  constant,  which  is  determinate  save  as  to  any 
additive  integer;  as  the  roots  9u  •••»  ^m  m«  unequal,  no  two  of 
the  m  constants  rt,  •••,  tm  omi  differ  by  an  integer.  Now  the 
quantity 


it  irnDOT  Of  ▲  (1& 

acquirM  s  fcctor  #  ^  thai  is,  0^^  when  »  deacribM  iba  ample 
complete  oifeuii  nrand  a.    Hence  the  qiumtaij 

returns  to  its  initial  value  afker  tbe  variable  has  described  the 
simple  complete  circuit  round  a ;  and  therefore  it  is  a  unifiNm 
function  of  j  in  the  immediate  vicinity  of  a,  say  4»,  so  that 

As  this  holds  for  each  of  the  integers  /*•  it  follows  that  we  ha%'e  a 
SjfiUm  of /undan^iUfU  inieffraU  la  the  farm  . 

where  ^»  ^i  •••!  4m  ^^^  tiit(/uriii  /unctioM  of  i  iti  the  viciniijf  of 
a,  the  quantitifsr^  are  given  hjf  the  relation  , 

r.  -  2  V  log  e.. 

and  the  roote  $i, ...,  9^^  of  the  fundamental  eyuolioA  are  euppoeed 
dtetind  from  otie  anoihert  no  one  of  tliem  being  aero. 

As  regards  this  result,  it  must  be  uotod  that  the  functions  ^ 
are  merely  uniform  in  the  vioiuity  of  a :  tht*y  are  not  uecesHarily 
holomurphic  there.  Koch  such  function  can  be  expressed  in  the 
form  of  a  series  of  positive  and  negative  powen  of  i  —  a,  converg* 
ing  in  an  annular  space  bounded  by  two  circles  having  a  for  a 
common  centre  and  enclosing  no  other  singularity  of  the  equation. 
There. may  be  no  negative  powers  of  z-^a,  in  which  case  the 
function  ^  is  holomorphio  at  a ;  or  there  may  be  a  limited  number 
of  negative  powers,  in  which  case  a  is  a  pole  of  ^  ;  o^  there  may 
be  an  unlimited  number  of  negative  powers,  in  which  case  a  is  an 
essential  singularity.  Moreover,  r^  is  only  determinate  save  as  to 
additive  integers :  it  will,  where  possible  (that  is,  when  a  is  not  an 
essential  singularity),  be  rendered  determinate  hereafter;  so  that, 
in  the  meanwhile,  the  renult  obtained  is  chiefly  important  aa 
indicating  the  precise  kind  of  multiform  character  possessed  by 
the  intograU  near  a  singularity. 

19.  Now  consider  the  case  in  which  the  fundamental  equation 
A^O  appertaining  to  the  singularity  a  has  repeated  roots,  say  \ 
roots  equal  to  ^i,  Xj  roots  equal  to  0,,  and  so  ou,  where  0i,  #,,  ... 
are  unequal  quantities,  and  X,  +  X,+  ... »  m.     It  will  appear  that 
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ft  group  of  linearly  independent  integrals  it  associated  with  each 
such  root,  the  number  in  the  group  being  equal  to  the  multiplicitj 
of  the  root ;  that  each  such  group  can  be  arranged  in  a  number  of 
sub-groups,  the  eitent  and  the  number  of  which  are  determined 
hj  the  elementary  divisors  connected  with  the  root ;  and  that  the 
aggregate  of  the  various  groups  of  integrals,  associated  with  the 
respective  roots  of  the  fundamental  equation,  constitutes  a  funda- 
mental sjTstem. 


Qroup  op  Inteorals  associated  with  a  Multiple  Root  op 

THE  Fundamental  Equation. 

Let  m  denote  any  such  root  of  multiplicity  o*,  and  let  the 
elementary  divisors  of  A  {$)  in  its  determinantal  form  be 


then  the  minors  of  order  r  (and  consequently,  of  degree  m-*  r  in 
the  coeflBdents  of  il)  are  the  earliest  in  increasing  order  which  do 
not  all  vanish  when  tf  «■  ir.    Consequently,  in  the  set  of  equations 

r  of  them  are  linearly  dependent  upon  the  rest ;  hence  taking 

are  independent,  we  can  express  m — r  of  the  eon- 


—  T 


staats  p  linearly  in  terms  of  the  other  r,  whieh .  thua  femain 
arbitrary.    Let  the  latter  be  f>i,  •••»  ^;  then  the  integral,  given 

by 


beoomea 
wbeffe 


i»^PiW^i+/Hir,+...+p,Tr„ 


I 

and  the  detefminate  constants  it  are  given  by 

Pr¥%  ■■  *r-K.iPl  +  K^ifii  +  •••  +  K^fft 


M  KLKMKIITABT  P^ 

being  the  eipreMions  for  the  m^^r  quantities  p  in  tame  of  tiiA 
r  quantitiee  p  which  Temein  arbitnury. 

Evidently  each  of  the  quantitiee   IT  it  an  integral  of  the 
equation :  and  they  have  the  property ' 

for  r«l,  ...,  r.  Moreover,  they  are  linearly  independent;  any 
non-evanescent  relation  of  the  form 

would  lead  to  a  relation  between  w^,  ,..,Wm  which  would  be  homo- 
geneouH,  linear,  and  non-evanescent,  a  possibility  excluded  by  the 
fact  that  Wit  •••»  ^m  constitute  a  fundamental  system. 

The  only  case,  in  which  r^a,  occurs  when  the  indices  «'  — o'li 
^1  *'<''••  •••*  <fw^i  of  the  elemeutary  divisors  are  each  unity.  In 
that  case,  we  have  obtained  u  set  of  integrals,  in  number  equal  to 
the  multiplicity  of  the  root. 

20.  We  shall  therefore  assume  that  r  <  a ;  and  we  then  use 
the  integrals  ITi,  ....  W^  to  modify  the  original  fundamental 
system  Wi,  ..••  ^m>  substituting  them  for  Wi,  ....  ic^t.  When  the 
variable  i  describes  a  simple  closed  contour  round  a,  the  effect 
upon  the  elements  of  the  modified  system  is  to  change  them  into 
Wi\  W^\  ....  IK/,  w\^i,  ....  w'«,  where 

for  r»  1',  ....  r,  and  «st+  1.  ...,  m.     The  fundamental  equation 
derived  from  this  system  for  thu  singularity  a  is 

^(n)-o, 

where 


^(ft)-,if-n,      0    0    , 

0    ,  if-ft,...,      0    , 


0 
0 


0    ,...,       0 
0     ,...»       0 


0  ,    0  ic-n,       0      ,      0   .....     0 


fimu      •  P«M     !•••»  Hmt     9  Hm, 


t-H 
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As  IT  is  ft  root  of  il  ((1)  of  multiplicitj  v,  it  is^'^tot  of  Ai  (fl)  of 
multiplicity  o*  —  r ;  aod  a  question  arises  as  to  the  elementary 
diTiaors  of  At  (H)  associated  with  tc. 

The  elementary  divisors  of  At  (il),  which  are  powers  of  ir  —  fl* 


are 


(n-ir)^-^'-»,    (n-ir)'«-^«-\    (n-ir)'«-»»->,  •.. 


being,  in  each  instance,  of  index  less  by  unity  than  those  of 
A  (dX  This  result,  which  is  due  to  Casorati^,  follows  from  the 
property  that  ili(n)  is  dirisible  by  (O  — ic)**^;  its  first  minors 
are  divisible  by  ((1  —  ir)F>~*^'>  and  not  simultaneously  by  any 
higher  power;  its  second  minors  are  divisible  by  (1)  —  ir)'*"'*'^ 
and  not  simultaneously  by  any  higher  power ;  and  so  on. 


propeKj,  that  sH  the  minon  of  At  (O)  of  order  |i  are  divisible  hy 

(k  -  O)'^  ~  u  "  m)  and  not  iiiniultAneously  by  any  higher  power,  can  be  proved 
as  follows  f. 

Any  minor  of  order  |i  of  J  (O)  most  contain  at  least  m  -r  -  |i  of  the  last 
«i-r  columns:  let  it  contain  m^r^^-^m  of  these  columns,  where  •  can 
range  from  0  to  ^  It  then  must  contain  r-a  of  the  first  r  oohunns. 
Similariy,  it  mufft  contain  ai  least  «i-r-^  of  the  last  M'^t  rows:  let  it 
oontaib  m  -r-|i-9-«'  of  these  rows,  where  ^  can  range  from  0  to  fi.  It  then 
must  contain  r-a'  of  the  first  r  rows.  The  minor  may  be  identically  sero : 
if  not,  then,  owing  to  the  early  columns  and  early  rows  that  are  retained,  it  is 

divisible  by  (s-O)^*^,  and  possibly  by  a  higher  power  of  s-Q.    ConsS' 

qnently,  eome  among  these  minors  are  expreesible  as  the  prodoot  of  (s  -  O)^*^ 
by  a  linear  combination  of  minors  of  if  |  (O)  which  are  of  order  |i ;  the  coeifi- 
eients  in  the  combination  are  compoeed  of  the  constantsi  which  oooor  In  the 
first  r-|i  columns  and  the  last  m-r  rows,  and  thus  are  Independent  of  0. 
Eat  a  minor  of  order  ^  of  il  (O)  is  not  neoesearily  divisible  hj  a  power  of 
c-0  with  aa  indei  higher  than  #^ ;  thus 

(ff-0]f^.po|ynoaiial  In  0»(K-d)^~'*.sam  of  mInoffBof  ili(0). 

It  therefore  foOofws  that  the  |.ower  of  s -O  common  to  all  those  mInorB  of 
Ji(0)  Is  of  iadei  aol  higher  than  #^-(r-^X 

•  GisyCft  UmAm,  i  ten  (ISSIK  f.  177. 
t  Hefller,  KHMin^  §m  Me   ThnH§  4tr 
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NMt|  wtt  know  UiAitbert  are  ao^  minon  of  Um  origiiMl  A  (O)  of  oidar  r, 
whiioli  do  Doi  VAi&Ub  wbon  0«i«  and  >vhicli  iberofora  aro  not  diviaibla  bjr 
c-Q.  Olaarljr  Um7  cauaofc  ooiiiain  anj  of  t^ho  Ant  r  rowa  in  J  (O);  and  ihua 
tbajr  muai  ba  oompoMod  of  noU  of  M-r  coluuua  aalaolad  among  tha  Uul 
m^r  rowa.  Taka  the  tninora  of  onler  ^  of  auj  ona  of  thaaa  non-Tantahing 
detarmiuanta,  thair  nuubar  baing  Ii\  wbaia 

'  (ia-y)t  y. 

and  danota  tbasa  minorn  by  •  ' 

tba  inlegera  k  and  it  oorreii|wnding  to  tbe  oblitaration  of  a  aai  of  ^  columna 
and  a  aei  of  |A  rowa  out  of  tba  non-raniabing  dotenninant  of  ordar  « -  r. 
Lat  lAu  ba  tba  complementary  of  if^  in  ita  own  determinant. 

Now  take  tbe  miiiom  uf  Jg  (O)  wbicb  are  of  order  j* :  tbeir  number  is  ^, 
and  tbey  may  bo  denoted  by  Oi^,  Ibr  itj**\, ...,  A\  witb  tbe  name  aiguificanoa 
in  tbe  integera  aa  Ibr  Jfu*    Comfttruct  an  expretniion 

aay,  whore  4/4  ia  a  detorminaut  of  order  m-r.  Tben  eitber  {i\  J^  vaniabea 
identicallyi  owing  to  identitira  of  rowa  or  culumun :  or  (ii),  y^  in  equal  to 

±J|(0)  and  therefore  la  divisible  by  («-0)'~\  that  ia,  certainly  divinibla 
by  («  -  0)%  "  <'  " '*\  fur  (§  l«)  wo  have 

or  (iii)  a/Ai  when  burdarud  by  r-/*  uf  tba  flrat  row«|  and  the  ttiat  oolumna  in 
A  (O),  la  a  minor  of  older  i/kvi  AiQ)  and  ia  tberafme  divieibla  by  («—0)%,  ao 
that  tbe  equivalence  of  tb^  two  expnMaaoua  fur  the  minor  of  A  (O)  givea 

(«  -  0)% .  |iolyu4imial  in  O — («  -  O)*"  */* .  Af 

and  therefore  y^  ia  divisible  by  («-  0)%  ~  i^  *  ^^'    It  thut  fuUuwM  that  J^  ia 

divittibla  by  (c  — O/it'^^'^^  in  every  caaa  when  it  ia  not  xero:  and  thia 
bolda  fur  all  valuea  of  A.    Taking  then 

for  A«>  1»  ...i  ^  and  for  one  |iarticular  value  of  i,  we  have  a  aeriea  of  y  linear 
aquationa  in  the  quontitiea  a^p  ...,  tux.  The  determiuAnt  of  their  coeflicienta 
ia  a  |Jower  of  the  non-vaninhing  detonuiuaut  of  order  m-r,  for  it  ia  a 
determinant  of  all  ita  uiinom  of  one  older :  and  therefore  it  doea  not  vaniab. 

Hence,  no  lar  aa  powera  of  «  -  O  are  coueeniod,  each  of  the  minora  an o^ 

ia  a  linear  combination   of  ^i,  ...,  Jx*    all   of  thene   are  di\isibla   by 

(«-0)%''^'''^\  and  therefore  Oiurh  of  tbe  minora  o^p  ...,  am  ia  certainly 
divinible  by  that  |iuwer.    The  renult  bolda  for  each  of  the  valuea  of  i, 

It  ban  been  Moen  that  the  |H>wer  of  «  -  O,  oommun  to  all  theaa  minora  of 
J  1(0),  ban  an  index  not  greater  than  #L-(r-|*);  combining  the  reeultai  we 

infer  that  tlie  highottt  |)uwer  of  «  -  O,  common  to  all  the  minora  of  Ai(Q)oi 
order  ^  ban  ita  index  equal  to  ^  -  (v  *^). 
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21.    The  indices  of  the  elementary  divisors  of  ili  (D)  are 

let  there  be  r'  of  them,  where  r'  <  r»  so  that  the  last  r  —  r"  of  the 
indices  of  those  of  A  (d)  are  equal  to  unity,  on  account  of  the 
property 

Then  the  minors  of  Ax  of  order  V  (and  consequently  of  degree 
m  —  r  —  t'  in  the  coefficients  of  ili)  are  the  earliest  in  successiTely 
increasing  order,  which  do  not  all  vanish  when  fl « ir ;  conse- 
quently! in  the  set  of  equations 

1^  of  them  are  linearly  dependent  upon  the  rest  Hence  taking 
m  —  r  —  T^  of  the  equations  which  are  independent,  we  can  ezpresi 
tM  —  r  —  r'  of  the  constants  p'  in  terms  of  the  other  t^,  which  thui 
remain  arbitrary  and  which  may  be  taken  to  be  ^',  •••,  f>V* 

Now  take  an  integral 

and  substitute  for  the  various  coefficients  p'  in  terms  of  pi\ ...,  pV 
The  integral  becomes 

where,  writing  X  «  r  4-  t\  we  have 

for  r  « 1, ...,  t'  ;  and  the  determinate  constants  ( are  given  by 

for  s«l, ....  m  — X,  being  the  expressions  of  the  constants  p'  it 
terms  of  ^ ,  .••,  pV« 

Clearly  each  of  the  quantities  TTu,  Wn,  ••.,  TT,^  is  an  integra 
of  the  equation.  Moreover,  they  are  linearly  independent  of  om 
another  and  of  1ft,  ••••  IT,  i  for  any  non-evanescent  linear  relatioi 
of  the  form 

FiWi  4"  •••  4"  FfWf  4  FiWii  4-  •••  4  Ff'Wiff^O 

would  lead,  after  substitution  for.TTi,  ...,  If^,  Ifu,  •••,  W^^f  ii 
terms  of  the  original  fimdamental  system  is^,  •..,  icfait  to  a  non 
evanescent  homogeneous  linear  relation  among  the  memben  o 
thai  tystem— a  possibility  that  is  eieluded. 
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As  regard!  the  affect,  whioh  it  caused  upon  eadi  of  theoe 
newly  obtained  integrals  by  the  description  of  a  simple  contour 
round  the  singularity,  we  have  « 

where  K,  denotes  a  homogeneous  linear  combination  of  .1F|»  •••» 
IT,.  Now  no  one  of  the  quantities  V^  can  be  evanescent,  nor 
can  any  linear  combination  of  the  form 

be  evanescent :  for  in  the  former  case,  we  should  have 

and  in  the  latter 

(7iH^ir  +  ... +7»'W^l»'y--f(7l*»^||  +  •••+7f'W^l»')• 
As  tr,r  and  yiWii-i- ...  +7t'irif'  in  the  reitpoctive  cases  are  linearly 
independent  of  )F|, ...»  Iff,  wo  should  thus  have  a  new  integral 
of  the  same  ty|)e  as  )K|, ...,  IK, ;  and  then,  instead  of  having  some 
of  the  minors  of  onler  r  in  A  (tl)  diflerent  frum  zero  when  !)«■«, 
all  of  them  of  that  orclor  would  be  zero,  and  we  should  only  be 
able  to  declare  that  some  <if  order  t4-1  are  different  from  zero: 
in  other  words,  the  number  of  elementary  divisors  of  il  ((1)  would 
be  T  + 1  instead  of  r.  The  quantities  K|,  ...,  V^  are  thus  linearly 
equivalent  to  r'  of  the  quantities  IKi,  ...,  W^,  nay  to  IK,,  ...,  Wf»; 
hence  coiistructing  the  linear  combinations  of  F,,  ...,  V^*  which 

are  etiual  to    IKi,  ...»   UV  respectively,  and  denoting  by  ti;,, 

Wif»  the  linear  combinations  of  W^, ...,  H^i,'  with  the  wime  coeffici- 
ents as  occur  in  these  combinatioub  of  K,,  ...,  V,*,  we  have  a  set 
of  r'  integrals  u^i,,  ...,  u/i,',  such  that 

These  integraU  are  linearly  independent  of  one  another,  and  also 
of  )F),...,  Wt,  before  obtaine<l.  They  constitute  the  aggregate 
of  linearly  independent  integrals  of  this  type ;  for  if  there  were 
another  linearly  inde|>endeut  of  theni,  it  would  imply  that  Ai{tl) 
had  t'+  1  elementary  divisors  insteiul  of  only  r. 

As  regards  the  two  sets  of  integrals  already  obtained,  it  may 

be  noted,  (i),  that  the  set  Wi W^  can  be  linearly  combined 

among  themselves,  without  affecting  the  characteristic  equation 
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(iiX  that  to  each  integral  of  the  set  icfu>  •••»  VHr'  there  may  be  added 
Wkny  linear  combination  of  the  integrals  of  the  set  TTu  ...»  IT^, 
mrithout  affecting  the  characteristic  equation 

If  the  index  of  each  of  the  elementary  divisors  of  Ai(tl)  is 
tinity,  then  r'^v^^r^  so  that  the  number  r'^'r  of  integrals 
obtained  is  then  equal  to  9^  the  multiplicity  of  the  root  of 
^(n)«aO  in  question.    In  every  other  case,  i^4-t<0'. 

22.  When  r'-f  r<0',  so  that  r'  is  less  than  the  degree  of 
A%(ti\  we  use  the  integrals  w^^  ...^Wi^»  to  modify  the  funda- 
mental system  W^  ••••  fTtt  tcf,^if  ••*%^m%  substituting  them  for 
Wf^u  •••>  tc't-ff'  *o  ^bat  system.  When  the  variable  m  describes  a 
simple  closed  contour  round  a.  the  effect  upon  the  elements  of  the 
modified  fundamental  system  is  to  change  them  into  IF/,  •••,  IT/i 
t9u » •••  f  tif  iv«,  ttTA-Mff  •••»  tifin  I  where  T -f  T  «  Xv  and 

+  Tttt-wf^i  +  •••  +  *ftkW\t'  +  7»,A^itc^A^i  +  —  +  7li,iiiWiiif 

for  r«l, ...»  r;  s«I,  •..,  r';  <»X4-1»  •••,  m.    The  fundamental 
equation  derived  through  this  system  is 

ii(n)-(if-ft)'+M.(n)-o, 

where 


Also  «  is  of  a  root  of  ilt(n)  of  multiplicity  V'^r^^r'.  By  a 
further  application  of  the  proposition  ($  20)  connecting  the 
elementary  divisors  of  A  (D)  uid  Ai  (flX  the  indices  of  the 
elementary  divisors  of  At{tl\  which  are  powers  of  /r  — fi,  are 
seen  to  be 

say  r^  in  number. 

The  procedure  from  the  equation  il«(n)»0  to  the  corre- 
sponding  sub-group  of  integrals  is  similar  to  that  adopted  in  the 
case  of  the  equation  il|(n)«0;  and  the  oonelusion  is  that  there 
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exists  ft  sub-group  of  t^'  integrals  my*.  Wm,  •••>  mw,  ciuuraolerised 
by  tba  equations  ^ 

for  f««l,  2,  ...,  t". 

And  so  on,  for  the  sub-groups  in  succession*  Combining  tbese 
results,  We  have  the  theorem^ : 

When  a  rooi  a  of  the  fundameniat  equation  A  ((1)  mO  %$  (/ 
miUiiplioitjf  a,  and  when  the  elementary  divieore  of  A  (d)  aneodated 
with  that  root  are 

a  group  of  9  linearly  independent  integrate  ie  aeeoeiated  with  thai 
root :  thie  group  coneiete  of  a  number  a^a^of  eub-groupe,  whi^ 
eatiefy  the  equaiione 

m 

w/'^MWr,   forY"l T, 

^4,'  —  ici«;„  +  Wt,  for  s  ■»  1,  •..,  t\ 
w^' «  KW^  +  Wn,  for  <  ■»  1,  ...,  t", 

and  $0  on.  The  integer  r  i$  the  number  of  elementaty  diwieore  of 
A  (fl);  r'  ie  the  number  of  those  divieore  with  an  index  greater 
than  unitg;  r"  ie  the  number  ofthoee  divieore  with  an  index  greater 
than  tu*o;  and  eo  on. 

The  group  of  a  integrals,  and  m  — o*  other  integrals,  all 
linearly  independent  of  one  another,  make  up  a  fundamental 
system:  the  m-^a  other  integrals  being  associated  with  the 
m  —  a  roots  o(  A{tl)  —  0  other  than  11  ^  <r.  When  the^e  roots  are 
taken  in  turn,  we  have  a  single  integral  associated  with  each 
simple  root,  and  a  group  of  iutegruU  of  the  preceding  type  asso* 
ciated  with  each  multiple  nxit,  the  number  iu  the  group  being 
equal  to  the  order  of  multiplicity  of  the  root.  We  thus  have  a 
system  of  integrals  of  the  original  differential  ei|uation  distributed 
among  the  roots  of  the  fundamental  equation  associated  with  the 

*  Thai  |Mrt  of  tha  theorem,  which  eaUbliiiheit  tha  cxUteuM  of  the  f  ronp  of 
integrali  aMooUt«d  wilh  a  muliipla  root,  U  due  to  Fuchi,  CretU,  t.  lxvi  (1866), 
p.  186 :  but  tlie  ioiiUl  expreMioD  K^veo  to  the  member*  of  the  group  was  much 
more  oompUoatecL  The  part  which  arraoKe*  the  group  in  lub-groupe,  each  with 
ite  oifo  oharaolerUtio  equation,  ie  due  to  Hamburger,  CreUe,  t.  lxxvi  (IS7S), 
p.  191 ;  ha  takes  it  in  an  arrangement,  which  wiU  be  found  in  the  next  eection. 
Tlie  aeaoeiation  of  the  ■nb.groups  with  the  elementarj  di? iiori  of  A  (O)  ie  doe  to 
Caeorati,  ComffU*  Rgmdut,  t.  xcii  (ISdl).  p.  177. 
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nngolarity :  that  the  qrstem  is  fundamental  it  manifcMt  from  the 
hciB,  that  the  initial  system  was  fiindamental,  and  that  all  modi- 
fieations  introduced  have  been  such  as  to  leave  it  fiindamentaL 

Kg,  1.    Two  independent  Integrals  of  the  eqnalkm  . 


sro  givsn  uj 


f«(f+l)Sr-f«J+J(af+l)if-0 


Henos  whsn  the  vanable  desoruMs  a  simple  elos6d  eontoup  rnumI  his  erighi 
In  the  positive  dirsotiony  we  have 

«i'm-«i, 

and  thsroibrs  the  fbndamentsl  equation  belonging  to  the  origin  (whkb  Is  a 
singulsritj  of  the  equslion)  is 


-1-4      0 


-0^ 


thatis^Hls 

(#+1)1-0. 

Bimllsriljrt  two  indepsndent  Integrals  of  the  equation 

tie  given  bj 

Henoe  after  a  simpls  olosed  contour  round  the  origin,  we  have 

«i  w  —  «ii    Wf  i«e«i9 
where  •  Is  ^ ;  the  ftmdamental  equation  belonging  to  the  origin  is 

-0, 


that  is, 


-l-f      0 
0      .    s-# 


W+i)(^-«*^-a 


£g.  1    Oomtnict  the  linear  diflTerentlal  equation  of  the  third  orrler, 
having 

for  three  Unearlj  independent  Integrsls ;  obtain  ths  Ibndamentsl  equation 
appertaining  to  the  origin  as  a  singulsritj;  and  from  the  form  of  the 
diffmitial  equalioB,  verify  Mnosri's  th^ofem  (f  14)  thai  the  prodnet  of 
the  three  roots  of  this  ftondaaiental  equation  Is  unity. 


M  hambueobb'b  [18^ 

Hambubobr's  Resolution  or  a  Gboup  op  Ivtbqbaui  iiito 

Sub-groups. 

.  23.  In  the  caiie  wheo  the  rooU  of  Ibe  fundamental  equation 
are  all  UUtinct  frum  one  another,  the  general  analytioal  character 
of  each  of  the  integrals  of  the  fundamental  system  in  the  vicinity 
of  the  singularity  has  been  obtaiued  (§  18).  We  proceed  to  the 
corresponding  inventigation  of* the  general  analytical  character 
of  the  group  of  integrals  in  the  vicinity  of  the  singularity,  when 
the  group  is  associated  with  a  multiple  root  of  the  fundamental 
equation. 

We  have  seen  that  the  group  of  linearly  independent  integrals 
can  bo  arranged  in  sub-groupH  of  the  form 

"ii    "t»  ••••    '»t  I 

f'lM  t^ii.  ....  t^'if' ; 


the  menibera  of  each  8ub-gruup  being  arranged  in  a  line  and 
satisfying  an  equation  oharacteriBtic  of  the  line.  Let  theae  be 
rearranged  in  the  form^ 

W^,    Hfii,    Wu,   Wa,  ... 
]i\,  Wu,    Wn,  u;„,  ... 

each  of  the  integrals  in  the  new  line  satiBfies  an  equation,  and  the 
set  of  characteristic  equatioiia  for  any  line  is,  in  sequence,  the 
same  an  for  any  other  line,  so  far  an  the  members  extend.  When 
any  such  line  is  taken  in  the  form 

Wi,  ii|,  ...,  ii|i, 

where  the  integer  ^  changes  from  line  to  line,  the  set  of  the 
characteristic  equatioiut  in 

U^'  ^XUt-^  II) 


tt/  «  KU^  +  II 


|k-l 


►  • 


*  Thtit  an  HAmbargtr'a  sub-gronps;  tee  aole,  pi  60.    Their  niimber  it  •qui 
to  the  number  of  elemental^  divi«or»  of  A  (Q)  eoaneeted  with  the  multiple  looi. 
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we  have 
Mid  therefore 


BUB-GBOura 


6S 


Siria  « log  IT ; 

TbuB  iff|(#  — a)~^  18  unaltered  by  the  description  of  a  simple  dosed 
ocmtour  round  a;  it  therefore  is  uniform  in  the  Ticinitjr  of  a,  but 
it  csnnot  be  declared  .holomorphie  in  that  Tioinity,  for  a  might  be 
a  pole  or  an  essential  singularity  of  «,  (#  —  a)~*.  Denoting  this 
nniform  fimction  of  #— a  by  ^i»  we  have 

To  obtain  eipressions  for  the  other  integrals.  Hamburger^ 
proceeds  as  followa  Introduce  the  function  £,  defined '  by  the 
relation 

^-2^.log(#-a); 
then,  after  the  description  of  a  simple  contour,  we  have 

r-i  +  i. 

We  oonsider  an  expression 

/(i)-#'-t,+('*7*)t^.£+('*;*)t„i»+... 

...+('*7*)^i>-«++.i>-. 


when 


\    r   )    0»-l-r)l  rV 


and  th*  fiinetioiu  ^t..>.^»  are  aniform  fbnotions  of  «  — a. 
Then  il|  Ibr  all  ralues  of  n,  we  take 

where  khe  sjrmholical  operator  A  ie  defined  hf  the  relakioo 

ip^  -  (*  -  o)'«»+'A*r 

-  («  -  o)«««*«  (A«/+  A»«#^ 

•  OMIf,  t  um  (1«T«),  r.  ttt. 


we  havn 
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holding  for  all  values  of  n.    These  are  the  cbaraoleriaiio  equaliooa 
of  the  modified  aub-iproup ;  and  therefore  we  can  write 

ii^-«-(i-ra)*ir*A"l', 

with  the  above  notations.    This  is  Hamburger's  fiinotional  form 
for  the  integrals, 

24.  The  integraU  ii|,  ...,  <i|,  are  a  linearly  independent  set 
out  of  the  fundamental  system;  and  the  system  will  remain 
fundamental  if  ii|, . . . ,  u^  are  replaced  by  /a  other  functions,  linearly 
independent  of  one  another  and  linearly  equivalent  to  tin  •••!  «<»• 
A  modification  of  this  kind,  leading  to  simpler  expressiona  for  the 
sub-group  of  integrals,  can  be  obtained.  In  association  with  #*, 
take  a  series  of  cjuantities,  define^l  by  the  relations 

Then  we  have 


where   the  Citustants  a  are  non-vanishing  numbers,  the  aiaol 
expressions  for  which  are  not  needed  for  the  present  purpoie. 

Then  (s  -  a)*r,  is  a  constant  multiple  of  (i  -  a)*A^~*l',  that  ia» 
of  ill ;  and  it  therefore  is  an  integral  of  the  differential  equation. 

By  the- last  two  of  the  above  equations,  (s  — a)*«i  is  a  linear 
,  eonibination  of  (z  —  aY^'^'^F  and  (z  -  a)*A''"*/',  that  is.  it  is  a 
linear  combination  of  u,  and  U| ;  it  therefore  is  an  integral  of  the 
differential  equation. 

By  the  last  three  of  the  above  equations,  (i  — a)*Vg  is  a  linear 
combination  of  (z -- ayH'^'^F,  {z  -  aY^'^'^F,  (^  -  ay-A"""/*,  that  ia» 
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at  is  a  linear  oombinatioD  of  tC|»  tt,»  tit;  it  therefore  is  an  integral 
of  the  diflferential  equation. 

Proceeding  in  this  way,  we  obtain  ^  integrals  of  the  form    . 

(i-afw,,  (i-a)*»„  ....  (i-a)*v 

Moreover,  these  are  linearly  independent,  and  so  are  linearly 
equivalent  to  u,, ...»  Up ;  for,  having  regard  to  the  expressions  of 
A/\  ...»  A""'/*,  we  see  at  once  that  any  homogeneous  linear  rela- 
tion among  the  quantities  V|, ...»  Vp  would  imply  a  homogeneous 
linear  relation  among  the  quantities  F^  AF,  ...»  A*"'/*,  that  is. 
among  ih,  ...»  n^;  and  no  such  linear  relation  exists.  Hence 
Hamburger's  sub-group  of  integrals  is  equivalent  to  (and  can  be 
replaced  by)  the  sub-group 

(i-a)'r„  (f-a)*r„  ....  (f-a)*v 

Accordingly,  we  now  can  enunciate  the  following  result  as 
giving  the  general  analytical  expression  of  the  group  of  integrals, 
associated  with  a  multiple  root  x  of  the  fundamental  equation^:—- 

When  a  root  m  of  the  fandamenial  equation  A(fi)^0  ie  of 
muUiplieity  a,  the  group  of  9  integrale  aeeociated  with  thai  root 
oan  he  arranged  in  euh-groupe;  the.  number  of  theee  eub-groupe  ii 
equal  to  the  number  of  elementarg  divieore  of  A  {$)  whiA  are 
powerg  of  ic-0;  the  number  of  integrate  in  ang  euh'^roup  ie 
determined  by  meane  of  the  expenente  of  the  dementarg  divieore ; 
and  a  eub-^froup,  which  eontaine  /*  integrate,  ie  lineairlg  equivateni 
tothe  ffL  quantitiee 

where  2wia  ^logx,  and  the  m  qtmntitiee  9  are  of  the  form 
1^4  -  f 4  +  8^,Ji  +  8^,1> -f.  f ,1*. 

*  Tbto foroi of  siprtMioB  forJttM  gnnp^  laligialt spptsn lo bsvt btoi si w 
im  Igr  JSiftai,  Orvltf.  i  utt  (1S78),  p.  ISI.    8to  slto  a  MtoMlr  Igr 
BeH.  Jletwjiltff.,  IfOl.  pp.  I4-4S. 

P.  IT.  ft 
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•  I 

ih§  pk  quaniiiies  ^^  •••!  V^ii   a*'«    Mtit/brm  (friil  nol  iMC«Mari2y 
AobiNOiTiAic) /undionM  of  s^a  in  ik0  viciHiijf  of  ik0  tihgulariiy. 


DirrKRKNTUL.  Equation  or  Lower  Order  sATisriEo  bt 

A  Sub-Qroup  or  Inteoralh. 

15.  The  precodiug  form  of  the  intcgralu  in  each  sub-group  of 
a  group,  atwociated  with  a  multiple  root  of  the  fumlamental 
equation,  has  been  inferred  ou  the  suppoaition  that  the  ooefficienta 
of  the  linear  equation  are  uniform  fuuctionii. 

It  will  be  noticed  that  the  ciietticient  of  the  highest  power  of 
L  in  each  of  the  membeni  of  the  hub-gruup  is  the  same,  being  an 
integral  of  the  equation, — a  result  which  is  a  special  case  of  a 
more  general  theorem.  Moreover,  it  is  of  course  possible  to  verify 
that  eiich  member  of  the  sub-group  satisfies  the  differential 
equation ;  and  it  happens  that  the  kind  of  analysis  subsidiary  to' 
this  purpose  leads  to  the  more  general  theorem  above  indicated, 
as  well  as  to  a  result  of  importance  which  will  be  useful  in  the 
subsequent  discussion  of  the  nxlucibility  of  a  given  equation.  We 
proceed  to  establish  the  following  theorem*,  which  is  of  the  nature 
of  a  converse  to  the  theorem  just  established : 

I/an  expremon/or  a  quantity  u  he  yiven  in  the/odin 

» 

where  L^  ^r- .  log  (t  —  a),  and  each  of  the  quantities  ^  is  of  the 

form 

^^(m—  aY  .  unifonn  function  ofs^a, 

a  being  a  constant,  then  u  satisfies  a  homogeneous  linear  differential 
equation  of  order  n,  the  coefficients  of  which  are  functions  of  m 
uniform  in  the  vicinity  of  s^a;  moreover, 

.  du     5*14  S^'^tt 

are  iniegrals  of  tJie  same  equation  and,  taken  together  with  m,  tkey 
constitute  a  fundamental  system  for  the  equation. 

*  Poohf,  lq  Ui§  meisuir  quotad  od  Ihe  preoeding  psge. 
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(It  18  deal' that  nx=i  i>  ^  nnmerical  multiple  of  ^,  and  that 

the  coeflkieDt  of  the  highest  power  of  L  in  each  of  the  announced 
integrals  is,  save  as  to  a  numerical  constant*  the  same  for  all ;  it 
is  a  multiple  of  ^,  which  is  an  integral  of  the  equation.) 

It  is  couTenient  to  make  a  slight  modification  in  the  form  of  u ; 
we  take 


where 


...+("  7  *)f.^—+t,£^. 


(•;>" 


T»-^> 


SO  that  the  character  of  the  functions  ^  and  their  form  (except 
as  to  a  mere  numerical  constant)  are  the  same  as  those  of  the 
ftinctions  ^    Further,  no  change,  either  in  the  property  that 

are  integrals  of  the  equation  or  in  the  property  that^  taken 
together  with  u,  they  constitute  a*  fundamental  system,  will  be 
caused  if  they  are  multiplied  by  constants :  so  that,  if  the  theorem 
can  be  established  for  U|, ...,  tc,|.|,  where 


1       a^»ti 
(n-l)lSZF^ 

n     8*-^ 
(n-l)ia2?=« 

(n-i)lSI^ 


i^f 


f .  +  f .li. 


^-f^  +  ifOi  +  fiM 


-&^,^-*"-("T')*--*- 


•  •  • 


...+(*7*)f.it^+fii— . 


the  theorem  hoMs  for  the  quantities  as  given  in  the  enunciation 
of  the  theorem. 
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26.  Merely  m  order  to  abbreTiaie  the  eaeljaie,  we  take  •"■4; 
with  the  above  fiiruis.  it  will  be  found  thai  the  analjsia  ior  any 
particalar  case  aoeh  aa  »  ■■  4  ia  eaidly  amplified  into  the  analyak 
ior  the  general  caee.  AocoiUingly,  we  deal  with  qoantitiea  «»  «,, 
a,,  a,,  where 

a,-f,  +  t,£. 
Ml  -  fi' 

If  M  can  be  an  integral  of  a  linear  equation  of  the  fourth  order 
with  ooefficientu  that  are  uuifonn  functions  of  «~a  in  the  vicinity 
of  a,  let  the  equation  be 

l«et  the  variable  m  dcftcribo  a  simple  contour  round  a  \  this  leavea 
the  differential  equation  (if  it  exists)  unaltered,  and  so  the  new 
form  of  a  is  an  integral,  say  u\  where 

a'-irf4  +  3ir^,(£  +  l)-*.8«^,(L  +  l)«  +  irf.(l4-l)P, 

where  a  ia  the  factor  coianion  to  all  the  functions  ^  after  the 
description  of  the  circuit.  As  u  and  a'  are  integrals  of  a. homo* 
geneous  linear  equation,  so  also  is 

I    , 
r,  »  -  a  —  a 

ic 

Heoce  v  also  is  au  integral,  aud  it  is  given  by 

•'-3|^,+  2-ct,(^  +  l)  +  *t.(^4;^)'l 

^3l4f^,  +  a^.(I  +  l)|+4cfi: 
and  therefore 

b  also  an  integraL  Hence  w  is  also  an  integral,  and  it  ia  given 
by 

and  therefore  • 


UK 


^•"i^"*^"^'"***' 


ia  also  an  integraL 


M.] 
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Thus  integrals  are  given  by 

t,  -  «„ 

tir-f.  -«„ 

i(v-3fir  +  2e),  -w,. 

which  proves  one  part  of  the  theorem,  viz.  that  tc,  n,,  Vy,  Ut  are 
mmultaneons  integrals  of  the  linear  equation  if  it  exists. 

27.  In  order  to  establish  the  property  that  tt»  ifi»  iC|,  Ut  con- 
stitute a  fundamental  system  of  the  equation  if  it  eiists,  a  pre* 
liminaiy  lemma  will  be  useful;  viz.  if  il,  A,  C,  D  be  functions 
free  from  logarithms  and  if  they  be  such  that  a  simple  doeed 
contour  round  a  restores  their  initial  values,  except  as  to  a  con- 
stant  factor  the  same  for  all,  then  no  identical  relation  of  the 

kind 

<lA  -¥ 0BL -h 7C£*  +  fiDZ'-O 

can  exist,  in  which  a,  /9,  7,  fi  are  constants  different  from  zero. 
For  let  the  simple  contour  be  described  any  number,  N,  of  times 
in  succession ;  and  let  /  be  the  constant  factor  acquired  by  the 
ftinctions  A,  B,  C.  D  after  a  single  description  of  the  simple 
contour.    Then  we  should  have  the  relation 

and  consequently  the  reUtion 

valid  for  all  integer  values  of  N.  Consequently,  the  c<ieflkienti  of 
the  various  powers  of  N  must  vanish  :  henoe 

0-   SA 

0^9iDL  -I-   7C, 
Ow.niDl^'^fyCL  +fiB, 

the  last  of  which  is  the  original  postulated  relatioii.  Fhmi  the 
first  of  these  reUtions,  it  follows  that 

S-0; 

then,  from  the  second,  that 

7-0; 

then,  flfom  the  third,  that 

/9-0; 
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> 

and  10,  from  the.  origind  relation,  that 

«-0. 

The  lemma  ia  thim  eetablUhed. 

It  may  also  be  proved  that,  if  A,  B,  0,  D  he  fuiiotioai  free 

from  logarithms,  aod  if  they  be  such  that  a  simple  closed  contour 

round  a  restores  their  initial  values^  except  as  to  constant  fru^tors 

which  are  not  the  same  for  all,  then  no  identical  relation  of  the 

kind 

oA -^  ^BL -^  yCL* -k- iDL* '' 0 

can  exist,  in  which  a,  3,  7,  fi  are  constants  different  from  sero. 
The  proof  is  left  as  an  exercise. 

It  is  an  immediate  inference  from  the  course  of  the  lemma 
that  no  relation  of  the  form 

can  exist,  in  which  a\  ff^  7',  V  are  constants  different  from  lero; 
for  proceeding  as  before,  it  would  require 

0-   «>,, 
0-3a't,4^   /Tf,, 
0-3a>,  +  2i9'f.  +  7>., 

which  clearly  are  satinfied  only  if  a' "  /S' »  7' «  fi' «  0.  Hence  there 
is  no  homogeneous  linear  relation  among  the  quantities  m,  ti|,  u,, 
M, ;  and'  they  therefore  constitute  a  fundamental  system  for  the 
linear  equation  if  it  exists. 

28.     If  the  equation  exists,  we  must  have 

Att»0,  Aii,«0,  Au,«0,   Au,«0; 

and  in  the  operator  A,  the  functions  f*,  Q,  it,  ;S  are  to  be  uniform 
functions  of  t  SNh^^  vicinity  of  a.  Let  Z  denote  any  function  of  m 
with  the  same  characteriHtic  properties  as  ^|,  ^,,  ^„  ^4;  then 
with  such  an  operator  A,  wo  have 

A(ZL^)^L^^Z^2LZ'  ^Z". 
MZL*)»L'^Z'^U*Z'^SLr'^Z'\ 


ta] 
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where  JT,  F^  tT  are  ftmctioDS  of  the  same  charaoieristio  propertiee 
ae  5,  that  is,  as  ^,,  ^„  ^,,  ^«,  and  they  are  free  from  logarfthmai 
Now  as  Aii|«iO,  we  ha^ 

As  A«t  "■  0,  we  have 

that  IS, 

As  Atit  «■  0,  we  have 

A^,  +  2(LA^.  +  ^t')-»./^A^,-|.2lt/  +  f^"-0. 
that  is,  by  using  the  two  preceding  relatione, 

As  A«  »  0,  we  have 
At,  +  «  (I  At.  +  f .O  -^  »  e^'Af.  4-  2Zt;  +  to 

that  is,  by  using  the  three  preceding  relations, 

Af4  +  3t;4.3ft"  +  fr'-0. 

Thus  there  are  four  equations ;  each  of  them  involves  the  coeffici- 
ents P,  Q,  A,  S  linearly  and  not  homogeneously.  The  required 
inferences  will  be  obtained  if  the  equations  determine  P,  Q,  /Z,  £f 
as  (unctions  of  «,  uniform  in  the  vicinity  of  a. 

Now  each  of  the  functions  ^  is  such  that  (f  *a)~*^  is  a 
uniform  function  of  i  —  a  in  the  vicinity  of  a ;  accordingly,  let 

(i-a)-tp-tf^.  (m- 1.2,  8,  4), 

where  each  of  the  V%  denotes  a  uniform  function.  Substituting 
{m  —  a)*0p  for  ^p  in  each  of  the  four  equations,  the  factor  (i-  a)* 
can  be  removed  after  the  differential  ciperations  have  been  per- 
formed ;  and  then  all  the  coefficients  of  P,  Q,  /Z,  £f,  and  the  term 
independent  of  them,  are  uniform  functions  of  %  in  the  vicinity  of 
a.  Solving  these  four  equations  of  the  first  degree  for  P,  Q,  A,  S, 
we  obtain  expressions  for  them  as  uniform  functions  of  «  —  a  in 
the  vicinity  of  a.  (In  general,  this  point  is  a  singularity  for  each 
of  the  expressiona)  It  follows  that,  for  these  values  of  P,  Q,  /{,  A, 
the  four  quantities  ih»  t(ti  ^%  ^  ^^  integrals  of  the  linear  dil 
equation  of  the  fourth  order. 


TS  noKBTm  or  a  wB^aocr  [tai 

■Mttt  of  Ike  rwalt  for  the  generml  cMe ;  and  thus  the  ilieorem  is 
prored. 

OuAOLLASr  L  II  in  au  obvious  inference  from  the  preoeding 
ibeorem  that,  when  a  groap  of  int^rab  is  asiociaied  with  a 
multiple  root  of  the  fundamental  equation,  anj  (Hamburger) 
sub-group,  containing  (say)  u  of  the  integrals^  is  a  fundamental 
system  of  a  linear  equation  of  order  u  with  uniform  eoefficienUk 
Further,  it  is  at  onoe  inferred  that  the  h'  members  of  that  sub- 
group,  which  contain  the  lowest  poweni  of  the  logarithm,  constitute 
a  fundamental  system  fur  a  linear  equation  of  order  n'  with  uniform 
eoetticienUi. 

Cobollahy  IL  bimilarly  it  may  be  establi^ihed  that  one 
(Hamburger)  sub-group  containing  n  integrals,  and  another  sub- 
group containing  p  integrals,  constitute  together  a  fundamental 
system  for  a  linear  equation  of  order  m  -fji  with  uniform  coefticieiita. 
And  i«o  on,  for  ccuubinations  of  the  sub-groups  generally. 

£x.     IVure  that  if  tUe  lioeAr  niuutiua  in  ar  baa  *  iuil>-gnHip  of  m  iutegraU 
which,  in  tho  Yiciaity  of  a  ainguUrity  a,  kMve  the  lurui 


whers  <vi^*kjg(i-a),4UMl  <:«ch  uf  Um  fuuc-tioiM^  i«  Mich  thai  (x-<i)**^  \m 

ttuifunu,  where  #**^  in  a  umlti|>U]  niot  uf  the  funJaiiieuUl  equatkuu  with 
which  the  Mib-gnmp  uf  iotognUn  i«  MiAMiciiitod,  then  if  the  liiioar  eqiutiun  Air 
w  be  cuiwtmcieJ,  whero 

r'lfiliclc, 

that  liiMiur  uiuatiuu  lu»  s  ciimto|iuiiiliiig  »uh-gruu|*  uf  «  -  1  iotegmU  of  the 
furui 


whers  the  functiiMie  ^  are  of  the  naios  charscter  M'the  fuuctioua  ^. 


CHAPTER  III. 

Regular  Integrals;  Equation  having  all  ith  Integrals 

regular  near  a  singularity. 


29.  The  general  character  of  a  fundatnetital  system  of 
integrals  in  the  vicinity  of  a  singularity  has  now  been  ascertained. 
For  this  purpose,  the  main  property  of  the  linear  equation  which 
has  been  used  is  that  a  is  a  singularity  of  the  uniform  coefficients ; 
the  precise  nature  of  the  singularity  has  not  entered  into  the 
discussion.  On  the  other  hand,  the  functions  ^  which  occur  in 
the  integrals  are  merely  uniform  in  the  vicinity  of  cr :  no  know- 
ledge as  to  the  nature  of  th^  point  a  in  relation  to  these  functions 
has  been  derivied,  so  that  it  might  be  an  ordinary  point,  or  a 
pole,  or  an  ef>sential  singularity.  Morcover,^ih$  index  r  in  the 
expressions    for  the   integrals  is  not  definite;   txsing  equal  to 

9 — '  l^g  9,  it  can  have  any  one  of  an  unlimited  number  of  values 

differing  from  one  another  by  integers.  Hence,  merely- by  changing 
r  into  one  of  the  permissible  alternatives,  the  character  of  a  for 
the  changed  functions  ^  may  be  altered,  if  originally  a  were 
either  an  ordinary  point  or  a  pole :  that  character  would  not  be 
altered,  if  a  originally  were  an  essential  singularity. 

It  is  obvious  that  the  character  of  a  for  the  integral  is  bound 
up  with  the  nature  of  a  as  a  singularity  of  the  differential 
equation,  each  of  them  affecting,  and  possibly  determining,  the 
other.  Accordingly,  we  proceed  to  the  consideration  of  those 
linear  equations  of.  order  m  such  that  no  singularity  of  the 
equation  can  be  an  essential  singularity  of  any  of  the  fonotions 
^,  which  occur  in  the  expression  of  the  integrals  in  its  vicinity. 
In  this  case,  the  functions  ^,  which  are  unifbrm  in  the  vicinity  of 
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a  and  therefore,  by  laUreDi's  theorem,  can  be  eipainled  in  a  teriea 
of  poaitive  and  negative  integral  powers  of  «  —  a  otaverging  within 
an  annulim  round  a,  will  at  the  iitmoet  contain  only  a  limited 
number  of  negative  powers.  To  render  r  definite,  we  absorb  all 
these  negative  indices  into  r  by  selecting  that  one  among  its 
values  which  makes  the  function  ^  in  an  expression 

finite  (but  not  sero)  when  $  ■■  a. 

An  integral  of  the  form 

«  -(#-tty  [^  +  ^,  log(*  -  o)  +  ...  +  ^  llog(*  -a)}-l 

whc^ro  ^,  ^,,  .../^c  are  uniform  functions  having  the  point  a 
either'  au  ordinary  point  or  a  zero,  is  called^  regular  near  o. 
]tVhen  a  value  of  r  is  chosen,  such  that  (i  — tt)~^u  is  not  sero 
and  (if  infinite)  is  only  logarithmically  infinite  like 

c.  +  C|  log  (i -  a)  + ...  +  c.  (log(j:  -  a))-, 

the  integral  is  said  to  belong  to  the  index  (or  exponent)  r:  the 
coefficients  c  being  couHtanti  and  not  all  uf  them  ^ero.  Similarly, 
when  the  singularity  a  is  at  infinity,  and  there  is  an  integral 


J-' 


[t.  -»- ti  ••>«  *  +  ..  +  ^.  ('^8  J)  J  • 


where  ^o,  ^|,  ....  ^«  are  uniform  functions  having  i^ao  for  an 
ordinary  point  >or  a  aeero,  the  integral  is  said  to  belong  to  the  index 
or  exponent  p. 

It  will  be  possible  later  to  consider  one  class  of  integrals  that 
do  not  answer  to  this  definition  of  regularity:  but  it  is  clear  that 
regular  integrals,  as  a  class,  are  the  simplest  class  of  integrals,  and 
that  the  firnt  attempt  at  obtaining  integmis  would  be  directed 
towards  the  regular  integrals,  if  any.  Acc4»rdingly,  we  proei^ed  to 
consider  the  characteri sties  of  linear  differential  e(|uations  which 
possess  regular  integrals:  and  in  the  first  place,  we  shall  consider 
e(|uations  all  <»f  whose  integrals  are  regular  in  the  vicinity  of  one 
of  its  singularities,  in  older  to  determine  the  form  of  ei|iiation  in 
that  vicinity. 

*  ktU^r  Tlioiiie,  CrelU,  t.   Lxsv  (ISTS),  p.  26S.    TIm  um  of  thit  naiiM  for  a 
function,  which  ii|  nul  ret(ular  in  thu.  variable,  way  Heem  anomaloui :  bul  it  it 
BOW  wicl«  spreads  and  coofuHion  uiitfht  Ui  cauttd  by  the  introduction  of  another 
He§  footnote,  p.  4. 


/ 


AKD  TtaBtR  BXPONnrre 

ibddkiy  to  Um  iiiT6iiiiiUkNi|0M  or  two  irinple  propertiet, 
indioM  to  which  the  ftmotknui  beloofi  win  flftt  ho  piofod. 
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If  a  fg^iar  fnweHem  «•  (in  the  preeeot  eeiMe  of  the  term)  Uhmg  to  ofi 
imdex  r  wnd.anoU^  9  to  ofi  iimde*  i,  Mai  ii-l-f  Mon^ft  lo  l/U  AMlsTf-t:  aele 
ohrioue  from  the  definition. 

Ijf  «  rtgwiar  fiuKium  u  hehtif  to  am  index  r,  tkem  ^  h$tomg§  to  |A«  ^ndur 
f-1.    To  prove  thii,  let 


then 


•i-(f-«r  1  ♦.|1og(f.«))«; 


eo  thet  gr  oen  oo^  helong  to  the  indei  r  - 1,  if  some  at  leeet  of  the  opeflMente 

of  powers  of  log(t-a)  ere  diffcrent  from  nro  when  t«flk    These  ooeflloienta 
in  mnceeiion  ere 

•••••••••    ^ 

when  *»a  is  enhetitnted:  thej  oennot  ell  fenieh,  for  then  ^,  ^«  ...y  4^ 

woold  Taniah  when  t«a,  eo  that  c^,  e,, ...,  r^  wonid  ell  he  wens  end  then  11 

cftt 
woold  not  belong  to  Um  index  r.    Thns  ^  belongs  to  the  index  r- 1. 

There  is  one  slight  exception,  vii.  when  «  ie  uniform  end  the  index  r  Is 

dm 
svo ;  then  ^  ^  <^  nniform,  end  it  mej  eren  vanleh  when  t^a ;  eo  thet| 

du 
if  II  were  said  to  belong  to  the  index  0,  g-  could  be  said  to  belong  to  an  index 

not  less  than  Oi 
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indices  of  the  members  be  Tu  rt.  •••,  r^  respeelifely.    Ws  lake 
the  doterminaiit  in  ihe  form 


of  §  12,  where  C  is  a  coiiataut. 

The  quantity  Vi  is  a  solution  of  an  equation,  a  fundamental 
system  for  which  is  given  by 


•'•"diS)'  "^"sw 


It  is  clear  that,  if  m»,,  w^,  ...  are  all  free  from  logarithms,  then 
Vi,  Vg,  ...  are  also  free  from  them.  If  however  there  be  a  group  or 
a  sub-group  of  integrals  asbociated  with  a  repeated  root  $  of  the 
fundamental  equation,  we  may  take  (§  23) 

U>,'  ■  $U\ ,      Iff,'  —  W,  +  $U>t, 

so  (hat 

d  /M>;\      d  n 


,     d  (u'A      d  n  .v>,\        . 


thus  V|  is  uniform  and  therefore  fi-ee  from  logarithms.  Similariy, 
tfi  and  all  the  quantities  used  in  the  special  form  of  the  determ- 
inant are  free  from  logarithms. 

The  iudiceH  to  which  ri,  Vj,  ..•  respectively  belong  are 

rg-r, -1,   r,-r|-l,   r^ ->»-!,... 

unless  it  should  huppi*n  that,  for  instance,  r^mB  r|.  In  that  case, 
we  replace  w^  by  ir, +  ai<'|,  choosing  a  so  lut  to  make  the  new 
integral  belong  Ui  an  index  higher  than  r^  or  Ti  :  this  changi*  will 
be  supposed  made  in  each  cawo  where  it  in  retpiireii. 

Again,  the  quantity  m,  in  a  solution  of  an  equation,  a  funda- 
mental  Hyntem  for  which  is  given  by 

The  index  to  which  ii|  belongs  is 

ii  -  r,  -  1  -  (r,  -  r,  -  1)  -  1,  »  r,  -  r^  -  1. 
and  so  fur  <ii,  ... ;  that  ia,  their  indices  are 

And  so  on,  down  the  series. 
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Henoe  the  iodex  to  which 

belongs  is 

-mr,4-(m-l)(rt-r,-l)  +  (m-2)(r,-r,-l)4-... 

...  +  l(r«-ri,^,-l) 
-  n  -f  r,  +  ...  +  r.  -  im(m  - 1) ; 

so  that,  dtaoting  the  detenoinant  of  the  fundamental  system  by 

A  («)  as  in  S  9,  it  follows  that»  in  the  vicinity  of  the  singularity  a, 

we  have 

A  (m)  -  (i  -  a/»+'«+  ♦'^^"•«*->»  U  (f  -  a), 

where  /{  is  a  holomorphic  function  of  its  argument  in  that 
immediate  vicinity,  and  does  not  vanish  at  a. 

SI.  This  result  enatiles  us  to  infer  the  form  of  the  differential 
equation  in  the  vicinity  of  the  singularity  a.  Manifestly,  the 
equation  is 

if 

where  A  is  the  determinant  of  the  m  integrals  in  the  fundamental 
system,  and  A«  is  the  determinant  that  is  obtained  from  A  on 

replacing  the  column  ^-^_,* ,  for  t  —  1, ...,  m,  by  the  column  -. -^'t 
for««Bl,  ••.,  m. 

Now  consider  a  simple  closed  path  round  a.  After  it  has  been 
described,  A  and  A«  resume  their  initial  values  multiplied  by  the 
same  constant  factor,  which  is  the  non-vanishing  determinant  of 
the  coeflScients  a  (|  13)  in  the  expressions  for  the  transformed 
integrals ;  thus'  p.  is  uniform  for  the  circuit  Hence,  when  the 
expressions  for  the  regular  integrals  are  substituted  in  A  and  A«, 
all  the  terms  involving  powers  of  log  («  —  a)  disappear.  Moreover, 
A  belongs  to  the  index 

r,  + ...  +  ri»  -  Jm  (m  —  1) ; 

and  80  far  as  concerns  the  index  to  which  A«  belongs,  it  contains  a 
column  of  derivatives  of  order  «,  mm'-(m^  «),  higher  than  the 
corresponding  column  in  A,  so  that  A«  belongs  to  the  index 
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Heiioe  p«  belongs  (o  the  indei  —  m  and  thereforo,  in  ih«  imniediaia 
vicinity  of  a,  tiie  form  of  p.  it  given  by 

^'      (f  -  a)*  ' 

where,  at  a  and  in  the  immediate  vicinity  of  a,  the  function 
Pg(i^a)  is  a  holomorphic  function  which,  in  the  moat  general 
instance,  does  not  vanish  when  s^a,  though  it  may  do  so  in 
special  instances.  As  this  result  holds  for  ««■!,  ,..,  tii,  we  con* 
elude  that,  when  a  hoinogeneoua  linear  differential  equoHou  of 
order  m  hoe  all  its  integrals  regular  in  the  vicinity  of  a  eingnlariiy 
a,  the  equation  it  of  the  form 

dyf      Pi^  (/;;•-"«»        P^    it^'*uf  P^ 

ill  that  vicinity,  where  i^,  /*«,  "'*  Pm  ^re  holomorphic  /nnctione  of 
M^a  in  a  region  round  a  that  encloses  no  othm*  singularity  of  the 
equation. 


CONHTRUCTION  UF  RCOULAK  InTKORALU,  BY  THE   UkTUOD 

or  Frobevius. 

32.  The  argument  establishing  this  result,  which  is  due  to 
Fuchs^,  is  somewhat  general,  being*  directed  mainly  to  the 
deduction  of  the  uuifonn  meromorphic  character  of  ihe  coeflicientt 
of  the  derivatives  of  w  in  the  equation*.  No  account  is  taken  of 
the  constants  in  the  integrals:  and  it  is  conceivable  that  they 
might  require  the  eiistence  of  relations  among  tde  coustanta  in 
the  functions  Pi, ...,  Pm.  Hence  fur  this  reason  alone,  even  if  for 
no  other,  the  converse  of  the  above  proposition  cannot  be  assumed 
without  an  independent  investigation.  The  conditions,  which 
have  been  shewn  to  apply  to  the  form  of  the  equation,  are 
necessary  for  the  converse :  their  sufficiency  has  to  be  discussed.- 
Accordingly,  we  now  consider  thg  integnils  of  the  equation  in 
the  vicinity  of  the  singularity  f . 

Denoting  the  singularity  by  a,  we  write 

*  VrelU,  t.  LIT!  (1S66),  p.  US. 

t  Th«  foUowing  ntfthod  it  due  to  Frobeiiiui ;  referenoef  wiU  b«  ^\9n  Ut«r. 
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/ 


80  that  the  equation  can  be  taken  in  the  form 

Talid  in  the  Ticinitjr  of  c  «  0. 

If  regular  integrals  exist  in  this  vicinity,  they  are  of  the  form 
indicated  in  |S  18,  24,  the  simplest  of  them  being  of  the  form 

say;  should  this  be  an  integral,  it  must  satisfy  the  equation 
identically.    We  have 

Dafm  (0>(0>— l)...(a  — m-f  I)  — a(d'  — l)...(d'  — fii+2)p,  — ... 

say.    Here,/(«,  0*)  ia  a  holomorphic  function  of  m  in  the  vicinity  of 

the  c-origin  and  is  a  polynomial  of  degree  m  in  «*,  the  coeflScient  of 

0^  being  unity :  so  that,  if  it  be  arranged  as  a  power-series  in  #, 

we  have 

/(dr,ir)-/.(a) -•.«/,  (it)  4.t«/,(a)  +  ..., 

where /t(0')  is  a  polynomial  in  «*  of  degree  m,  and  /t{a)t  f%{^\  ••• 
are  polynomials  in  9  of  degree  not  higher  than  m  -» 1.    Then 

•  X  g^*'f{m.  p  +  r) 

If  the  postulated  expression  for  tcr  is  to  satisfy  the  equation,  the 
coeflkients  of  the  various  powers  of  r  on  the  right-hand  side  must 
vanish:  hence 

0-^f/i(p)  +  ^i/f(p  +  lX 

0  -  P^/f  W  +  ^i/i  (p -»•  1) +^f/f  (p -»•  2), 

and  80  on.  These  equations  shew  that  the  values  of  p^  which  are 
1^  be  ooosideredf  are  the  roots  of  the  algebraical  equation 

/.W-0 


80  OONBTRUCTlOlf  Of 

of  degree  m  in  /> :  and  thatl  for  each  such  value  of  p, 

where  —  A,  (p)  w  the  value  of  the  duUtriaiuiiDt 

/.0»  +  l).         0        ,  0        .....  0 

/.(/»+ 1).    /.(p  +  2).  0        .....  0 

Aip-^n   /•<p+2y.    /.(p+a),....        0 


l«l 


Me) 
AM 

Aip) 


/,_.(p  +  lX    /U(/.  +  2>.  /^(p  +  3).  ..../.(/.  + 1. -IX  /r-,0») 

/^,(p  +  I).  ^^^  +  2),  /^,(p  +  8X  ... ,  /,(p  +  K - 1).     /,(p)     . . 
•o  that  A,(p)  w  a  polynomial  in  p.  . 

If  no  two  of  the  rootn  of  tlio  uquatiou  /%{p)^0  differ  by  whole 
numbeni,  thoD  no  denominator  iu  the  expretiaioiia  for  the  suooeaHive 
ooeSicicnts  «/^  vanishes ;  the  expresHion  g(xt  p)  is  formally  adequate 
for  an  integral,  but  the  convergence  of  the  series  must  be  estab- 
lished to  ensure  the  significance  of  the  expression. 

If  a  group  of  roots  of  the  equation  J\ip)  ^  0  differ  among  one 
another  by  whole  nuntbers,  let  them  be 

p.  p  +  €,,  ....  p  +  f, 

« 

where  the  real  part  of  p  is  the  smallest,  and  that  of  />  -f  t  ia  the 
largi^t,  among  the  real  |Mirts  of  these  roots;  equality  of  roots 
would  be  indicated  by  coiTespomliug  equalities  among  the  positive 
integers  0,  fi,  ...,  e.     We  then  take 

and  thus  secure  that  no  one  of  the  cotitficients  g,  becomes  infinite.  . 
The  condition,  that  the  e<]uution  shall  fiirmally  be  satisfied,  has 
im|)os4Kl  no  limitation  u|)on  g^,  which  accunlingly  can  be  regarded 
as  arbitrary ;  hence  g  also  can  b<%  re^anied  as  arbitrary. 

33.  In  order  to  deal  with  both  sets  of  cases  simultaneoubly, 
the  formal  expression  is  constructed  in  a  slightly  different  numner.. 
A  parametric  quantity  a  is  intnxluced  and  it  is  made  to  vary 
within  regions  round  the  roots  of /«(/>)  »  0,  each  such  region  round 
a  rout  being  choKeu  so  as  to  contain  no  other  root.  The  quantity 
g^  in  the  first  set  of  cases,  and  the  quantity  g  in  the  second  set, 


33.] 
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» ••• 


;  they  are  made  arbitnuy  functions  of  a.    Qoaatitiea 
determined  by  the  equations 

0-yi/t(«  +  l)  +  yt/i(«). 


the  same  in  form  as  the  earlier  equations  other  than  the  first : 
these  quantities  g  are  functions  of  cl    Moreover,  we  have 

in  consequence  of  the  assumption  as  to  ^«  (a)  in  the  seccmd  set  of 
cases,  and  of  the  regions  round  the  roots  of /«(p)«0  in  which  m 
varies,  it  follows  that  the  quantities  gu  g%t ...  are  each  of  them 
finite  for  all  variations  of  a  within  the  regions  indicated.  We 
thus  have  an  expression 


also 


rat 


rat 

-  i  g^af^/{a,  a  +  r). 

r«t 

-    i  «-^'(<yr/#(«  +  r)+yr-l/l(«  +  r-l)  +  ...+yf/r(«)) 
r-t 

the  coefficient  of  evety  power  of  x  except  «*  vanishing,  in  conse- 
quence  of  the  law  of  formation  of  the  quantities  g. 

34.  We  proceed  next  to  consider  the  convergence  of  the 
power-series  for  g,  before  bringing  the  equation  satisfied  by  y  into 
relation  with  the  original  differential  equation.  We  denote  by  JI 
the  radius  of  a  circle  round  the  x-origin  within  and  upon  which 
the  functions  pi,  ...9  Pm  ^^  holomorphic:  so  that  the  circle  lies 
within  the  domain  of  this  origin.  Then/(ff,  a)  and  its  derivatives 
with  regard  to  «  are  also  holomorphic  for  values  of  m  within  the 
dide  and  for  all  values  of  a  considered.  As  the  first  of  them,  say 
/'  (ff,  a),  is  of  degree  in  a  one  less  than  /(dr,  a),  il  is  oonvenieni 
to  consider  that  first  derivative:  let  if  (a)  be  the  greatest  value 
of !/'(«,  c)t  lor  the  values  of  «  and  a,  so  that,  as 


r.  tv. 


8S 

we  have* 
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l(»+l)/»«(«)l<-J? 


[S4. 


and  thorofore,  as  i^  4*  1  is  a  ponitive  integer  >  !»  alto 

|/^.(«)|</i-Af(«). 

By  the  definition  of  the  regions  of  variation  of  a  and  the  aigni- 

ficanoe  of  the  integer  t,  it  follows  that  the  quantityy«(a'f  r-l-1)  is 

distinct  from  zero,  for  all  values  of  i^  >  f  and  for  all  values  of  a ; 

hence,  as 

1 

from  the  equations  that  define  the  coefficients  j^,  it  follows  that 

1 


li'r+ll  <  r? 


|/,(a  +  i»+l)| 


lli/.||/r+.(«)l  +  ...  +  li^r|U.(a+|.)|| 


<  l7.(«-+v+ 1)1  li.9.i-B-'^(«)+li/.|ii-'"J^(«+ 1) + ... 

say,  whore  v,>i  denotes  the  expression  on  the  right*hand  sit 
Evidently 

7,+.  I/,  (a  +  •- +  1  )|  -  7. 1/.  («  +  k)!  il-' -  1^,1  i^  («  + »-) 

and  therefore 

^      (    if(a+j.)_.  1    _Ji(^±±_\\ 
■      '''^'^'''ll/.OH^+Orii  /.(.+  ,.+  l)ir 

Let  a  series  of  quantities  P,  be  determined  by  the  equation 


r+l 


-r  i-^ 


Jf(a  +  i.)         1 


/ 


;  (a +  •»  +  !)  I  r 


,(a+i'+l)r/i 

for  values  of  i*>«;  and  let  r,»7,.    Then  all  the  quantities  T 
thus  detenninod  are  positive,  and  we  have 

Consider  the  series 

r,**  +  r.+,««** + ...  +  r,af  + ... ; 
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it8  radioR  of  oonTergenoe  »  doiennined  *  as  the  reoiprocal  of 

lam 


r.^i 


r  ' 

Now  ir(^  18  the  greatest  value  of  the  modultie  of 

within  the  circle  |4p|»/{.  Ab  the  functions  pi\....pm  ta^  holo- 
morphio  within  the  circle,  there  are  finite  upper  Umits  to  the 
values  of  Ipi'I,  ...,  \pm'\  within  the  region*  saj  Mu  •••#  I'm;  then 

if  (»)  <  <r  (cr  +  l)...(cr  +  m  -  J)  Jf.  +  ...  +  Jf«  <  f  (cr), 

say,  where  |tf|  «■  ^.    Again 

/•W-*(*-l)...(*-m  + !)-*(*- !)...(*- m  +  2)p,(0)-... 

so  that,  if 

^(^)  -  -  a*  +  ^(ir  + 1)...(^  +  w  -  1) 

-•.cr(cr  +  l)...(cr  +  m-2)!/i|(0)|+...  +  |l»i(0)|, 


we  have 
and 


l/.WI>l^l-l/*W-^l>^-|/.W-^l. 

|/.W-^|<*(crX 

the  term  in  $^  being  absent  from  /^(f)  —  6^,  and  the  term  in  a^ 
being  absent  finom  ^(^X  Moreover,  as  these  quantities  are 
required  for  a  limit  when  r  tends  to  infinitj,  the  quantities  e 
and  0  will  be  large  where  thej  occur;  thus  ^  is  greater  than 
^  (^),  which  is  a  polynomial  in  e  only  of  degree  m  —  1.    Hence 

Returning  now  to  the  expression  for  Tp^i  4-  F,,  let  ft  denote 

|a| ;  then 

|«  +  r+l|>r+l-A 
so  that 

Again, 

sothat    . 

and  therefore 

l/;(«+r+l)|>(r  +  l./8r-*(r+l+/S)L 


'  , 
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Finally,  \t  +  p\<v  +  ff,  »nd  therefore 

Af  (a  +  r).<  f !«  +  kI  <  V'C" +/*); 
■o  that 


r-^:-\r.<,  - 


I. 


r,+,    1 


|/.(a  +  i.+.l)r(i'+l-/9r-*(»'  +  l  +  ^)*  / 

Now  ^(o*)  it  a  polynoniUI  io  o*  of  degree  m  —  1,  as  aliio  it  ^  (^) ; 
hence,  owing  to  the  term  (y  -f  1  —  ^9)**  in  the  denominator  on  the 
right-hand  tide,  we  have 

r—    I/.  («.+  »' •♦•1)1 

for  all  valuot  of  fi,  that  i(i«  fur  all  vuluet  of  a  within  iU  regiont  of 
variation*  Again,  at/, (a)  it  a  polynomial  in  m  of  degree  ih,  it 
followt  that 

Li«.-/-i?-t-';>...i, 

r— /.(a  +  r-fl) 
for  all  the  value*  of  «,  and  therefore 

Lim  ^^^,, 
Using  thete  retuitt,  we  have 

and  therefore  the  teriet 

oonvurget  within  the  cirole  |x| «  R  and  for  the  valuet  of  a : 
quently  alto  the  tefiet 

conveiget  for  the  tame  ranget  of  variation  for  m  and  a.  The 
addition  of  a  limited  number  of  termt  that  are  finite  does  not 
affect  the  convergence :  and  therefore 

converges,  for  valuet  of  x  within  the  circle  \x\  •■  R,  and  for  valnet 
of  a  within  itt  regiont  of  variation. 

Let  any  region  for  a  be  defined  by  the  condition  |«--/>|<r. 
Then  the  teriet  couverget  abtolutely  within  the  c-circle  of  radiua 
R  and  the  a-circle  of  radiut  r.  Let  R <R,  and  r'<r;  and  let 
IT,  k'  denote  any  finite  positive  quuntitiet  which  umy  be  taken 


IVDICIAL  BQUATIOV 

•mall :  then*  the  series  oonverges  onifomily  for  values  of  m  and 
such  that 

\m\<R'-9c,    |a-p;<r'-ic'. 

Thus  the  series  converges  uniformly  in  the  vicinity  of  the  «*origin 
for  all  values  of  a  in  the  regions  assigned  to  that  parametric 
variable. 

By  a  theorem  due  to  Weierstrassf,  the  uniform  convergence 
of  the  series,  which  is  a  power-series  in  w  and  a  function-series  in 
C  permits  it  to  be  differentiated  with  regard  to  a;  and  the 
derivatives  of  the  series  are  the  derivatives  of  the  function 
represented  by  the  series  within  the  a-regions  considered. 

SlQNIPICANCI  OP  THE  InDICIAL  EQUATION. 

85.  We  now  associate  the  factor  «*  with  the  preceding  series, 
and  then  wo  have 

as  a  series,  which  converges  uniformly  within  a  finite  region 
round  the  ar-origin  and  can  be  differentiated  with  regard  to  a 
term  by  term.  (It  may  happen  that  the  origin  must  be  excluded 
from  the  region  of  continuity  of  g  (x,  a),  as  would  be  the  case  if 
the  real  part  of  a  were  negative ;  the  origin  must  then  be  excluded 
finom  the  region  of  continuity  of  the  derivatives  with  regard  to  «» 
owing  to  the  presence  of  terms  such  as  g%^\f^m.) 

The  function  ^(x,  a)  thus  determined  has  been  shewn  to 
satisfy  the  equation 

As  associated  with  the  original  differential  equation,  this  result 
requires  the  consideration  of  the  algebraical  equation  (hereafter 
called  the  indidal  eq^iaJtwn) 

of  degree  m.  The  preceding  analysis  indicates  that  two  cases 
have  to  be  discussed,  according  as  a  root  does  not,  or  does,  belong 
to  a  group  the  members  of  which  differ  from  one  another  by 

*  TIm  aaifeni  soaTwgwiw  with  ngtrd  to  « It  known,  T.  F.,  1 14,/liift.  Ths 
mUbffm  sonfiftnet  with  ngtrd  Is  •  It  ttltblithti  bj  mtnat  of  a  Ibtoffsa  4nt  Is 
Oifood,  BmlL  Amer.  MmK  Aoe.,  t  m  (1S97),  p.  7S|  ttt  IIm  JMf,  p.  Itt,  sIlM 
of  thlt  elMipltr. 

t  Oti.  ffirftf^  t>  III  Pi  iOS;  Its  T.  F.,  HSi.  ss 
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whole  namben  (including  a  diflEdrenoe  ^by  won^  ao  as  to  lake 
account  of  equal  rootn). 

Fintly,  let  />  be  a  simple  root  of  /^  (p)  m  0,  in  the  lenae  that  it 
is  not  equal  to  any  other  root  and  that  the  difiSorence  between  f 
and  any  other  root  is  not  a  whole  number.  Then  when  we  take 
a  a-  p,  all  the  coefficients  g^gt, ...  in  g(x,  p)  are  finite;  we  ha?e 

that  is, 

^^g(^.p) 

is  an  integral  of  the  differential  equation :  it  is  associated  with 
the  simple  root  p  of  the  equation  /•</>)  •■  0,  and  it  is  a  regular 
integral 

• 

SO.  Secondly,  let  p^  pu  ••••  f^n  constitute  a  group  of  roots  of 
/%(p)  ■■  0,  differing  from  one  another  by  whole  numbers  and  firom 
each  of  the  other  roots  by  quantities  that  are  not  whole  numbers ; 
and  let  them  be  arranged  so  that  the  real  parts  of  the  successive 
roots  decrease :  thus  the  real  part  of  p^  is  the  greatest  and  that  of 
pn  is  the  least  in  the  group.  In  order  to  secure  the  finiteness  of 
the  coefficients  gi,  g^,  ....  it  now  is  necessary  to  take 

!/•(«).-/.(« +  !)/.(« +  2)  .../.(a  +  €)g(a).    ^/(z)g(a). 

Bay,  where  4>p»  — p*,  and  ^(a)  is  an  arbitrary  function  of  «:  and 
now 


where 


Dg{j^.  a)-x*sf(a)  ll/.(a^M)mx^g{a)F(a), 

§^0 


i'(a)-II(/.(a  +  .)|. 


Further,  there  may  be  etiualities  among  the  roots  in  the  group: 
let  p«,  Pi,  pj,  pk,  •••  be  the  distinct  roots  taken  from  the  succession 
in  the  group  as  they  occur,  so  that  p^  is  a  root  of  multiplicity  t, 
Pi  of  multiplicity  j  -  i,  pj  of  multiplicity  k  —  j\  and  so  on.  Then  in 
F(a),  there  is  a  fifictor  (a  — /»,,)'  thr6ugh  its  occurrence  in/«(a); 
there  is  a  factor  (a  —  piV,  through  the  occurrence  of  (a  *  pi)^  in 
y«(a),  and  the  occurreuce  of  (a  — p^)*  in /,(a+p«-*/>i);  there  is  a 
factor  (a  —  pj/,  through  the  occurrence  of  (a  —  pj)^'^  in  /,  (a),  the 
occurrence  of  (a  — pjV"^  iu  y»(a  +  pi  — p>).  and  the  occurrence  of 
(a-p^y  iu/,(a-l-p*-ft).     Now 

0<  I  <j<il"<  ..., 


.) 
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SO  that,  for  F{a),  p^  is  a  root  of  multiplicity  t,  that  is,  1  at  least : 
^  is  a  root  of  multiplicity  j,  that  is,  i  *f  1  at  least ;  ^  is  a  root  of 
multiplicity  Jr,  that  is,  j  +  1  at  least ;  and  so  on.  Hence  if />«  be  a 
root  in  the  group  as  arranged,  it  is  a  root  of  F(a)  of  multiplicity 
«  4- 1  at  least ;  and  therefore 

fer^«0, 1 IT.    But 

Dg{M,a)m0fg{a)F{a), 
and  ff  («,  a)  can  be  differentiated  with  regard  to  a ;  hence 

-0, 

(or  M  *  0, 1, ...,  «  certainly,  and  for  all  other  integer  values  of  ^ 
less  than  the  multiplicity  of  p«  as  a  root  of  F{a)mO.  Conse- 
quently,  the  expression 

aay,  for  the  same  values  of  /*,  provides  a  set  of  integrals  of  the 
equation. 

Moreover,  each  of  the  distinct  roots  in  the  group  thus  provides 
a  set  of  integrals;  we  must  therefore  enquire  how  many  of  the 
integrals  out  of  this  aggregate  are  linearly  independent 

87.    We  first  consider  the  members  of  any  set;  they  are 

furnished  by 

»y(g>a) 

lor  a  value  p  assigned  to  «,  and  for  a  number  of  values  of  |i,  say 
Ot  1,  •••,  IT.    Mow 


and  therefore 


^(«,a)-isf  S^(«)sf; 


-••[^i|&«'+^(iog«)i^g§«r+...+(iog«>'i^M«K^ 


/ 


(fl. 


ft  will  be  Boiaeed  that  Ae  eoeSdeBt  of  Aa  kighMl 
€f  logM  oa  Um  righ^hud  aide  is  f  (x,  «)l    Hence  Um  act  ii 


v(lugxf4-2r,log 


jr.  -  wtlugxr  ♦  «,(logxr-  ♦  !«(«  -  1)  v,(logx)r-«  ♦  ... 

where  ilie  wiefficienU  w,  are  lodepeDdeDt  of  logarithnM.  Vfom 
the  bei  thai  y^  coDtains  a  power  of  log  x  higher  ihaii  aay 
oocurring  in  jr«.  jfn  ...•  jf^i.  it  fblluvs  (by  ihe  leuma  in  §  Vt) 
that  BO  linear  nrbtiun  of  the  iunii 

can  aabtoiat  among  the  iotegraU. 

S8l  Neit,  we  eon:Mder  the  aeU  in  turn,  asMiciated  with  the 
vakiet  p^.  Pi,  pj,  .«.  of  a,  a8  arrauged  in  decreasing  order  of  real 
parte.  The  earliest  of  them  is  given  by  ««^:  and  it  contains 
the  t  members 


r»y(x,a)l 


lor/ft-iP,  1 i— I.    Now 

y;(a)-(a-^/t«-pir'(a-p^>»-^  ...  («-pir^-*il»^ 

and  theivlure 

/(«)-j^}l|J-(«-p.V(a-p,M...(«-piyj,. 

wher%3  Alt  A^,  A^  are  quantities  which  neither  vsmsh  nor  b<>inpnie 
infinite  fur  any  of  the  valuer  p.,  p^ pi  of  a.     Also 

where  y (a)  is  an  arbitrar)-  function  of  a;  so  that  y«(a)  doea  aot 
vanish  for  a«p«;  and  therefore  the  various  quantities  derived 
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fipom  ji^(tt)  for  ««p^.  including  ff.{u)  itsclft  given  bj  ■  f^' 
|iaO,  1, ...,  •'—  1  do  not  kll  vanish.    Farther 

which  is  one  of  the  integrals ;  as  the  quantities 

do  not  all  ntnish,  this  integral  belongs  to  the  index  p. ;  and  the 
ooeflBcient  of  the  highest  power  of  log  «r  is  ^  (c,  /^y  The  first  set 
thus  gives  i  linearlj  independent  integrals  obtained  by  taking 
^sO,  If ...,  i—  1  in  the  preceding  expression.  That  which  arises 
fifom^wO  is 

m  M^gip.)  |1.+  mk,  (p.)  +  M.(p.)  +  i^Ap.)  +  ...), 

where  all  the  coeiBcients  are  finite :  thus  it  is  a  constant  multipla 

of 

4f  ^-«^*«*,(^)  +  af^^M^)  +  .... 
aa  integral  that  is  uniquely  determinate. 

Mow  consider  the  second  set:  it  is  given  by  m^pu  and  il 
contains  the  members 


r?^o 


L     8af 
bitifO,...,i—l,i,i+l,..,,j-'l.    The  value  of  ^  («,«)!• 

As  rq^ards  the  first  part  of  this  expression,  we  note  thai  all 
the  ooeflkients ^, (a)  for  r * 0»  1,  ...•^-*f»i-*l  contain  the  factor 
(a  ->  ^y ;  and  therefore  all  the  derivatives 
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Cor  /*«0,  1,  •••»  f  —  1,  VEDuh  when  oi  ia  mada  equal  to  ^»  while 
they  do  not  neceaaarily  vanUh  for  higher  valaea  of  /*. 

Aa  regarda  the  aeooi>d  part  of  the  expreaaion  fiir  p(«^  «X  ^^ 
write  it  in  the  full  form 

when  a»p<»  thia  beooroea 

which  accordingly  iii  an  inU^gml,  and  it  belouga  to  the  index  ^^ 
being  free  fniui  lugarithiiia  But  it  haa  been  aeen  that  the 
integral,  which  bolonga  to  the  index  p^  and  ia  free  from  logarithna^ 
ia  uniquely  dotonuiuute,  being  g  (x^  p^) ;  hence  the  foregoing 
iutcgrali  being  the  non-vauiahiug  part  of  y  (x,  a)  when  a  ia  /i^,  ia  a 
constant  multiple  of  y{a:,p^),  aay  Kg{x,p^  It  might  happen 
that  Kw^Q. 

A  similar  result  holds  for  the  derivatives  of  j^(jr,  a),  for  the 
values  fra>  1,  ...,  t  —  1. 

Consequently,  it  follows  that  the  integrals 

for  fi>"0,  1,  ..•,  t  *  1,  can  be  compounded  from  the  integrals  of 
the  first  set ;  they  are  %  in  number,  but  they  provide  no  integrala 
additiouiil  to  those  in  the  first  set ;  and  therefore,  without  limiting 
the  rai\ge  of  their  own  set,  they  can  be  replaced  by  the  t  integrala 
of  that  set.  As  for  the  reutainder  arising  from  other  values  of  ^, 
they  are 

for /*»  t,  f  +  1,  ....  J  —  1.     Now 

^(a)-5f(a)(«-p,y(a-ftV...  («-piy-4„ 
so  that  the  quantities 

L  ^'-'^  Jw/ 

for  the  values  a  » 0, 1,  •..,  /i  in  any  one  integral,  and  for  the  valuea 
/i  ->  i,  I  -f  1,  ...,  j  —  1  in  the  diflereut  integrals,  do  not  all  vaniah. 


"^J 
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All  thete  integimk  therefore  belong  to  the  index  fH»  9Jid  thejr  are 
f  —  f  in  number.  Moreover,  the  original  eet  of  j  integrals,  com- 
poeed  of  these  j  - 1  and  of  the  replaced  i  integrals,  was  a  set  of 
linearlj  independent  members;  and  therefore  we  now  have  j^i 
integrals,  linearly  independent  of  one  another  and  of  the  former 
set  of  f  integrals.  Thus  our  second  set  provides  j<^f  new 
integrals, distinct  from. those  of  the  first  set;  and  each  of  them 
belongs  to  the  index  ^.     Th*e  first  of  them  is  given  bj  ^»f : 

IS 


which  certainly  contains  terms  not  involving  log#;  if  J ->!>%» 
the  second  of  them  is 

which  certainly  contains  terms  multiplying  the  first  power  of 
log«;  if  J  - 1  >  I -f  1»  the  third  of  them  certainly  contains  terms 
involving  the  second  power  of  log « ;  and  so  on. 

The  third  set  among  our  integrals  is  connected  with  the  value 
a^fi§.  and  it  is  given  by 

for  ^«0. 1,  ...fiir— 1.    Now 


y  (»..«) 


2  yr(«) 


The  coefficients  j^r  (a)  oontain  (c-p^V  m  hctor  tot  M  integen  r 


«f^'l'  y,(«)«' +  «•+'•-•  I  g,^.^.f,(fl)tf. 


[£k;!:'"<->'}].. 


which  are  less  than  fN  —  A ;  hence  the  quantities 

vanish  for  ^ ai 0, 1 j^h  ud  ai^  difierent  from  aero  only  for 

f^mj,  j^l^  ...,<:— 1.    As  in  the  case  of  the  preceding  set^  the 
quantities 


9S 
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for  M*0«  1,  •••,  f  —  1,  are  linearly  expressible  in  iems  of  the  • 

iDtegrab  of  the  first  set;  while  for  /i  » %,  t  «f  1 i*-  li  they  are 

linearly  expressible  in  terms  of  the  j  » %  integrals  of  the  second 
set,  subject  to  additive  linear  combinations  of  the  first  set  Thos 
the  integrals  in  the  present  set  which  are  given  by 

for  /i a  0,  1, ...»  J  — 1,  provide,  no  integrals  linearly  independent 
of  the  i  integraln  of  the  tiritt  set  and  the  j  — «  integrals  of  the 
sc*cond  8i*t ;  the  j  intogralH  in  this  now  aggregate  are  linearly 
exproasible  in  terms  of  thiMc  in  the  old.  Now  the  present  set  of 
intc*gralM,  for  /a-O,  I,  ....  j-  1,  j,  j-f  I, ...,  t-  1,  are  linearly 
indopi*ndeiit  of  one  another ;  and  therefore  the  integrals  for 

M"ji  j^  l»  ••••  ^-^ 

are  linearly  independent  of  one  another,  of  the  %  integrals  of  the 
first  set,  and  the^'  —  t  integral  of  the  second  set.  Thus  the  third 
set  provides  k  —  j  new  imlependent  integrals,  given  by  the  k  -> j 
highest  values  of /i.    The  first  of  them,  determineil  by  /a  avj,  is 


jfi 


which  certainly  contains  terms  not  involving  logx;  if  k^\>jt 
the  second  of  theiA,  determined  by  /i»^'-f  1,  in 

which  certainly  contains  terms  multiplying  the  firat  power  of 
logf ;  if  i*—  1  >  j  -t- 1,  the  third  of  them  certainly  contains  terms 
multiplying  the  second  power  of  U>g  x  \  and  so  on.  Moreover*  it 
is  clear  that  all  these  i*— ^*  integrals  belong  to  the  index  pj. 

'  Tho  law  of  (he  HiiceviMivo  HCt8  ih  iiuw  clear.  The  laat  of  (hem, 
detorniiiuxl  by  a  ■•^i,  coataiiiH  tiio  iiitugraU 

L  "J*--  J.-.; 

for  fi>"2,  i-f  1,  ...,  II,  which  are  linearly  independent  of  one 
another  and  of  all  the  integraU  of  the  preceding  sets  already 
retained.  All  these  integraU,  being  ii  >  1  —  /,  in  number,  belong 
to  the  index  pi. 
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The  results  thus  obtained  may  be  summarised  as  follows : 
When  tk$  eqwUian  /f(p)  «"0  h(u  a  group  of  roots  ^,  pi, ...,  p^, 
wkiA  differ  from  one  another  by  integere  {induding  zero)  and 
differ  from  aU  the  other  roots  bg  quaniiiiei  thai  are  not  integers; 
when  also  the  dietinet  roots  are  arranged  in  decreasing  succession  of 
real  paris^  so  that  p%  is  a  root  of  mnttiplicity  i,  pi  is  a  root  of 
multiplicitgj  —  i,  pji^a  root  of  multiplicity  k  —  j,  and  so  on,  where 
P9*  Pi»  A>  •**  ^^  distinct  from  one  another  and  are  arranged  in 
decreasing  succession  of  real  parts;  then,  corresponding  to  that 
group  of  roots,  there  emsts  a  group  of  n'¥\  linearly  independent 
integrals  whidk  are  regular  in  the  vicinity  of  the  singiUarity. 
group  of  integrals  is  composed  of  a  set  of  i  integrals^  wh 
given  by 

for  ^»0, 1«  ...»i— 1,  anrf  belong  to  the  indem p^;  qfo  set  f^j'-^i 
integrals,  which  are  given  by 


for  M  " t,  I  -f  1,  •••,  j  —  1,  and  belong  to  the  index  pt;  of  a  set  t^ 
h-^j  integrals,  whi^  are  given  by 

for  p^jf  i-fi»  •••»  h^\,  and  belong  to  this  index  p^;  and  so  Ofi» 
tiio  last  set  being  composed  of  n  -f  1  -  {  tiii«;^ralf ,  whiA  are 
given  by 

for  p^l,  (  +  1,  •..,  ft,  and  belong  to  the  index  pi. 

The  prsosding  inroRtigftUon  is  in  substantial  sgrssmsnt  with  thsl  whisb 
is  giTSB  bj  Frobenius*. 

A  diflbisnt  ptooi  is  given  bj  Fuohsf :  briery  staled,  it  amounts  to  lbs 
sstsbHshmsnt  of  an  intq^rsl  w^  belonging  to  tbe  iodsi  ^^,  to  tbe  translbffna- 
tisn  of  lbs  equation  of  oidsr  M  by  tbe  substitution 

w^w^fsdx 


•  CfHk,  t  usYi  (197S),  p^  S14— tS4. 

t  CfsUs,  i.  Uft  (iS6i),  ff.  14S-1S4 ;  «ftn  t- 
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into  A  Unear  •quatioo  in  rof  atd&r  m-IiUmI  to  thm  dmnmdan  d  lldt 
•qiuiion  in  «  maimer  aimiUr  to  UuU  in  which  the  equatioo  of  order  m  m 
diiicumod.  £i|xwiiioiui  of  the  method  devieed  by  Fiiohs  will  a1m>  be  fMmd  is 
memoifs  bj  Tennerj*  and  Fabryt. 

89.  All  tho  integrab  of  the  difforential  equatioii,  which  has 
the  specified  form  in  the  vicinity  of  the  ninguburity,  are  regular  in 
that  vicinity ;  their  particular  characteristics  are  governed  by  the 
roots  of  the  equation  /•(/>)  *■  0,  that  is, 

p(p-l)...(p-iii  +  l)-p(p-I)...(/>-iM-»-2)p,(0)-...-p.(0)-0, 

the  differential  equation  in  the  vicinity  of  the  singularity  being  of 

the  form 

_d'*w      5    _..     ,  .d^-^w    ^ 

• 

This  algebraic  equation  is  of  degree  m,  equal  to  the  order  of  the 
differential  equation ;  it  is  called^  the  indictal  eijiutiion  iif  ik% 
angularity,  and  the  function  /(x,  p),  of  which  /^(p)  is  the  term 
independent  of  x,  is  called  the  indicifd  /unction.  From  the  form 
of  the  integrals  which  belong  to  the  roots  p  of  the  indicial  equa- 
tion  of  a  singularity,  and  those  which  belong  to  the  roots  $  of  the 
(§  13)  fundamental  equation  of  the  same  singularity,  it  is  clear 
that  tho  roots  of  the  two  equations  can  be  associated  in  pairs  such 
that 

When  the  roots  of  the  indicial  equation  are  such  that  no  two  of 
them  differ  by  an  integer,  the  roots  of  the  fundamental  equation 
are  different  from  one  another ;  there  is  a  system  of  m  regular 
integmis,  and  the  m  members  belong  to  the  m  different  values  of 
p.  When  the  indicial  e(|uation  possesses  a  group  of  n  roots  which 
differ  from  iine  another,  by  integers  (including  zero),  the  corre- 
sponding root  of  the  fundamental  equation  is  of  multiplicity  n : 
there  is  a  corresponding  group  of  n  regular  integral,  the  ex- 
pressions of  the  membera  of  which  in  the  vicinity  of  the  singularity 
may  (but  do  not  necessarily)  involve  integer  powers  of  log  s. 
When  a  root  of  the  indicial  ec|uation  occurs  in  multiplicity  «, 

*  ^iiii.  di  vAc,  Norm.,  f  B^t,  i.  iv  (1S75).  pp.  113-182. 
t  Th^M.  Faculty  den  Scieucet.  Parii  (1SS5). 

X  Cajley,  ColL  Math,  Papertt  toI.  hi,  p.  S9a   *The  names  adopted  bj  Fuche 
ere  diterminirendi  FundamrfUalgUichungt  and  determinirendt  Fwution,  retpeetife^. 
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00  thai  %h%  oorresponding  root  of  the  fundamental  equation  oocnn 
in  at  least  mnltiplicity  «,  there  is  a  set  o(  m  asmiciated  integrals* 
the  ezpfessions  of  all  but  one  of  which  certainly  involve  integer 
powers  of  log«. 

40.  Having  now  obtained  the  form  of  integral  or  integrals 
associated  with  a  root  of  the  indicial  equation  /tO»)""  0,  we  must 
shew  that  the  aggregate  of  the  integrals  obtained  in  association 
with  all  the  roots  constitutes  a  fundamental  system. 

First,  snppose  that  the  roots  of  the  indicial  equation  are  such 
that  no  two  of  them  differ  by  an  integer;  denoting  them  by 
Pit  Pit  •••#  Pm»  >>m1  the  m  integrals  associated  with  these  roots 
respectively  by  «cf|, ...» w^,  we  have 

v.-(#-a)^P.(#-a), 

where  Pg  (j  —  a)  is  a  holomorphic  function  that  does  not  vanish 
when  f  iBO.  No  homogeneous  linear  relation  can  exist  among 
these  integrals :  for,  otherwise,  we  should  have  some  equation  of 
the  kind 

Writing 

so  that  no  two  of  the  quantities  9|, ...,  9m  are  equal  to  one  another, 
we  can,  as  in  {  18,  deduce  the  equation 

for  any  number  of  integer  values  of  r,  from  the  above  equation,  by 

making  m  describe  r  times  a  simple  contour  round  a.    Taking  the 

latter  equation  for  r  ■■  1,  ...,  m  —  1,  the  set  of  m  equations  can 

exist  with  values  of  c^,  i..,  e^  differing  from  simultaneous  leros, 

only  if 

0, 


1 

9t 


1 

9. 


•     •••! 


1 

9m 


which  cannot  hold  as  no  two  of  the  quantities  $  are  eQa»i 
Hence  we  must  have  Ci""0«€b>»..."*eflif  Bnd  v^  * 
linear  relation  exists :  the  systev<»  ^^  * 
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Nttxt,  tuppoae  lliat  tha  nioU  of  the  iodicud  equalioii  oia  be 
arranged  iu  ueU,  auoh  tliat  the  membeni  coataiiied  in  aaek  aei 
differ  frum  one  another  by  integem.  With  each  such  iel  of  loote 
a  group  of  integrald  in  associated,  the  number  of  integrala  ia  the 
group  being  the  Mime  an  the  numbur  of  rootH  in  the  net. 

It  IM  im|N>ittiible  that  any  homogt^neouH  linear  relation  among 
the  membent  of  a  group  can  cxiHt :  if  it  could,  it  would  have 
the  form 

bji'S-f  •••  -f  fcni^ii  ""0. 

If  Wi,  ...,  w^  involve  logarithuih,  then  (§  27)  the  aggregate  coeffi- 
cient of  the  higlu^iit  piiwer  of  lug(#  -  a)  muttt  vanish;  in  the  caan 
of  each  integral  in  which  the  logarithm  occum,  this  eoeliicient 
(§  25)  in  itself  an  integral  of  the  c(|iiation,  and  theri*fore  we  should 
have  a  relation  of  the  form 

where  the  quantitien  uv,  ...»  Wg  belong  to  different  indicea.  lej 
Pr»  •••!  Pt,  n^  ^wo  of  which  are  the  bame;  and  av.  I..*  M*g  are  free 
from  logarithms.  Dividing  by  {s  —  aY;  we  should  have  an  equa- 
tion of  the  form 

where  Pf,...,Pg  are  holomorphio  functions  of  i  -  a,  not  vanishing 
when  «  «■  a.  No  one  of  the  indices  p,  -^  p«  is  zero :  no  two  are  the 
same :  and  so  the  precmling  equation  can  be  satisfied  identically, 
only  if  6r  ■*•••='  '^i*  ^^^^  therefore  remove  the  corresponding  terma 
from 

and  proceed  as  before :  we  ultimately  obtain  zero  as  the  only 
possible  value  of  each  of  the  coetticionts  fc. 

If  Wi,  ....  Wm  Ao  not  involve  logarithms,  the  argument,  above 
applied  to  w,,  ...i  <£'«,  cain  be  ro|K*attHl:  there  is  no  linear  relation. 
The  iuitial  statement  is  thus  established. 

If  the  tale  of  the  groups,  the  meihbers  of  each  of  which 
are  linearly  independent  among  themselves,  ia  not  made  up  of 
linearly  independent  integrals,  then  an  equation  of  the  form 

C|U', -»■ ...  +C«W'm=«0 


f^ 
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eiisU.  Eqoating  to  lero  ($  27)  the  aggregate  ooeflBoient  of  the 
highest  power  ctlogM  that  ocean,  we  hare*  as  above,  a  relation  of 
the  form 

where  Wr,  •••»  tcv  belong  to  one  group,  Wp^ ...,  Wq  belong  to  another 
group,  and  so  on.     Writing 

we  have 

Mow  let  $1,  ■■e*'^,  be. the  factor  which,  after  description  of  a  loop 
round  a,  should  be  associated  with  TTi;  let  ^abe  the  corresponding 
betor  for  IT,;  and  so  on:  the  quantities  $u  9%$  •••  being  unequal 
to  one  another,  because  TTi,  W^,  ...  belong  to  different  groups. 
Then,  as  in  {  18,  we  deduce  the  equation 

after  X  descriptions  of  the  loop;  and  this  would  hold  for  all 
integer  values  of  X.  As  before,  taking  a  sufficient  number  of 
these  equations  for  successive  values  of  X,  we  infer  that 

Tr,-o,  ir,-o.  ..•; 

if  these  are  not  evanescent,  they  would  imply  relations  among  the 
members  of  a  group,  and  so  they  can  be  satisfied  only  if 

Cf  ^  U  ^  •  •  •   ^  vf ,        Ca  ^  U  ^  •  •  •  ^  Cm  I    •  •  •  • 

Remove  therefore  the  corresponding  terms  from  the  relation 

and  proceed  as  before:  we  ultimately  obtain  lero  as  the  only 
possible  value  of  each  of  the  coefficients  a  Hence  no  homogeneons 
linear  relation  exists :  the  system  is  fundamental 

Some  examples  illustrating  the  preceding  method  of  obtaining 
the  integrals  of  a  linear  equation  will  now  be  given. 

iCr.  1.    Consider  the  integrsls  of  the  sqostkm* 

/>(w)-jr(l  -  «•)  w^  -  (x*^4r4t)  ((1  -  Jr)  i/4«i} -0 
in  the  vicinity  of  the  origin.    To  obtsin  a  resulsr  tof^frsk  ws  tsks 

W-S«S€WS*| 


*  Tte  sqaslloB  Is  Ml  fai  Iht  sttfll  Ibns  iBdleskd  la  Iht  Itii    Wstevsn** 
f^  (0) »S^  mai  so  s  fcwlor  m  >ss  Wi  iiof ii|  siss  wo  kiws  snHi***' * ' 
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MibiiUitttiiig,  w%  have 

0=c,(.«-l)-.^(«+l), 
0-fai«(.t«)-fc,(-+«)-«%{«-l)», 

l(n+«+l){(n+.-l)«Wi-«J-(»+«-»)((«+«-»)<W-i-«W-J. 
the  laat  holding  fom »>,  S^ .... 

giving  (simple)  rooU  •&>,  a-BO^  no  tbAt  a  factor  a^-l  oao  bt  mgi>flt(td  :  Ite 
nlatioiM  ainoug  the  ooefficieiiU  iu«  eciuivAlent  to 

Fintly,  ootwider  iha  ruot  •  «  i.    Wa  liava 

3i'i"Cj,  ... 
■o  that  tlie  iutegral  beloiigiug  to  the  iudex  S  ie 

Mj  the  iotegral  is  m,  where 

Boooodlj,  ouuitider  the  rout  •  «  0.    Fn>tu  the  urigiiial  form  of  the  raUUoni^ 
we  heve 

by  the  fint  relntioa :  Aiid  Uie  Mcond  roUtioii  i«  tlien  identieelly  aetteAedt 
leaving  c,  arbitrary.     (Jung  the  rwliu-od  form  of  the  relatione  for  the  higher 

ooefficieiiU,  we  have 

and  therefore  the  integral  belonging  to  the  index  0  ie 


<^t(l--«)+V^(l-»-'  +  ^-| -t-j, -•-.••)• 


On  eubtracting  c^u  fh>m  thin  integral,  the  romaiuder  ie  etill  an  integral,  and  ii 
belonge  to  the  indei  U  in  the  form  (day) 

r,  « 1  -  X. 

Thue  the  eyetem  of  two  integndai  regular  in  the  vicinity  of  x«0^  Is 

tii  — -(V;    e,  —  1-x. 


THS  OENBRAL  THBORT 

This  tnethod  of  dMling  with  ilia  root  a-O  is  not  quite  io  Moord  wi 
eoane  of  tlie  feneiml  tlieory ;  it  happeiM  to  bo  wieoeMftil  beoMM  e^ 
•rbitraiy.  In  order  to  follow  tlie  genml  tlieoryi  wo  nolo  thftl  tlie  oooi 
of  «^  in  tlie  origiiMl  diflhrmoe-oquetion  oonteiiM  a  ftuAor  •  whidi  Ttnftt 
tlie  piMMit  root    Heooi^  tddng 


wo  find 


Cm 


where  A  h  initOi  end  eo  on ;  thai 

where  R(s^  m)h  t^  holomorphio  Ibnctioii  of  s  which,  bj  the  generd  \ 
h  finite  when  eaiOL    According  to  the  generel  theory,  this  qnenti^ 
giTO  riee  to  two  integrela,  Tii. 

lUdng  acooimt  of  the  Telue  of  e^,  the  flret  of  them  is  nro^  thne  giv 
eveneeoent  integreL    The  second  is 

C7(l-jp)-|C«V, 

or  adding  to  this  integral  ^Cu^  which  is  en  integnd,  we  heTS 

0(1 -*\ 
thns  giving  1  -  jr  es  the  integrsL 

jfir.  t.    Discuss  in  e  simiUr  nuuiner  the  regnler  integrele  of  the  eqv 
In  the  Tioinitj  of  the.origin :  likewise  those  of  the  equation 

in  the  SMM  Tlelni^. 

Jka    OoMider  the  integnds  of  the  eqimtlon 

!!».«•  (U«)  w^-- (1 -I- ir)  (4ni^-w)-0 
in  the  TidnHgr  of  the  origin.    Bubstitnting  the  eipression 


we  have 
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pffwklad 

lur  »■>  1,  S,  a^ ...  j  ihftM  vaIimm  giY» 

wbari  r  fa  a  holomortibio  ftwotioo  of  x  which  ia  toiu  wban  a»  I. 

Tha  iDdidal  •qiution  hat  a  re|)eatad  root  •*•!;   ke^oa  two  iifiilar 
integrali  ara 

'<■'■  [SI.,- 

Tha  Ibmier  ia  c^x^  aaj  tha  integral  U  m,  where 

«— x; 

the  hater  U  c^logx-ft-^^fX*,  m/  the  integral  ia  #,  where 

vajrlogx-i-JP*. 

Both  integral!  belong  to  tha  indei  1;  and  one  of  then  miul  oontaia  * 
lugarithm,  ainoa  the  index  ia  a  refieatud  root  of  the  indicial  aquation. 


£jr.  4.    Cooaidar  Beaael'a  equation  for  funotiona  of  order  aaro^  via. 

SulMtituting 
we  have  ■ 

provided 

the  Utter  holding  for  f^lf  i,  3,  ....    When  theae  relatione  are  aolTtd,  tha 
value  of  19  ia 

'•''r    (•+*)* ■^(•  +  i/(i-»-4)«"  ••7• 


•f«c- 


The  indicial  equation  ia  a*«p,  ao  that  a«0  ia  a  repeated  root;  thoa  tha 
integral!  of  the  equation,  both  of  thom  belonging  to  the  index  aero^  are 

The  tint  of  them  u 

in  effect,  J^{x\  on  making  c^«  1.    The  aecond  ia 


1 
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Denoting  this  faj  Jr«  when  €^«  1,  we  liATS 

where^(|i)  denolee  tlie  Tehie  of  ^ Po8n(«))  wlien  ««jx    TIm  two  Intefrek, 
ragnkr  in  tlie  Tksinitj  of  jraO^  Aie /«  end  Jr«. 

JEr.  ft.    Ooneidernext  Beseel'e equation  Ibrftinctione of  oiderii|Tli. 

Dw-x^mT  4.4ni^4  (x*- n*)  w«ia 
finbetitiiting  en  etpreeeion 

»-^4P*+«|jr«*«+ ...  +€^j**»-»- ... 
in  Uie  cqnetion,  we  heve 

protided 

Ibr  ji-il,  S|  8^ ... ;  we  thae  ha?e 

*-(.+2)^.n«+|(.+l)«.ii*}((.+4)»^i|i}---J- 
TIm  roote  of  Uie  indicia]  equation  are 

When  n  ie  not  kn  integeri  the  eorrwponding  integrale  are  aeen  to  be 
eflectiTol/  /.,  /... 

When  n  is  lero^  we  have  a  repeated  root ;  this  oase  has  been  discussed  in 
the  preceding  esample  (Ei.  4). 

When  n  is  an  integer  different  from  sero^  the  two  roots  belong  to  a  group  i 
and  for  •«  -n,  the  coeflkient  of  j^  is  formall/  infinite^  so  that  we  have  an 
iDustration  of  the  general  theory  in  §§  36—38.    We  take  the  roots  in  order. 

Fifstij,  let  •« -l-fi :  then  Uie  integral  is 

on  taking  <^ equal  to^^-s.    This  is  the  Amction  usuallj  denoted  bj/«t 

and  it  bekH^  to  Uie  indes  fi. 

fieoondly,  when  e«  -n,  one  of  the  eoeflioiente  beoomes  formal^  infinite 
throu^  the  oceuirsuoe  of  a  denominator  flietor  {•'^Mf^fi^.    Aoeordingljri 
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mm!  tbMk 

'•'^^*''L**"(«+««  +  «)«-H«'*'tta-».i«-|-«)>-M«||(«+to+4)>-ll^*--J 

Mj:  and  now 

T#o  iniograU  arine  thruugh  tUia  root^  vii. 

For  tlie  fint  of  Umu,  wo  have 

■o  that  it  |>rovi«lwi  no  imw  iut«ipraL    For  tite  mcoimI  of  them,  wa  hftv* 
^^w^^\.  I      8C*     '-'/x\»n(»-l-|»)     „ 

■ay ;  Kbd 

Mjr :  ao  that  the  integral  in  H'|  -f  H^^. 

In  IK|,  the  part  reprencutod  bj  /    ' 

•'**  ,:.  n(r)n(ii^r)    W 

ia  a  oouvtant  multiple  of  «/|»  and  thorofuro  cjin  be  oniittad,  owing  to  Uia  aariiar 
ratantion  of «/..    Rajeotiug  tlil«  |iart|  and  taking 

NO  that 

2«-»n(H)' 

Um  iotegral  becoiuoa' 

/8Y»;«n(»i-/>-J_)/x\* 

+  0\!.n(r)n(«Vr)**''«'-*<'>-^<«+'>»(ir' 

which  diflNv,  only  bj  a  oonntant  multiple  of  •/,,  ftrom  tha  aipraaaioa  givan  bgr 
Hankal« 

*\yal*.  Jaa.,  t.  I  (1»69),  pp.  469—471,  quoted  ia  nj  IVaUiM  m  DifmntUi 
A*f«4lioN4,  p.  107. 


/ 


f 
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Bx.  6l    DiaoiiM  in  a  timiUur  niuiiier  the  Integrals  of  the  equttion 

in  the  Tidnltiee  of  jr»0^  and  4r- 1 :  indicating  the  fbrm  for  the  latter  yMaA\if 
irhena<f6ail. 

Thie  equation  is  the  differential  equation  of  the  hypergeometrio  series 
F{a^  6|  l|  #).    When,  in  Lc^i^endre^s  equation 

the  independent  Tariable  is  tranBfomied  to  4r,  where  s«l -iri  It  beoomes 

jr(l -4r)i^'+(i -Ir)  «r+/»(p-|.  I)  if-O^ 

•  

which  is  the  special  case  of  the  abore  giren  bj  h^^p^X^  a«-jx  The 
btegrals  of  Legendre's  equation  in  the  Ticinity  of  jr«0  and  of  m^l^  that  is^ 
hi  the  Tioinitj  of  f»l  and  of  t«  -1,  can  be  deduced  ftom  thoee  of  the 
hypergeometric  equation ;  the  actual  deduction  is  Mt  as  aa  eieroise. . 

Ex.  7.    Applj  the  general  theory  to  obCsin  the  integrals  of 

xV  -  arV + Tjtw' -  8w«  0^ 
whidi  are  regular  in  the  Ticinity  of  4r«>0. 

Em,  8.    Consider  in  the  same  way  the  equation 

/>(w)«(l^jr)jrS«^-(l+4r)jrV-»-(4-»-iar)jn9'-(4-|-lir)v-a 
Substituting  for  v  the  eipression 

as  in  the  earlier  esamples,  we  hare 

,^^  Dw-«^  (—!)(—«)•  jt% 

prorided 

C«(a+«-l)(»-l-e-l)»+f,.,(a+«-I)»(a-|-a-4)-0t 

for  a^li  S|  Oi  •••• 

The  roots  of  the  indidal  equation  are  f,  repeated,  and  l|  so  that  th^  foni 
I  a  group  the  memben  of  which  difler  by  integeie.    Morsoreri  whsa  a«bl|  the 

\  eoeflicient  e*^  which  is 

.  is  fomaqy  infinite ;  for  that  root,  we  shall  take 
Firstly,  for  the  repeated  root  e«t,  we  have 

whera  His  a  hdomorpble  Amotion  of  #whidireiBaiae  finite  when  a*  t«  The 
two  iutegi  ale  are 
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it  U  eaqr  to  •••  Ui*l  Ih^  u%  oonaUnt  iiialti|iltt  of 

both  oT  which  belong  to  tlie  index  i. 

Seooodlj,  fur  the  foot  •- 1,  we  take  c^«.C(e- 1)^  end  then 

/)(w)-0(e-l)>(— 2)•l^ 
where 


^ 


^c<i^)^v:^^--i?^*.+(..iy«(^.X 


where  Q  (x,  e)  ie  e  holooiorphio  AmcUiiu  of  x  which  reniAine  finite  when  m^  L 
In  conneotiou  with  thie  eiprMMian,  three  iuteipfmU  are  deriYabley  Tii» 


^•^-  Pal..*  \j^l.: 


The  fimt  of  theee  ie 

which  ie  8CW| :  it  ie  not  a  new  iutegiuL    The  eecond  ie 

^riHlugjp-TC**, 

which  ie  ICW,  -  7Ch|  :  it  in  not  a  new  integral    The  third  ie 

SC'4r^iCV(logx)<-14Cr*log4r-|-82(V-|-SCU<$ 

adding  to  it  14CW,-22Ciip  the  new  expreabiou  ie  etiU  an  intagni  and  ie  a 
oonntant  multi|ile  of  tt,,  where  • 

ii,-x+j»+x<(logx)«, 
which  manifeetly  belonge  to  the  iiidox  1. 

Ex.  9.    Obtain  the  iutegrale  of  the  equatioue 

(i)    (l+x*)x»i^*'-(g  +  4i^)a'«M^'+(4  +  iaH)xi^-(4  +  l«jp^»-0; 

(ii).  (l-».4x)x*iir'-(4-|-2ai)x»i«<''  +  (l4  +  7ar)xV 

-  (32  + 1 6&r)  xi^ -I- (ae  4- IMjt)  w«>0 ; 

which  are  regular  in  the  viciiiitj  of  tho  origiiL 
Ex.  IOl    Cuuitider  the  iiiU^grala  of 

in  the  vicinity  of  x«0,  the  ctMintant  <f|  not  being  an  integer.    To  obtain  the 

regular  integrale,  we  •ubntitute 

« 

Wmx^   2   C.X*, 
•  ■•« 

eothat 

x«/)i#-a(o- 1)  (a- 2+a|)c.x«, 

provided 

(a4-a)(a4-a-l)(ii+o-24-U|)c,-/rtf,-,-|-/|C,.,+..., 

for  valuae  of  a  greater  than  sero,  no  one  of  the  quantitiee/^a/i^  •••  being  of 
degree  in  n  greater  than  8. 


I 
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\^ 


The  roots  of  the  indicial  equAtion  aro 

• 

For  fl  =  8*a|,  the  difference-equAtioQ  deteimiiiee  ooefilcieiits  c^,  which 
lead  to  a  eeriee  cooTerging  for  Talties  of  |jr|  within  the  oommon  region  of 
eonvefgenoe  of  the  coefflcienis  of  10^,  i^,  w. 

For  flMiO  or  1,  the  difference-equation  holds  for  Taltiee  of  n  greater  than 
1  or  1  rapectiTel J ;  the  onlj  other  conditions  are 

lorewO^and 

for  •«!.  Then  the  diffnence-equation  again  determines  coefllcieots  which 
in  each  case  lead  to  a  series  that  conreigBS  within  the  same  region  as  the 
series  that  belongs  to  the  eiponcnt  l-Oi.  Each  of  the  latter  integrals  is 
a  holomorphic  function  of  x ;  and  therefore  the  three  integrals  of  the  equation, 
which  are  regular  in  the  vioinitj  of  jr«0,  are  :^one,  a  holomorphic  fttnction 
cf  X  belonging  to  the  indei  0 ;  a  second,  likewise  a  holomorphic  fbnctioD  of  x 
belonging  to  the  indei  1 ;  and  a  third,  bdonging  to  the  Indei  1— Oj. 

Ex.  11.  Discuss  the  regular  integrals  of  the  equation  In  the  preceding 
eiamf^  when  «(  is  an  Integer. 

JSx.  li.    Prore  that  the  equation 

has  SI- 1  integrals  which  are  holomorphic  fbnctioos  of  jr  In  the  Tidnlty  of 
«»0^  when  a^  is  not  an  Integer,  the  rarious  ooeiAcients  <^-|-5^<f  ..•  in  the 
diflferential  equation  being  holomorphic  in  that  Tidnity;  and  discuss  the 
regular  integrals  when  Oj  is  an  integer.  (Poinoar^) 


•  (•-M) 


JSx.  13.    Shew  that  the  series 
satiiAes  the  equation 

and  obtain  the  other  btegrals,  regular  in  the  yldnl^  of  jr»Oi 

Verify  that,  when  s«r,  the  form  of  the  fbnction  F^  mj  0(^  WfX\  salisfles 
the  eqoatkm  of  the  third  order 

and  ladkale  the  rslathm  between  the  two  dHfcrentlal  equalloia. 

\rvODnBnmer.  / 
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RlOULAB  IMTBORALS,  FEU  mOM  LOQARITHIia. 

41.  Alike  in  the  general  investigation  and  in  the  paiticolar 
examples,  it  has  appearod  that  the  regular  integrals  are  aometinMa 
aHected  with  logarithms,  sometimes  free  from  them.  Thus  if  no 
two  of  the  roots  of  the  iodicial  equation  differ  by  a  whole  number^ 
each  one  of  the  integrals  in  the  vicinity  of  the  singularity  is 
certainly  free  from  logarithms;  if  a  root  of  the  indicial  equation  is 
a  repeated  root  of  multiplicity  ii,  then  the  first  a  - 1  powers  of 
log  X  certainly  appear  in  the  group  of  a  integrals  which  belong 
to  that  root.  When  a  root  of  the  indicial  equation,  though  not  a 
repeated  root,  belongs  to  a  ^oup  the  niembors  of  which  differ 
from  one  another  by  whole  numbers,  the  integral  belonging  to 
the  root  may  or  may  not  involve  logarithms:  we  proceed  to  find 
the  conditions  which  will  secure  that  every  integral  belonging  to 
that  root  is  free  from  logarithms. 

Let  the  group  of  roots  be  deuoted*liy  p^,  p,, ...,  p^,,  •••,  arranged 
in  descending  order  of  real  parts,  so  that  pt-- p^,  for  «  »■  0.  1.  ... 
/A  —  1.  is  in  each  case  a  positive  integer:  and  consider  the  root 
p^.  ill  order  to  obtain  the  Cduditious  uuder  which  every  integral 
belonging  to  p^  shall  be  free  from  logarithms.  In  the  first  place, 
Pf,  mu8t  be  a  simple  root  of  the  indicial  equation.  Assuming  this 
to  be  the  cose,  we  know  that  the  integral  belonging  to  p^,  is 


in  the  notation  of  §  38.     If  we  further  admit  the   legitimate 

possibility  that,  to  this  exprebsion,  we  may  add  constant  linear  | 

multiples  of   the   integrals   which   belong   to   the   earlier  roots 

P«i  Pi»  ••••  Pi^-i  And  still  have  an  integral  belonging  to  the  root 

pf,,  then,  in  order  to  secure  that  every  integral  belonging  to  p^ 

shall  be  free  from    logarithms,  the   integrals   belonging  to  the 

earlier    roots    must    alM>    be    free    from    logarithms;    hence,  as 

further  conditions,  each  of  the  roots  p«.  pi,  ...,  p^-,  of  the  indicial 

et|uation  must  be  simple.     These  conditions  also  will  be  assumed 

to  be  i>atittfied. 

The  full  expression  for  the  integral  belonging  to  p^  is  the 
value,  when  a  at  p^,  of  the  expression 


[i^^-^+;,(l<,g.)i^^=^  +  ...K.«g.,._l,.^]; 


I 
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in  Older  to  be  free  from  logarithms,  the  quantities 

for  o'viO,  1» ...,  ^—  1,  and  for' all  values  r  ""0, 1, ...  ad  inf.,  most 
vanish :  and  if  these  conditions  be  satisfied,  the  above  expression 
will  acquire  the  desired  form.  The  conditions  will  be  satisfied  for 
ererjr  value  of  ^ ,  if  g^  (a)  contains  (a  -  p^  as  a  factor.    But  (p.  81) 

^.(«)    /.(«  +  !)/•(« +  2).../.(«  +  ^)        '^  '• 

say;  and  ^tlaX  which  (§  36)  is  equal  to  ^ («)/(«),  contains 
(a  —  p^  as  a  factor  on  account  of  its  occurrence  in  /  (a) ; 
hence  it  is  sufficient  that  ]?,(«)  should  remain  finite  (that  is, 
not  become  infinite)  when  ^"Pi,,  for  all  values  of  p.  Moreover, 
H9  (a)  -i  1.  Having  regard  to  the  equation  by  which  g,  (a)  is 
determined,  we  obtain  the  relation 

...  +  J5f,/^t(a  +  l)  +  J5f./,(«)-0. 

All  the  quantities  /i(a  4-  r  —  1), ...,  /»(«)  are  finite  for  values  of  a 
that  are  considered ;  hence  /r,/t(a  +  r)  is  finite  if  J7t(""  1),  /Ti,  ...i 
i7r-i  ue  finite,  and  therefore,  on  the  same  hypothesis,  Hp  will  be 
finite  for  all  values  of  y,  if  it  remains  finite  for  those  values  of  the 
positive  integer  y,  which  make  p^-^¥B  root  of  the  indicial  equa- 
tion /•  (0)  a  0.  These  values  are  known ;  in  ascending  order  of 
magnitude,  they  are 

Consider  them  in  ascending  order.    We  have 

„      M«) 

^'■/•(«  +  l)/.(«  +  2)-./.(«  +  ^)' 
When  pwmp^^  ^P^%  9l  single  frctor 

/.(«4r) 

in  the  denominator  vanishes  when  a  «■  p^ ;  and  it  vanishes  to  the 
first  Older,  because  p^x  is  a  simple  root  of  the  indicia!  eqnatioii* 
Hence,  in  older  that  H^  vdmj  be  finite  for  this  value  of  9  when 
mmp^^  it  is  necessaiy  that 

*»(pii)-0,  when  r«p^-p^; 

and  it  is  safleieni  thai  Kip^)  ihouM  vanish  to  the  first  order. 
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When  p  ^  Pp^«  *  p^,  two  betora 

in  the  denominator  vaniiih  when  a^^p^;  and. each  of  them  vaniahes 
to  the  first  order,  becaune  p^i  and  p^,^  are  airapie  roota  of  the 
indicial  equation.  Hence,  in  order  that  H^  may  be  finite  for  thia 
value  of  p  when  u^p^,  it  is  necessary  and  auflScient  thai  Ar(>) 
should  vanish  ^is(he  second  order  when  a^p^:  the  analytical 
conditions  are  that 

A,(«)-0.  ^^-0. 

when  y«p|i^  — />|i  and  a^p^. 

When  p  «  p|i.|  ~  p^,  then  the  three  fiEictors 

in  the  denominator  vanish  when  a  »  p|i ;  and  each  of  them  vanishes 
to  the  first  order,  beeiiuse  p^i,  p^^,  p^^,  are  simple  roots  of  the 
indicial  equation.  Hmicc,  in  order  that  II,  may  be  finite  for  thia 
value  of  y  when  a^p^,  it  is  necessary  and  sufticient  that  i»(a) 
should  vanish  to  the  thinl  order  when  9L^p^\  the  analytical 
conditions  are  that  < 

Ar(a)-0,       3^-0.    -^—  -0. 

when  i^atpn^  — pn  and  a^^p^. 

Proceeding  in  this  way,  we  obtain  the  conditions  for  the 
aucce^isive  values  of  v  that  need  to  be  considered:  the  last  set 
is  that 

when  ypt'^p^  And  awpn. 

Such  is  the  aggregate  of  conditions  for  a  a  p^.  We  have  seen 
that,  in  order  to  secure  the  freedom  from  logarithms  of  every 
integral  belonging  to.p^,  every  preceding  integral  in  the  set  as 
arranged  must  similarly  be  free :  and  so  we  have,  in  addition,  all 
the  similar  conditions  for  p^..i,p^^,  ";P\,  there  being  no  condition 
for  the  simple  nK)t  p^.  When  all  thene  conditiona  are  eatiefied, 
every  inieyral  belonging  to  p^  U  free  from  logarithms. 

Manifestly  these  conditions  also  secure  that  every  integral 
belonging  to  the  roots  p^^i,  p^^,  %..,  pi  of  the  indicial  equation 
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is  free  from  logarithms :  (one  integral,  belonging  to  p^,  is  always 
unconditionally  free  from  logarithms) :  it  being  assumed  that  each 
of  the  roots  pb*  ^i  ..••  f>ii  is  a  simple  root  of  the  indicial  equation. 
The  conditions  thus  secure  that,  when  each  of  the  p^^^l  greatest 
roots  in  the  group  of  roots  of  the  indicial  equation  is  simple,  the 
^-f  1  integrals  belonging  to  those  roots  respectively  are  free  from 
logarithms. 

The  preceding  inTeetigation  is  bseed  upon  ths  results  obtained  by 
Ffobenius,  CniU,  t  LXXTI  (1873),  pp.  2t4— SM. 

A  diflerent  inTsetigation  is  given  by  Fucbs,  CntU^  t  LlTin  (1M8X 
pp.  361^387,  373—978 ;  see  also  Tannery,  if  an.  d$  fto.  N^rm^  1 1?  (187ftX 
pp.  167— 17a 

Ex.  1.    A  simple  iliastration  arteee  in  Ex.  1,  §  40^  for  the  equatioB 

With  the  noUllon  of  the  text,  we  have 

80  that 

p.^%    li-l,    p,-0: 

we  thus  ha?e  to  consider.  A, (•)  for  tk^p^^f^  r«-^-^«t.    But 


so  that,  as 


wehavs 


Ai(-)-^5:^-,/t(-+i)/t(«+«) 


-(4-a)(a+l)(«4-t)«. 
The  (one)  condition  in  the  present  case  is  that 

A,(-)-0^ 
when  aMO :  which  manifoetlT  is  satisfied. 


Ex.  t.  If  the  roots  of  the  indicial  equation  are  different  from  one  another^ 
then  the  integrals  which  belong  to  them  certainly  poesess  terms  free  from 
logarithnw.  (Fncha) 

Ex.  3L  Let  ^,  ^t  •••!  ^  he  the  roots  of  the  indidsl  equation  which  form 
a  groups  the  members  differing  by  integers  and  no  two  being  equal;  and 
siMmiie  them  ranged  in  descending  order  of  real  parta  Denote  ^^pk  hy 
f-l|  and  form  the  equation  satisfied  by 


"^-;£('--Nj 
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tbMi  aooordiiig  m  Um  indicUl  aquAticm  for  Um  aaoguUritj  MmQ  of  4kt  oquft- 
tiou  In  W  hM  no  negaUro  rouU  or  hat  n^galivt  rooU  whicb  are  ioUgvUi  tlM 
integrali  of  ibt  origiiuJ  aquAtion  in  if  are  free  fttnn  logariihnis  or  are  aibotad 
bj  logarithnia.  (Fuchib) 

JEir.  4    Shew  Uui  ilia  integnln  of  Um  equaiiom 

(ii)  V-(iv«-«-J)-'-^ 

(iii)    •+(y-W)i^-«-(^-^-;3)tf-0^ 
whera  q  and  #  M«  eoo«tantis  are  free  from  laisariUuua. 
£x,  ft.    DiecuiM  the  iutegraU  of  the  equation 

In  the  vioinit/ of  the  origin.    [They  are  ^,(jp-|jr<)*.] 

42.  If,  inntead  of  requiring  (um  in  $  41)  that  every  integral 
belonging  to  an  exponent  p^  Hhall  bo  free  from  logaritbmt»  wbea 
p^  ie  one  of  a  group  of  roots  of  the  indicial  equation  of  tbe  type 
indicated  in  §  36,  we  consider  the  poHsibility  that  there  ahall  be 
aoine  one  integral  free  from  logarithms,  belonging  to  the  exponent 
and  belonging  to  no  earlier  exponent  in  the  group  as  arranged,  po 
such  large  aggregate  of  conditions  is  needed  as  for  the  earlier 
requirement.    Thus  it  is   no  longer  necessary   to  specify   that 

p^ p^.i  shall  be  siniplo  roots  of  the  indiciul  equation;  nor  ia 

it  necessary  to  speoify  that,  even  if  these  roots  are  simple,  the 
integrals  associated  with  them  are  of  the  required  form.  The 
conditions  that  arise  will  be  particularly  associated  with  a^p^^; 
but  they  will  be  affected  by  modifications  arising  out  of  the  possible 
multiplicity  of  p^,  ...,  p^^^i  as  roots  of  the  indicial  equation. 

The  detailed  results  arc  complicated:  a  mode  of  obtaining 
them  will  be  suthciently  indicated  by  an  investigation  of  the  con- 
ditions neediHl  to  secure  that  some  integral  free  from  logarithms 
exists  belonging  to  pi  and  not  to  p^,  with  the  notation  of  ^  3G — 38. 
Suppose  that  p,  is  a  root  of  the  indicial  equation  of  multiplicity  i ; 
and  let  yi,  ...•yi  denote  the  set  of  integrals  associated  with  p,, 
where  the  expression  of  y,+,,  for  «  »  0,  1,  ...,  t  -  1,  is  given  by 


y«ti 


R*/  (^.  tt)1 
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If  ^  18  A  root  of  the  indicial  equation  of  multiplicity  j  —  t,  only 
the  first  of  the  aet  of  associated  j  —  t  integrals  can  be  free  from 
logarithms :  even  that  this  may  be  the  case,  conditions  will  be 
Denoting  that  first  integral  by  IT,  we  have 


ir-P 


yy(*. «) 


da< 


L- 


Now  W  certainly  belongs  to  the  exponent  pi.  Its  expression,  in 
general,  involves  logarithms ;  but  there  is  a  possibility  of  obtaining 
a  modification  of  its  expression,  so  as  to  free  it  from  logarithms,  if 
we  associate  with  W  a  linear  combination  of  y,, ...,  jfi  with  con- 
stant coefficients ;  and  the  modified  integral  will  still  belong  to  fH 
but  not  to  p^.    Accordingly,  consider  the  combination 

where  the  constant  coeflScients  il  are  at  our  disposal ;  this  gives 


•    *   f      t'l 


) 


What  we  require  are  the  conditions  that  may,  if  possible,  secure 
that  no  logarithms  occur  in  this  expression  for  U. 

The  least  aggregate  of  conditions  that  will  secure  this  result 
is:  first, 

for  all  values  of  y,  which  secures  the  disappearance  of  (log^/; 
next, 

for  all  values  of  m  and  n  suchthat  pi-^n^  p^'k-m^^M  well  as 

for  p«0,  1,  ,..,p^-/»i  — 1,  these  conditions  securing  the  dis- 
appearance of  (log  #)^;  next, 

— J— 3^  - -Ai^y-W  +  (•  -  l)-*i  §; . 
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for  all  values  of  m  and  n  such  tYkBX  pi^w^p^^fk,  aa  well  aa 

for  p<aO,  1,  •••.  ^ -*/><**  1»   thoM  couditioiw  Mcuring  the  dit< 
appearance  of  (log  «)'~* ;  next,  ' 


[41     ,^ 


for  all  values  of  m  and  n  Mucb  that  /><  -|-  n  m  ^  -t-  m,  as  well  aa 

for  j)">0,  1,  ...»  />•  — p< -  1 ;  and  so  on.  Thia  aggregate  ia  both 
neccH:iary  and  Biifticieut. 

Manifestly  any  attempt  to  reduco  it  to  conditions  independent 
of  the  conHtants  A  would  be  uxceediugly  Uborious,  even  if  poiaible. 
The  difficulty  arihCH  in  even  greater  measure  when  we  deal  with 
the  conditiouH  that  Home  integral  belonging  to  p^,  where  ^  >i,aDd 
to  no  earlier  index,  should  exist  free  from  logarithms. 

43.     If  we  assume  zero  values  for  all  the  constants  it, Ai 

in  the  preceding  investigation,  the  surviving  conditions  axe  car* 
tainly  sufficient  to  secure  the  result  that  the  integral  exiata^  free 
from  logarithms  and  belonging  to  its  proper  exponent:  but  the 
conditions  cannot  be  doclareil  necessary. 

The  aggregate  of  this  set  of  sufficient  conditions  is,  in  the  case 
of  p<,  that  the  equation 

shall  hold  for  a»  0,  1,  ...,  t  -  1,  and  for  all  values  of  n.    As  in 

§  41,  it  can  be  proved  that  all  thrse  conditions  will  bo  aatisHed  if 

the  eciuation 

A^-,,(-)-0 

has  a  simple  root  equal  to  p^  Assuming  this  to  be  the  case,  then 
an  integral  exists  in  the  form 


a^ 


-Ut]...'. 
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which  is  free  from'  logarithms  ami  belongs  to  pi  (but  not  to  p^) 
as  its  proper  eiponent.  If  f>i  is  a  multiple. root  of  the  indicial 
equation,  the  remaining  integrals  belonging  to  pi  as  their  proper 
exponent  are  certainly  affected  with  logarithma 

Corresponding  conditions,  that  are  sufficient  (but  are  moro 
than  can  be  declared  necessary)  to  secure  the  existence  of  an 
integral,  free  from  logarithms  and  belonging  to  an  exponent  p^ 
(but  to  no  earlier  exponent  in  its  group),  can  similarly  be  found ; 
they  are  inferred  from  the  investigation  in  §  41.    If  the  equation 

A«(ci)-0. 

when  n « p,,.,  —  pn,  has  a  simple  root  equal  to  pi.;  if  the  same 
equation,  when  n  «  p^^  —  p^^  has  a  double  root  equal  to  p^ ;  if  the 
same  equation,  when  n  «  p^^^  -  p^i,  has  a  triple  root  equal  to  p^ ; 
and  so  on,  qp  to  the  case  of  n  «  p^^p^^  when  the  equation  must 
have  a  root  equal  to  p^  of  multiplicity  ^:  then  an  integral  exists, 
belonging  to  p^i  as  its  proper  exponent  (and  not  to  any  of  the 
exponents  p«»  pu  ••.,  Pii-i\  Rnd  free  from  logarithms  If  p|i  is  a 
multiple  root  of  the  indicial  equation,  the  remaining  integrals 
belonging  to  p^,  as  their  proper  exponent  are  certainly  affected 
with  logarithms. 

On  the  preceding  basis,  the  identification  of  the  integrals, 
belonging  to  the  group  of  exponents,  with  the  sub-groups  as 
arranged  by  Hamburger  (§§  23,  24)  can  be  effected.  The  aggre- 
gate  of  integrals  in  the  group,  which  are  free  from  logarithms  and 
belong  to  their  proper  exponents,  not  merely  indicate  the  number 
of  sub-groups  in  Hamburger's  arrangement  but  constitute  the 
respective  first  members  in  the  respective  sub-groups.  The 
general  functional  forms  of  the  remaining  integrals  belonging  to 
any  exponent  are  (save  as  to  a  power  of  a  fiustor  2iri)  similar  to 
those  which  occur  in  JUrgent'  form  of  the  integrals  in  a  sub- 
group •. 

44.  In  the  practical  determination  of  the  integrals  of  specified 
equations,  it  sometimes^  is  convenient  to  begin  with  that  root 

*  Id  this  coanwItoB,  Ihs  Mowiag  ■itioiri  bmj  kt  sootiilleA:   Jftfgtot, 
CrtlU,  t  LUX  (1S7SK  pp.  ISO-ieSt  8dilMis«w,  Crtflf,  1  eiiv  (ISM),  p^.  li»— 

1S9,  ioa-sii. 

t  Ai  to  Ikb  prasM,  mm  te  isMiks  Ij  Oiytejt  CWL  MmOu  Fttpm,  %.  nu, 
pp.  46S— 4es. 

r.  IV.  % 
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amoDg  the  group  of  rooU  which  hat  the  amallasl  roal  pMt, 
instead  of  beginiiiug  with  the  root  that  ha«  the  largest  real  pari» 
aa  in  §  86.  When  the  process  about  to  be  discussed  ia  effective, 
it  has  the  advautage  of  indicating  at  once  the  ouniber  of  integrals 
associated  with  the  group  which  are  free  from  logarithms;  but  it 
is  not  always  effective  for  this  purpose,  and  it  (loes  not  determine 
the  integrals  that  aro  affected  with  logarithms. 

The  equatious  deterininiug  the  successive  coeflScients  ^i,  9%,  ••• 
in  the  expression 

in  the  method  ot  Probenius  are  (§  33) 

fiir  i« »  1,  2,  .•••     Let  a  group  of  roots  of  the  indicial  ei{uation 

/.(a)-0, 

differing  from  one  another  by  integers,  be  denoted  by  ^,  pi»  •••!  c» 
whero  a  is  the  root  of  the  group  with  the  smallest  real  part ;  and 
replace  a  by  cr  iu  the  foreg<»ing  typical  cnjuatiou  for  the  y's.  Then. 
whenever  o*  +  n  is  et{ual  to  another  root  of  the  group,  the  equation 
iu  its  given  form  ceases  to  determine  g,^,  as  a  unique  finite 
quantity. 

It  may  happen  that  the  equation  is  satisfied  identically;  in 
that  case  g^  is  arbitrary,  as  well  as  g^.  It  may  happen  that  the 
equation  appears  to  determine  </«  as  an  infinite  quantity :  in  thai  i 

case,  we  uiodify  </•  as  in  §  3(i,  and  g^  is  determinate  after  the 
modification. 


; 


As  often  as  the  former  case  arises,  we  have  a  new 
coetticient;   if  «c  be  the  number  of  these  coefficients  left  arbi-  I    - 

trary,  then  k  is  the  number  of  difleront  integrals,  associated  with  |    \ 

the  group  of  roots  and  free  from  l(igarithm«.  These  integrals 
themselves  aro  the  quantities  nmltiplying  the  arbitrary  coefficients 
in  the  expresttion 

i  g.Jtf^'. 

Kx,  1.    A«  Ml  siJiiuple  ill  which  tkie  pit>oeA«,  uf  dttuliug  Ant  with  the  toot 
of  a  group  thAt  bmi  the  mualleat  roal  iNirt,  ii  ofl'octive  m  indicsting  the 
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niimber  of  integnUs  free  from  loguithma,  eoiwider  the  aqiuiUon 
(*•+!•)  5?-(7f»+lii«+if»)JJ+(2ai«+57j«+a0i«+«i»)^ 

The  indieial  eqiuitkNi  is  easilj  found  to.be 

(p-2)(p-3)«(p-5)-0, 

■0  that  there  certainlj  will  be  an  integral  belonging  to  the  etponent  A,  free 
from  logeiithme ;  there  mnj  be  *  eimiUr  integral  belonging  to  the  etponent  S| 
end  there  will  oertainlj  be  en  integral,  belonging  to  that  eipooent  and 
affected  with  logarithmii ;  and  there  ma/  be  an  integral  belonging  to  the 
eiponent  S^  froe  from  logarithma. 

Aooordingljy  take  the  Talue  p^%  and  eubetitnte. 

b  the  eqvaticii ;  for  the  immediate  pitrpoee^  we  need  not  eoneider  poweit 

higher  than  «*  in  v,  becauee  ^»5  is  the  root  of  the  indidal  equation  with  the 

highest  real  pari    The  equations  for  determining  the  suocesslfe  eoeflMeota 

are 

0»c^.O^ 

0-«i(-«)+c,(2)+e^(-lX 
0-e^.0+c,(.2)-».c,(«Hc^(-l)l 

from  whioh  we  see  that  e^^  C|,  c^  remain  arbitrary.  All  the  other  eoett- 
oients  are  eipreesible  in  tefems  of  them.  Consequentlj,  the  equation  has 
three  integrals  free  from  logarithms  belonging  to  t,  S|  A,  as  their  respeotlve 
proper  exponents. 

(The  equation  was  oonstrueted  so  as  to  hate 

for  a  fondamental  system ;  the  system  is  easilj  derited  by  writing 

when  the  equation  itor  jr  is 

i«(l+f)/-'-f»(7+8f)y^+«*(»+3«»)y-f(74-|.9ei)jr+(90+ltai)|f-(V 
whidi  oan  easily  be  treated  by  the  gemnd  method  of  Frobeniua.) 


Baf.%,    Aa  an  aiample  in  whieh  the  ptociem  Is  faieflbotlt^ 
equation 

i>i»-(i-.).»5+(«.-4)tJ+(«-«»)i»-a 

If-  B  iw^*», 


tt* 


// 


X 
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W9  h*Tt 


|ifovkled 


Tho  iutogral  lieluiiging  lo  ihu  index  3  U 

froo  froui  logmriiliiiui ;  iluii  which  buUHign  to  the  indei  %  b  efibciivelj 

which  i«  Affoct«il  with  a  liKurithiii,  wi  tlmt  the  imlex  8  inTMgptiM  no 
integral  Arvo  fmui  higiihthiiiii. 


\ 


X»H'-(p-J)0,-3)c,/, 
Ol-|.tl-«)(p+tl-3)e,-0^^-ll-4)><^-l, 

■ 

for  TftluM  »m1»  S,  .... 

If  imitetd  of  beginning  with  tho  root  p«3  m  in  tho  geooiml  thooiy  ({{  Sft| 
36)|  wo  try  p>iS,  the  oquatiuo  fur  tho  covfficieuto  e  giveo 

•  (•-l)e,-(ii-a)«i^.p 

determining  e|  opporantlj  m  infinite,  ^o  modify  thiOi  wo  toko 

tho  equation  Ibr  C|  then  becomeii 

(p.i)(p-i)fi-(p-3)«(p-si)C, 

which  in  MOtinfiud  identically,  when  p—S.  Thiin  e^  romaino  orUtrmiy  {  biii 
Tg-iO.  The  iiiUfgral  which  would  be  obtained  iai  iii  fact,  thai  which  beloogo 
to  pvS;  and  tho  iirucviM  ie  iiioriuctivo.  There  hapiieno  to  bo  no  integiml 
belonging  to  ^mS  (and  not  to  p<=3)  free  from  logarithuui. 

The  actiud  nolutiou  ia  eiuiily  obtaiucd  by  the  general  method  of  Fhiboniuo. 
AVe  have 

ir-  <  V  {(p  -  «;+  ^^^^Y  «  +  (p  -  8/  (p  -  3)«  A  (I,  p)} , 

where  A(f,  p)  ia  a  hul«>inor|)hic  functio^i  of  z  when  p  ia  either  9  or  3;  ond 

/iW'-r(p-2«(p-3)i^. 
For  p»3,  wo  have  the  integnd 

For  p  "i  8,  we  have  tho  two  iutvgruU  ( 

A 


• . 


1 
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DlSdUXINATIOII  BITWBKN  REAL  SlNQULAIUTT  AND  APPARKHT 

SlKOULARITT. 

45.  The  siDgalaiity,  in  the  vicinity  of  which  the  integrals 
have  been  conrndered,  is  a  singularity  of  coefficients  of  the  equa* 
tion 

c£,« +7^:1: "3?^  ■*■'•'■*' (7^^ "^""^ 

and  the  indices  to  which  the  integrals  belong  are  the  roots  of  the 
indicial  equation  for  s^a,  which  is 

f>(p  -  1)  •..  (p  -  m  +  l)  +  f>(p- 1)  ...  (p- m+ 2)P|(a)+ ... 

...  +  P«(a)-0. 

In  general,  the  integrals  of  the  equation  in  the  vicinity  of  a  cease 
to  be  holomorphic  functions  of  #  — a;  thus  they  may  involve 
fractional  powers  or  negative  powers  of  #  — a»  and  they  may 
involve  powers  of  log  (1  — a).  When  this  is  the  case,  a  is  called^ 
a  real  singularity.  If,  on  the  contrary,  every  integral  of  thei 
equation  in  the  vicinity  of  a  is  a  holomorphic  function  of  #  —  09 
then  a  is  called  an  apparent  singularity  of  the  differential  equa* 
tion.  The  conditions  that  must  be  satisfied  when  a  ringularity  of 
the  equation  is  only  apparent,  so  that  it  is  an  ordinary  point  for 
each  of  the  integrals,  may  be  obtained  as  follows. 

Let  «h.  Wf»  •••»  tVfli  denote  a  fundamental  system  of  integrals 
in  the  vicinity  of  the  singularity  a ;  and  suppose  that  each  member 
of  the  system  is  a  holomorphic  function  of  « — a  in  that  vicinity, 
so  that  the  singularity  a  is  only  apparent  Let  A  denote  the 
determinant  (§  10)  of  this  fundamental  system,  so  thai 


A- 


\ 


•••»    Jig  •  *^ 
dw. 

••••  J*  •    " 

(M  VaelM,  Crttte,  L  ftsfm  (1S6S),  fw  SYS)  sdls  Ibt  ilac^dtt^f 
ImmBmmt  ia  tbt sHtmslHe ssia  hs sdh H wnNniiimf lfe>, 


and  tome  one  at  least  of  the  quantitien  Pr(a)  i^  >toi  lero;  heuoe» 

for  that  value  of  r, 

Ar(ci) 

A  (u) 

U  infinite,  and  therefore 

A(a)-0, 


\ 
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and  let  A,  denote  the  determinant  which  reiulta  from  A  wbeo  thm 

column  -i-jri:,*  is  replaced  by  -5  js^i  (for  #«1,  ...,  mX     Then  * 

a«  every  oontitituent  in  Ar  and  A  is  a  holomorpbio  function  of 
«  —  a  in  the  vicinity  of  a,  both  Ar  and  A  are  holomorphtc  (unc- 
tions of  1  — a  in  that  vicinity;  neither  of  them  is  infinite  there. 
But  as  in  S  31,  we  have 

jPrCO  A,  /        1  \ 


} 


or  the  detenninant  of  a   fundamental  system  vaniahea  at  ma 
apparent  singularity.     IIoret)ver,  as  in  §  10,  we  have 

Adi""'-f-a"'i  —  tt  ds       *  ■ 

where  0  (1  —  a)  is  a  holomorphic  function  of  #  —  a ;  whence  | 

A(i)  -  il  (f  -  a)-'» *•>  «c (!-•),  j 

where  il  is  a  constant     Now  A  is  not  identically  sero  near  Oi  lor  : 

the  system  of  integrals  is  fundamental ;  hence  A  is  not  lera    We  1 

havesei*n  that  A(u)*0,  and  A(^)  is  a  holomorphic  functioD  of  4 

1  —  a ;  hence  Pi  (a)  muU  be  a  neyntire  integer,  numerically  greater  \ 
than  xero.    This  condition  is  ro(|uired,  in  order  to  ensure  that  a 
is  a  singularity  of  the  equation. 

As  each  of  the  iutogrul.i  is  a  function,  that  is  holomorphic  in 
the  vicinity  of  a,  it  follows  that  the  i\*speotive  indices  to  which 
they  bi*long  must  bo  |H)sitive  integers;  aud  therefore  the  roota  of 
the  indicial  e«|Uiition 

/>(/>- n...(p-m+ l)  +  p(/)-l)...(/)-m  +  2)i»,(o)+...  >    \ 

... +pp.-.(a)+p.(o)-o  ;  i 

must  be   posilive  integers.     (Wht'u  one  of  tJiese  is  xero,  t|ian  {    1 

J^m (^)  vanishes.)     Mun^owr,  no  two  of  these  roota  may  be  equal;  '  t   \ 


J 


I 

■       1 


.i 
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for  otherwise,  the  expressions  for  the  integrals  that  belong  to  the 
repeated  root  would  certainly  include  logarithms,  contrary  to  the 
current  hypothesis.  Accordingly,  let  the  roots  be  pttp^.  •••iPa» 
a  set  of  unequal  positive  integers  which  we  shall  assume  to  be 
ranged  in  decreasing  order  of  magnitude :  they  thus  form  a  single 
group  the  members  of  which  differ  from  one  another  by  integers. 
The  integral  belonging  to  pt  involves  no  logarithm.  In  order  that 
every  integral  belonging  to  p^  may  involve  no  logarithm,  one 
condition  must  be  satisfied :  it  is  as  set  out  in  {  41.  In  order  that 
every  integral  belonging  to  p^  may  involve  no  logarithm,  two 
further  ci>nditions  must  be  satisfied  ;  they  are  as  set  out  in  {  41. 
And  so  on,  for  each  or  the  roots  in  succession  until  the  last: 
in  order  that  every  integral  belonging  to  />.  may  involve  no 
logarithms,  m  -  1  further  conditions  must  be  satisfied,  being  the 
conditions  set  out  in  §  41. 

The  aggregate  of  these  conditions,  and  the  property  that  the 
roots  of  the  indicial  equation  are  unequal  positive  integers,  give 
the  requisite  character  to  the  integrala  The  condition  that  P|  (a) 
is  a  negative  integer  makes  a.  a  singularity  of  the  differential 
equation.  When  all  the  conditions  are  satisfied,  the  singularity  is 
apparent 

In  all  other  cases,  the  singularity  is  real. 


Kx.  1.    Ooosider  whether  it  Is  possible  that  jra-O  should  be  only  an 
apparent  singularity  of  the  equation 

/>tr- jr*K^  -  (4jr+Xj*)  t0^4(4  -  cjr)  w-0, 
where  e  and  X  are  oohstants. 

The  first  eoodition,  thai  P^(a)  ehoukl  be  equal  to  a  negative  Integer,  Is 
satisfied:  hi  the  present  hletano^  it  is -4.    To  discuss  the  InlegnJs,  lei 

and  subsUtote:  then 

lavfMJWi 

lor  a«l,  i, 


•••* 


The  faidlcial  equalkm,  being  (e-4)(e-l)«iO,  has  aU  iU  roots  equal  to 
poslUve  integers;  so  Ibut  another  of  the  eondiUoiie  Is  silMed.  The  two 
roots  porai  a  groupi 


/; 


ISO  EXAMPUS  [4S. 

TU  loiagtmli  wbioh  Uktofi  to  Um  (granttr)  looi  4  «b  iU  iiMfei,  k  a  hclo' 
noqibM  funuticMi  of  X I  it  b  oMiljr  iifo\'fld  to  bo  a  oonatMit  nultipbof  (Mf )  i^ 
wbert 

^\4/i  .4X+«     .U-I-.    5X-fg^.4X->-€    Ali-fc    «^-l-«^.     I 

••"•^l*"^  lT4"^  1:4;  «.5'^+T^TTTr«*^M 

for  bfivitj. 

A«  regardM  tha  other  root  given  bj  •■■  I,  we  have  to  aiieigii  the  coaditione 
that  the  integral  which  belougn  to  it  containe  no  logarithnia.  In  aooonUnon 
with  the  rMulte  of  §  41,  we  uee  that  there  will  be  a  aingle  ooodition ; 
•zpreHiiing  it  in  tlie  uoUtiou  there  need,  we  write 

and  we  have  to  find  A#(a)  for  v-3,  a-ipi-il.    Now  (§  38) 

/•(•)-(a-4)(«-l), 


and 


^'^'    /.(•-•-l)/«(«+2)/*(«-«-3)* 


io  that 

A,(o)-{X(a-l-i)+«}  {X(a+l)-»-«){Xa^.«). 

The  sole  condition  is  that 

A,(l)-0; 
and  therefore  we  niiuit  have 

«-i-X,  or  -iX,  or  -JX, 

If  ff  haa  any  one  of  theM  valuea,  the  origin  i«  only  an  apparant  aingularity  of 
the  equation. 

(f  c»  -X,  the  iude|iondent  integral  belonging  to  the  root  1  ie 

If  ji «  -  SX,  the  integral  ia 

e«jr-|-iXjr>. 
If  «w  -  ax,  the  integral  ia 

#-*-»-Xj*f4X«jr«. 

In  all  other  caiiert,  the  origin  ia  a  real  singukrity  of  the  differential  equalkm. 

The  riMiilt,  aa  to  the  relatione  between  X  and  m  can  be  veri5ed  indt 
|ieiidoutly.    Aa  19  and  u  are  HolutioiM  of  the  differential  equation,  we  hkirm 

lii^*  -  ira"  -  ^^  +  X  Vki^  -  m'), 
and  therefore 

where  if  ia  a  couetant.    Hence 

if   /w\     K  ^  9»^_ . 

dx  \u)^x^  ('lH^>|i+>„i*+>,i*+/..)"" 


/ 


■  1 


1  * 
1 
f 


X 


! 


ii 


■  . 


■ 

i 


!9 
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If  •▼07  integral  is  to  be  hokmiorphio  in  the  Tioinitj  of  the  origin,  it  is  ee^ 
to  tee  theti  Mil  belongs  to  the  indei  4,  the  only  condition  neceswsry  h  that  the 


coefficient  of  -  on  the  right-hsnd  side  should  be  sero.    Thus 

lirfaichy  on  sobstitation  fbr  y^  y^,  y^,  and  multiplication  bj  -80,  gifes 

(X+«)(fX+«)(aX+«)-0, 
thus  Yeriiying  the  condition  obtained  bj  the  general  method.' 

In  this  example  it  appears  that  the  integral,  which  belongs  to  the  smaller 
root  of  the  indidal  equation,  is,  in  each  of  the  three  possible  instances,  a 
polynomial  in  4r.  It  must  not  be  assumed  that  such  a  tesuH  always  holds' 
when  a  singularity  is  only  apparent ;  this  is  not  the  case^. 

JEr.  t.    Prore  that  the  origin  is  an  apparent  singularity  fbr  the  equation 

where  X  and  |i  are  cohstants ;  and  shew  that  no  integnd,  hdomorphio  in  the 
▼icinity  of  the  origin,  can  be  a  polynomial  in  4r  unless  |i  is  a  positive  Integer 
multiple  of  X. 

£«.&    Phnre  that  ff«0  and  «»1  are  real  singularities  lor  tiM  equatioB 

f(l-f)w^-f-(l-lff)i^-|w-ibt 
and  that  '»m  l,  4*  - 1,  ars  rsal  singularities  fbr 

when  M  is  an  inttger. 

Eg.  i.  Shew  that  #••  is  a  rsal  singularity  fbr  trsiy  equatloB  el  tiM 
ionn 

where  it(f)  dsbotes  a  rational  function  eli. 

Kg.t.  Shew  thati  if  f*«o  be  an  apparent  singukrity  lor  each  Integial  of 
tiMequatios 

s*'(i)it<)- 

when  P  mi  Q  »n  hotoamplik  AmoUona  «t  *->  for  kiit  valoM  of  \t\, 
tf 


1  ,p(iyx^n^r.t.^^^ 


1^+ ...* .....  , 

lemittfcs  ly  0^^,  in  tbs  siioir  qislsl  en  pw  111, 


It2  HAMPLtt  [48. 

X  niiftl  lit  A  pottiiivt  inle^  ^qiuU  lo  or  grtatar  than  t|  Aod  i$  mini  lit  a 
pottiiivt  InUgar  which  may  b«  Mm.    Show  diu  thAt.  if  X^t,  IhMi  |i  niu4  bt 


Noi0  on  S  34,  />.  85. 


»/ 


Art  those  ixMulitioiM  auifllGieui  to  iieoiiro  that  e«oh  intognl  of  tho  oqiiatioii 
k  A  hoUmiort>hio  fUnotioo  of  i**  for  Urge  voluao  of  |«|  I 

£s,  6l    Yorify  th*t  oveiy  iiitegnU  of  tho  oquatioD 
lo  holouioiphio  for  Lugo  vaIuoo  of  |«|.  1 

I 


To  ooUUiiih  tho  uniform  coiivori^ouoii  at  a  wsrioo  Jg^^  for  vaIum  of  %  I 

OogiMd  ohowo  (/.r.,  |k  85)  tliat  it  io  oufficioiit  to  hAVo  quAOtitioo  Jf|»,  indepoo-  • 

dout  of  0|  ouch  that  ] 

IwoviJoJ  tho  oorioo  %M^  couvergon. 


'  I 


Tttko  A  circlo  iu  tho  a-pltino  Urge  enough  to  eudooe  aU  tho  regiooo  imiod 
tho  roiklo  of /(p)«0  given  l*y  lo-pl-i/— «' ;  Aud  let  this  circle  be  of  lAdiuA 
r|»  oo  thot  fi  in  A  ctmnUut  iuilc|»eiuli*iit  of  a.     With  the  uoUtion  of  §  94^  tAko  ' 

ixoutAiiU  Cy,  for  vaIuom  of  y  >  «,  8uch  that 

while  C\«r,-^y,.    TImui,a« 

we  hove  ] 

for  aU  va1uc«  of  «.    Now,  as  in  f  34  fur  tho  retioo  of  the  r'oi  we  find . 

And  th«refuD»  tho  M>rioi» 

«>«v«ff)^Mi  It  hiKUg  Wm  tliAu  H.    AiXMrdtugij,  by  tAking 

the  utoiforui  <Mtt\vrg«n«.>e  t>f  tho  ocriM  ^.-(^  i»  OMtAbliohed. 


CHAPTER  IV. 
Equations  having  their  Inteoralh  regular  in  the  ViciNirr 

OP  EVERY  SiNOULARITT  (INCLUDING  InPINITV). 

46.  We  have  seen  that*  if  a  linear  differential  equation  is  to 
have  all  its  integrals  regnlar  in  the  vicinity  of  any  singularity  a,  it 
is  necessary  and  sufficient  that  the  equation  should  be  of  the  form 

iB^*i-a  d*"-»"*"(i-a)«  €&—•'*'•••"*■  (i-ar*^' 

in  the  vicinity  of  that  singularity,  the  quantities  P|,  P|,  •••,  P^ 
being  holomorphic  functions  of  i «-  a  in  a  region  round  a  that 
encloses  no  other  singularity  of  the  equation.  We  can  immediately 
infer  the  general  form  of  a  homogeneous  linear  differential  equa* 
tion  which  has  all  its  integrals  regular  in  the  vicinity  of  every 
singularity  of  the  equation,  including  ia>90.  As  Fuchs  was  the. 
first  to  give  a  full  discussion^  of  this  class  of  equations*  it  it 
sometimes  described  by  his  name;  the  equations  are  saidf  to  be 
^  Fuch$ian  type  or  of  Fuchsian  doss. 

Let  di,  a,, ...,  a^  denote  all  the  singularities  of  the  differentia! 
equation  in  the  finite  part  of  the  i-plane,  and  write 

f  «  (#  -  d,)  (i  -  a,) «..  (#-a^); 

then  the  conditions  are  satisfied  for  each  of  these  singularities  by 
the  equation 


]  I  •  BMbisoMBoif,  CrvUf,  I. um  (ISQS).  pp.  1SS—1S4« 

^  7  f  Om  nMMl  be  tserelMd  lo  orte  to  ditoriiniiiato  btiweta  tpmilom  t(fFmek»Um 

\  t§fi  nd  Fiuktimn  €pmUmu.    Tho  ktl«r  mtim  in  eoniMetloa  with  Mtonofplite 

hnotloM  sad  dUiranttol  sqesHont  hsfiaf  slfsWait  ootflMMts  t  fit  Ohsp.  s. 


M 


U 


n 


It4  IQUATIONH  or  [4d. 

liruYidud  the  funotioiia  Q.  are  boloinorphic  fiinciioiis  of  m  eveiy*  ,  4 

whor«  iu  the  Anita  part  of  the  plane.    To  iiecure  that  the  ini^grala  :  | 

pOMH^Mi  the  auMigiied  cliaracteriiitiai  for  infinitely  large  values  of  #, 
we  note  that 

¥rh%'re  It  itt  a  polynomial  in  -  and  i»  unity  when  #">ao9  and  ^  j 

thei\*iori« 


^-'^«- (!)-"■«'(,-)• 


wh%'r«>  If  I  ia  of  th%t  tamo  polynomial  character  as  it.  and  is  unity 
whou  •  »  00.  Now  aupiHMo  that,  for  very  large  values  of  «.  the 
dvlorminaut  •!  (•>  of  a  fundamental  nyatem  belonga  to  the  index  #• 
e^^  thai 


i 


li 


i 


whoiv  r  i»  a  regular  fuuolion  of  -  which  doea  nol  vaniab  vlien 
•  ••  « ,    Tk«tt|  with  lh«  uoutiou  of  1}  31,  we  have 

viIm^m  fk  ie  of  iW  «aui«  characicr  a:ft  T.  «av«  tKal  il  may  poaably 
\iamh  wIkmi  4  ••  «  ,  ukiug  acvxHiul  of  che  lauer.  w«  have 

w  W«v  «  Vft  an  iaU^*r  >  (V     Thu* 

•^     A     *         v.-   • 
*  a 
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f<>r  very  large  values  of  J.  But  Q.  is  a  holotnorphic  (unction  of  i 
near  j  «■  ao ;  this  property,  imposed  on  the  preceding  expression, 
shews  ^  that  Q«  is  a  polynomial  in  j,  of  degree  not  higher  than 

Moreover,  it  was  proved  in  the  last  chapter  that  all  the 
integrals  of  the  equation 

are  regular  in  the  vicinity  of  s  •*  a,  when  the  quantities  Pi,...,Pm 
are  holomorphic  (unctions  of  s  in  that  vicinity.    Applying  this 
proposition  to  each  of  the  singularities  (including  oo)  of  the 
fcl  equation 


■ 

I 


/ 


)  rfi"*     ,«i  ^  ds* 

with  the  restriction  upon  Qi»  ..••  Qm  as  polynomials  in  s  of  the 
appropriate  degrees,  we.  infer  that  all  its  integrals  are  regular  in 
the  vicinity  of  each  of  the  singularities  (including  oo  ). 

Combining  the  results,  we  have  the  theorem,  due  to  Fuchsf  :— 

Wken  th$  m  integrals  in  the  /undamenUU  eyetem  of  a  linear 
)  I  homogeneous  equation  of  order  m  have  a^  Ot, ...,  a^  as  the  whole  of 

their  possible  singularities  in  the  finite  part  of  the  s-plane;  and 
when  M  the  integrals  are  regular  in  the  vicinitg  of  socA  of  these 
singularities,  as  well  aefor  infinitely  large  values  of  s;  the  equation 
is  of  the  form 

where  ^  denotes  U  (#  —  a«).  and  0^^i»«  for  ^vb  1,  2,  •••,  m,  if  a 

polynomial  in  m  of  degree  not  higher  than  ^(p  —  IX 

Conversely,  aU  the  integrals  of  this  differential  equation  are 
everywhere  regular,  u^tever  he  the  polynomials  0  and  ^  of  proper 
degree^ 

Accordingly,  this  is  the  most  general  form  of  linear  equation  of 
order  in,  which  is  of  Fuchsian  type. 

*  This  Moll  naj  ftlw  bt  obUinsd  hj  mdng  tht  tfsatlonsaUon  tsal  sai 
sppljfaiS  to  Um  •qaatioB,  txaneffonoM  hj  Iht  isklioM  la  1 1,  Iht  ptopif  eoaHUeas 
lor  ttM  hn»o<tklf  tidnHy  ei  #>0. 

t  CVtIb,  i.  Lsn  (ISSe),  p.  IM. 
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[M. 


■•y 


£m.  I.    Lefendra'a  •qiuiion  it        • 

(l-i*)i9"-8«ii'*|-ii(ii-fl)it-a^ 


lU  Avni  MtUflM  «U  tb«  uecoMATj  coodilioiui ;  heoce  iU  iuttgrmk  M«  ivgukr 
io  the  viciuitj  of  j«l«  j-  - 1,  luui  m«  reguUr  aluo  fur  infiuitaly  Uigt  filim 
off. 

SiiuilMrlj,  Um  bjiMUfooiiMUio  e^^iialiun,  which  im 

has  all  iU  iutagraU  reguUr  in  Um  %*iciuiljr  of  ««0,  ««1|  and  ngular  abo  iv 
iutiiiitely  large  valuer  of  j. 

fieiiaer«  equation  of  urJer  xeio  ia 

i 

ita  iuteisniU  ara  regular  in  tlio  vicinity  of  i«0 ;  hut,  on  aoouuni  of  the  onte 
of  tlie  uuuiorat4»r  of  the  iXK>thcicnt  of  ir  in  ita  friU;tional  form,  they  are  nol 
legular  fitr  iuHiiitoljr  Itrge  valum  of  i. 

The  aanie  rv»ult  aa  the  Lut  htildii  for 

which  ia  lWaael*«  eiiuatiou  of  «4nlor  a. 

A  form  of  Lauio'a  o^^Uiitiou,  which  |irovoi  uieful  (aee  Chafk  ll«  f  f  IIS 

wheni  .1  and  it  are  ct)iiHi«uit« ;  it*  intograU  am  regular  in  the  Tioinity  of  maj 
|h»int  il\  the  finite  |Mirt  of  the  i-)»lani*  iMiigruent  with  j»0^  and  th«ae  are  all 
the  ninguUrititf*  in  the  finite  |iart  \4  the  |»Ium  ;  hut  they  are  not  icgiilar 
for  infinitely  lar^e  vaUiea  of  i. 

AkT.  :i.  The  Muni  of  all  the  tfi|MiH*nta  asJHiciaUiU  with  all  the  aingularitien 
(iiK'liiding  X  )  of  the  ei|uatiMn  of  k-Whiiian  ty|ie  ohtaiuoii  at  the  end  of  thn 
lirtvi^ling  ihvviiti|;iition  le  tho  iuUgiT  i^-l)HivM-lX<^ nnult  fint  fiTcn  hf 
Fuche*.    The  |ir«Hif  ie  iiiui|il«\. 

TIh!»  |iiiI> noniiiil  (/^. |  ia  of  onlor  ntit  higher  than  ^- 1 :  aay 
The  iiidii'ial  «*«|  nation  ft  it  the  iiingnliinty  o^  ia 


\ 


\ 


•    •• 


CrtlU,  t.  Li«t,  p.  145. 


V 


46.] 


or  rucHsiAN  ttpb 


1S7 


* 
( 


I 


tlw  nneipwtwd  teniM  on  the  tight-hand  aiile  oonalitBUBg  »  po(yiMaial  la  i 
of  order  neihiglMr  than  m-t.  Henoe  tho  mm  of  Um  iadkM  Ibr  tht  iliigw* 
krit/a.ia  „      .    . 

4«.(«.-i)+^;^; 

ami  therefore  the  eum  of  the  indloee  for  ell  the  eiognlerHiee  tfi,  m^^  .,.|  «^  In 
the  finite  pert  of  the  pleiie 

-jpiii(iii-i)+J. 

beoeaae  Oi,  C4,  •••,  c^  ere  the  roote  of  ^«0. 

The  iodioee  for  oo  ere  obteineble  bj  eahetHating 

the  indiciel  eqtiatioii  for  oo  ie 

eo  thet  the  earn  of  the  indioee  for  oo  ie 

The  totel  ewn  of  ell  the  indicee  is  therefore 

4(^-l)»ii(m-l). 

JEr.  3.  The  generel  equation  of  Fuchsian  type,  which  haa  all  ite  iDtegrab 
regular  in  the  Ticinitj  of  every  ningularitj  (iocluding  oo ),  haa  been  obtained. 
The  limitationa  upon  the  form  of  the  type  are  mainlj  aa  to  degree,  eo  that 
generally  the  oonatruction  of  the  eqiwtionai  when  definite  eingularitiee  and 
definite  eiponenta  at  the  singularities  are  assigned,  will  leaTe  arbitraiy 
elemente  in  the  form.  The  instances  when  the  equatione  are  made  com- 
pletely determinate  by  euch  an  aesignment  are  easily  found. 

Taking  the  equation  aa  of  order  m,  we  have  polynomiab 

which,  in  their  meet  general  form,  contain 

-J^(m+l)-im(iii-l) 
Constanta. 

The  assignment  of  the  poeitions  of  the  einguhtfitiee  merely  delerminee  ^  t 
it  giree  no  aasietance  to  the  determination  of  the  constants  in  the  po|y« 
nomiab  G, 

Each  of  the  p  eingularitiee  in  the  finite  part  of  the  phme  requires  m 
etpoiienta,  aa  doee  aleo  the  point  «»<d;  eo  that  there  are  ei(^-fl)comtanta 
thue  prorided.  But,  hj  the  preceding  eiampki  their  eum  ie  definite :  and 
thua  the  total  number  e(  independent  oonetanls  thua  prorkied  ie 


Its  BQUAT10II8  or  rUOHHIAN  TTPB  [4d» 


1 

t 


? 


1 


If  thartfort  Uie  tquAiioa  k  lo  ba  nuulo  ftilly  datarmiiiAU  by  tht 
mant  of  thcae  ooatUoU,  wa  miuifc  luTa 

|^iii(w+l)-|«(»i-l)-mO»+-l)-l. 
mmI  tberefoTO 

|^iii(i«-l)-J{iii-l)(m+8). 

Wheu  m«l,  p  cau  have  aoy  value;  that  ia»  anj  bomofenaoiia  linear 
equatioD  of  the  tot  order,  which  haa  ita  iutogral  reguUr  in  the  vicinity  of 
each  of  ita  aiiigukrities  and  of  j»  ao ,  ia  ooiu|>letely  detenuined  by  the  aaaign* 
ment  of  aiiiguUuitiea  aiid  of  the  ezpuneuUi  fitr  the  inteipral  in  the  vidnity  of 
the  ainguUritiea. 

For  auch  equatioiia  of  the  Hint  order,  kit  a|, ...,  o^  be  the  ainguUritiea  in 
the  fluite  |uirt  of  the  plaiio ;  lot  iA|,  ...,  m^  be  tho  iiidlcea  to  which  the 
integral  bt'longa  in  thoir  nsitpective  viciniticia,  and  lot  m  be  the  index  for 

<aBX,  MO  that  m^f  I  m,.«0.    The  equation  in 

r-l 

dw         t      "•r 

.-—If  I   -■■       : 

dz  r^it-Ur 

which  givoM  the  indox  for  i  « co  aa  equal  to  -  Z  Mr  >  being  ita  pro|ier  valuai 
When  m  >  I,  then 

^-1+-, 

ao  that,  aa  p  in  an  integer,  la  nnut  Ite  "i  and  then  />«2.  Thua  the  only  homo- 
genoouA  linear  oquiition  of  order  higher  than  the  ftrat,  which  ia  of  the 
Fuchaian  ty|N),  and  in  uaaplutely  dctunuinod  by  the  aauiignnieut  of  the  nin^* 
lariticM  and  of  tho  ox|ionenta  to  which  the  integrala  at  the  ainguUritiea 
belong,  ia  an  ec|uati(Ui  of  the  M'ctind  order :  it  haa  two  aiuguUritie«  in  the 
finite  part  of  the  |ilane,  and  it  haa  <c  x  for  a  aingularity  ;  and  the  auni  of  the 
nix  indicen  tit  which  the  intt^grala  belong,  two  at  each  of  the  ainguUritiea^  ia 
1(8  - 1)  8  (2  -  I),  that  in,  tho  Hum  ia  unity. 

Tho  diHi'iutHion  of  tho  dntiTuiinato  e<|UjUioii  of  the  itooond  order  of  the 
foregoing  ty|)c  will  lie  renuuiod  Utor  ({{  47-50). 

yvte.  If  p«>Q,  Mo  that  the  equation  Inui  no  iiinguUritiea  in  the  finite  fiart 
of  the  pUne,  the  ctMsHicienti  are  conntanttt  if  the  equaticai  ia  to  be  of  Fuchaian 
tyiM).    The  only  Hingularity  of  tho  intograU  i«  at  co . 

If  />■>!,  Ml  >  I,  the  nunilier  of  arbitn^ry  coiiHtauta  ia  leaa  than  the  number 
of  coimtantii,  due  from  Iho  aaaignnient  of  the  iudicea  at  the  finite  point  and  | 

at  <>"oo  :  the  Utter  cannot  then  all  be  atittigned  at  will.  I 

For  valuea  of  p  gro^iter  tbin  1  and  for  valuca  of  m  greater  than  1,  the  |     4 

number  of  arbitrary  constanta  in  a  linear  difierential  equation,  which  are  I     4 

left  uudetcrwinal  by  tho  a-naignment  of  the  ainguUritiea  and  their  indiceai  ia  *| 

-Jp'H(m  +  l)-Jiii(«i-l)-{m(/>-H)-M  )     \' 

-J(w-l)>0>-l)-8;.  I      ^ 

which  for  all  the  »|«citied  valued  of  p  and  m,  other  than  msS  and  p^^^  taken  j 

aimultaneoualy,  ia  greater  than  xent.  } 


1 

J 


46.] 


SXAMPLB8 


lt9 


Eg*  4  Gonaider  the  equatioii,  indicated  in  the  Note  to  Si.  I,  all  whoee 
iDtegrali  are  regular  at  the  onlj  finite  aingularitj,  which  eaa  he  taken  at  the 
origin^  and  regular  abo  at  infinit  j :  it  ie 


whcra/|,/|,  ...t/nareoonetanta.  Tlie  aasignment  of  indices  fori  oOdetenn- 
inee  /|,  ...,  /m^  and  ao  detenninee  the  indices  for  «»ao ;  and  similarlj  the 
aangnment  of  indices  for  t-ce  determines  those  for  foO.  In  footi  the 
indioial  equation  for  toO  is 

p(^-l)...(p-si4-l)-  J  p(^-l)...(p-si+«-l)/., 

•■1 

and  the  indioial  equation  for  «■>«  is 

it  is  at  once  erident  that  the  roots  can  he  arranged4n  pairii  one  firom  each 
equation,  in  the  form  p-|>^">0.  ^^^ 

As  regards  the  integrals^  it  is  easj  to  verify,  in  accordance  with  tho 
general  theorj,  that  the  integral  which  helongs  to  a  simple  root  r  of  the 
indidal  equatico  for  «>bO  is  a  constant  multiple  of  fx  and  that  the  n 
int^gralsi  which  helong  to  any  n-tople  root  •  of  that  equaUoo,  are  oooatanl 
multiples  of 

«*(iog»r. 

for  s-O^  1,  •••,  fi->l. 

E»,  Ou    Oonsider  the  equation 

2>if«t(l-t)i^^.(l-8f)ii'-|«9.0, 

which^  dearlj  satisfiee  the  oonditiom  that  ite  integrab  ehooM  he  fogvlar, 
hoth  in  the  Ticinitj  of  its  singularities  and  for  large  Talues  of  i^ 

To  ohtain  the  integrals  in  the  Ticinitj  of  j«0^  we  suhetitiite 


and  find 
provided 
10  that|  writing 


_  f(!LtiIfe±fMi±!!LliH* 


the  Tahie  e(  w  ie 


f(!Ltil(l± 


+«)...(•-!.  m) 


'}•• 


w-<^i(*(l+y|f^.>^i«-|....X 


*  It  is  the  difftmtbl  sqaatfcm  of  the  qearter-period  in  ^ptle  lymetioBS!  for  a 
fistsiltd  dissMrioa  of  the  eqoatioo,  see  Taaneiyv  Jwi.  d«  fjie.  Ifeni.  Sep.,  Mr.  f^* 
ifm  <1979)t  PP*  169— IMf  end  Feehs^ Crtlit,  1  uu  (lfi70)i  pp.  Itl— IM. 
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ISO  BQUATIOM  OF  QUABnE-PDUOD  l^ 

TIm  indidal  •qiiAlloii  it  i^-O:  aooonlmgly.  tht  two  intogrmk  baloBg  to  tho 
indfts  0^  and  Iht/  m«  givoo  b/ 

To  piuiiouIuiM  Um  int^imla,  w*  Uka  <^-|  * ;  (U  link  of  Uw  iatayab  thai 


XW.XWlog.+4,j_^..^«{j  +  |+...+^-l-J-...-i} 


i 

I 

i 
I 

I 

i 


Mjr :  and  Um  Moond  of  thorn  booonifti  L  («),  vhtro  ^ 


-ir(i)iogi+/(ix  I 


•07,  whoro  I    .^ 

JUid  now  tho  two  lotograLi  in  the  vioimty  of  the  origin  ato  ^  - '      '     | 

To  obtiiin  tho  integraLi  in  the  vicinity  of  ««1,  wo  oubiititttlo  { 

when  the  equation  takes  the  form 

*(l-*)g+(l-ir)^-|— J^ 

whioh  ie  of  the  uuue  form  e«  in  the  vicinity  of  j«Ol    Aooofdii^^,  thm 
integral!  in  the  vicinity  of  i*!  are  given  by 

A'(-r),  Mx). 
To  obtain  the  iutegrala  in  the  vicinity  of  « •■  00 ,  we  aubetitute 


i 


1.1  ^ 


when  the  equation  taken  tho  form 

The  indioial  equation  for  t»0  i«  3 

•(•-l)+i-0;  2 

we  take 


J 

Mid  we  And  the  equation  for  «  to  be  .        ^ 
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of  Um  mom  form  m  in  the  flrat  anil  the  second  oesce.  Aoooitlinglj«  the 
faiiegnb  of  the  originel  equation  in  the  Tioinitj  of  ««><d  era 

The  integrals  ere  thus  regular  in  the  Tioinitj  of  the  three  singularitiee 
0^  li  «o.  Of  these,  the  iniegrals  E{8\  L{i)  are  significant  in  the  domain 
|«|<1,  saj  in  />«;  the  integrals  K(»\  L{x)  are  significant  in  ^the  domain 

\x\w'\B''l\<l,mj  in  1\\  andtheintegrab<*jr(l)p  <*£(0 are  significant  fai 
the  domain  |I|<1,  that  iji,  |i|>l,  aaj  in  D^.  The  seriee  E{8)  diveigeB  when 
t«l,  eo  that  the  integrals  cease  to  he  significant  for  euch  a  falue. 

The  domaine  1^  and  /l|  hare  a  common  portion^  eo  that  Taluss  of  «  etisi 
which  are  defined  h j 

ifi<i,  if-jii<i. 

Within  this  common  portion,  the  integrals  K{8\  H$\  K{s\  X(jp)  are 
significant :  so  that,  as  K{b)  and  L{$)  make  up  a  fbndamental  qrsteai,  we 
ha?e 

where  J,  i^v  ^'9  i^' are  constants.  The  Talues  of  the  constants  are  delennined 
ae  foUows  hj  Tanneiy. 

The  integrals  are  compared  for  real  Talues  of  t  which  are  posltife  and 
sUghtl/  less  than  1,  so  that^  as  t  then  approaches  1,  K(8)  tends  to  an  Infiiiile 
-fahisi    To  obtain  this  infinite  Talue,  we  note  that,  ae 


1^  WaOis's  theorenii  we  have 

1        .      .  1 


>w% 


nw 


and  tlierefoi%  for  real  Tahiss  of  t  between  0  and  1,  we  hare 

Tin  diArenoe  of  the  two  quanUties,  between  whieh  the  vahM  ef  £*(#)  lls%  Is 

vUah  iMiMMa  M  tha  iwl  tsIm  of  f  iaacMM  aad,  Ibr  fl«  It  ti 

i,(lii~sri:i)' 

(ka  H  lologl.    Bmm  «•  BM]r  tain 

ir(f)-.(f)+i5  J 
-•W-*iotO-«), 
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Sm-l-l     :Un-|-S 


f 

r 


4ir>f(f)>4r-l+logi; 

and  Um  TaliMi  of  i  ATO  raal,  |k]iuUt«i  And  lout  Uiao  1.    TIm  iwiiII  ihMm  thai  |l 

X  (f )  it  kyurithmicdly  inflniie  for  j  ■>  1. 

Proceeding  eimiUrly  with  /(«)  iu  the  ezikrewiioo  lor  X  («X  vi  hKW%  ibr  veil 
▼aluee  of  »  betweeo  0  and  1, 

The  difierenoe  of  the  two  quaniitiee,  betweeu  which  the  vahia  o#  i/(«) 
liee.  ie 

which  incroaiee  aa  the  real  value  of  j  iiicraaMee  and,  ftur  ««l|  it 

Now 

and  therefore  the  foregoing  difference  ia  lewi  than 
that  ill  lone  than  (1  -  log  2)  log  2.     Hence  wo  maj  take 


r 
t 


P 

% 


when^  Cor  rati  poaitWa  valuM  of  «  that  are  leM  tbaa  1,  <^ 

0</(*)<(l«log«)log8.  '\ 

IT 

The  eiprenaion  can  be  fUrther  modified.    We  have  % 


i 


for  the  valuee  of  i  conaiderud.    The  ditferuuue  lietween  theee  two  aeriei  la  i 


> 


a  quantity  which  increaMM  aa  the  real  value  of  «  increaaea  and,  ibr  «« l|  la  ^ 

•    1   .  3 

But 


4 


M.]  iH  BLLimo  ruMcnom  IM 

and  Uiwafof  tb>  diifcrwio  fa 


on  •nhMtiog  th*  Mriw.    W*  nut/  tlMrafor*  tak» 


--io»(i-t)iogt-v'(iy, 

0  <.-(•)<  1(1- log  «x 
Tbarefon^  finally,  w«  I»t« 

*/(»)- -4lo«(l-«)lo««-t,(»X 

wllQfB 

•iW— '(»)4if^(»X 

■0  thai 

0<f|(f)<l-(lofa)«5 
Mid  the  Tallies  of  «  ooDsidared  are  real,  poeiiiTe^  and  kaa  tbao  1. 

In  the  region  oommon  to  D^  and  Di,  we  have 

and  thereforei  for  real  Taluea  of  t  leae  than  (but  nearfj  equal  to)  If  that  li»  for 
real,  poaitiTe,  email  Taluee  of  jr, 

When  t  tends  to  the  Talue  1,  the  term  log^r  log  t  tends  to  the  vaine  0 :  more- 
o?er,  K{s)  then  tenda  to  the  Talue  (v  ;  henoe,  taUng  aoooont  ef  the  inflniti 
terme  on  the  right-hand  sidei  we  haTe 

A-^ABlcgtmO. 

Again,  when  «  ie  real,  small,  and  poeitiTe,  x  ie  real,  poeitiT%  and  lass  thMi 
(hot  nearl  J  equal  to)  1 ;  henoe 

ir(jp)-f(jp)-ilog(l.*)-i(l-i).|logib 
so  that 

f  (i-f)-|iogf- jjr(f)^.Bjr(f)iogi-|.W(iX 

an  the  terms  in  whidi  are  finite  eioept  those  InfolTiBg  logs  |  aofsfet^ 
when  |«|  ie  small, 

wlMre  il  ia  a  hotomorphio  Amotion  of  «;  thus 

Oonseqoent^,  ' 

ss  thai  il  and  ^  are  known. 
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BifliilArlj,  lor  Um  other  •quatlon 

iof  ▼aluM  of  M  and  « in  the  common  region,  we  hAf%  lor  reel,  podtivi  fnlnen 
el  i  leee  Uun  1|  that  ie^  for  reel,  poeitire  valuee  of  jr  that  are  endli 

jrWlog*^i(jp)-^'{.(j)-Jlog(l-«)}-i^ttlog(l-f)logi^.|W)l 

hence,  tddog  eocount  of  the  logarithmioellj  infinite  tenne  on  hoth  eideii  w% 
aeethU  * 

Keiti  taking  the  same  equation  for  values  of  .f  that  are  anall,  real,  and 
poaitive^  eo  that  s  is  real,  poHitive,  and  lone  than  I,  we  have 

ii'jr(i)+/r{jr(i)k>gj+/(j))-ir(4P)iogjr+/(4PX 

When  *  if  nearly  unit/,  * 

ir(jp)-i(jr).Jlog(l-x), 

eo  that  K  (s)  log  jt,  for  4P  nearly  equal  to  1,  ia'  email :  and  it  vaniahee  when 
jp«>l.    Alao^  for  thoae  valiiea  of  X, 

/(jr)--21og(l-*)loga.-4i|(jp) 
-i-glcigfloga-4i|{jr); 

whenooi  equating  ooefficienta,  we  have 

iv/r--alog8. 


Thua 


jr-.-logX,    J'-i?(loga)«-.w. 


Aocordin^y,  when  t  liee  within  the  portion  cimmi'on  to  the  two  domaine  D^ 
and  />||  defined  bj  the  relations 

|i|<l,    |*-1|<1, 
we  have 

ir(*)-(liog«)A'(f)-lx(i) 
X(jr)-f?(ioga)«-rJir(i)-(liogi)xw 

where  jr*l-f. 

These  reaulte  ehew  that,  for  complex  values  of  f  euoh  that  |«|«*1,  bolk 
M(»)  and  L(t)  converge.  The  first  of  theiu  is  a  known  reeult  in  the  themy 
of  eUiptio  integrals ;  writing  <»i«,  x-i^,  A'(<)-ir,  K(s)wm£\  we  hav« 

if'-?J'logJ-aJa.Aii««, 

an  equation  which  is  sfiecially  usMul  for  email  valuee  of  k    Similari/,  for 
valuee  of  k  nearly  equal  to  unity,  we  have 


/ 


y 
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JSm  €L  With  the  notation  of  the  preceding  eumple  shew  theli  for  ▼ehne 
efieoouBOOtothedoniaineD^anil/).  ea  defined  bj 

|f|>l.    |f-l|<l, 

the  fntevnli  K(j^  L(x\  ^K(i),  <*£(0  ere  eonliected  by  the  leletione 

w  w  J 

(Tennerj.) 

Ex.  7.  Denoting  the  Integrela  of  the  equation  in  Si.  5  that  are  eaeodajed 
iHththeTahieei-.0^1,«byir,X;  K\  L' ;  iT",  X" ;  Mpeetifelj  |  denoting 
aleo  the  eflbol  npon  a  fonction  CTof  a  simple  ojele  round  a  point  •  hf  [I7)|, 
and  of  aiaqrfe  eyelee  round  a  and  6  in  BoooeMion  bj  [CT^y  profe  that 

[^l-(l-|"logi)ir'-|.5>; 

(iri.— (8^.|'logl)x'4.5'x'; 
and  eiprM  [L%  [r]^  in  terms  of  K\  L\  Ctnamrj.) 


Kg.  8l    DieeuBBp  in  the  same  manner  ae  in  Et.  A,  the  integrals  of  the 

equatlona 

(i)    fO-OW'-Jir-Oj 

(H)    f(l-f)iir^.(i-,)i^-|.}ir-0| 

(iU)    t(l-f)ii^±i0^-}i»-a 


'8  P-rUNCTlON. 

47.  It  has  already  been  proved  (Ex.  8»  §  46)  that  the  only 
linear  diflferential  equation  of  any  order  other  than  the  firet.  which 
is  made  completely  determinate  by  the  assignment  of  ite  singu* 
larities  and  of  the  exponents  to  which  the  integrals  belong  in  the 
respecttre  vicinitiee  of  those  eingularitiee,  is  an  equation  of  the 
second  otder  which^  if  it  have  ao  for  a  singularity,  has  two  other 
aingularitiee  in  the  finite  part  of  the  plane.  If  the  latter  bo 
9A  k^  kt  then  the  transformation 

M'^h    k  0-6  «-_a 
#  — ifc    Ic-a  «  — 6 

gives  a»  ft,  e  in  the  «-plsae  as  the  representatives  of  A,  I;,  oo  in  the 
f-pkM.    The  tnasformation  manifestly  does  sot  albet  the  order 
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of  the  eqiMlioQ^  iu  aole  imuU  being  lo  make  ••  1^  e  (bat  noi  bow 
00  )  nnguUritiee ;  we  shall  therefofe  sappoae  ibis  tnoaibniialkNi 
made.  Acoordingly,  we  proceed  to  conaider  tbe  pnqpertiea  of  tbo 
function,  wbidK^ua  delerminea  a  differential  equatioQ;  tbey* 
depend  upon  ibe  propertiee  initialljr  aaaigned,  wbicb  are  taken  aa 
foUowa 

In  the  vicinity  of  all  values  of  m,  except  a,  i»  e  (and  nol 
excepting  oo  when  a,  i,  c  are  finite^  the  function  is  a  bolomorpbio 
function  of  the  variable. 

In  the  vicinity  of  any  point  (including  the  three  points  a,  i,  c\ 
there  are  two  di^itiuct  branches'  of  the  function ;  and  all  brancbea 
of  the  function  iu  the  vicinity  of  any  point  are  such  that»  between 
any  three  of  them,  a  linear  relation 

exists,  having  constant  coefficients  A\  A'',  A***,  (So  fitf  as  this 
condition  affects  the  differential  equation,  it  manifestly  determinea 
the  order  as  equal  to  twa)  ! 

As  exponents  are  assigaed  to  the  three  points,  let  them  be  a 
and  2'  fur  a :  ff  and  ff  (or  b:  y  and  7'  for  c ;  these  quantitiea 
being  subject  (§  46,  Ex.  2)  to  the  condition 

a-»-a'-l-/9  +  /9'-l-7-f  7-1. 

It  further  is  assumed  that  a— a', /S^/S",  7  — y  are  not  equal  to 
integeni.  The  branches  distinct  from  one  another  in  the  respective 
vicinities  are  denoted  by  P«  aud  P«';  P^  and  P^*;  P^  and  Py. 
From  the  definition  of  the  exponents  to  which  they  belong,  the 
functions  (#*u)'^P«  and  (1  — u)'^'Pa'  are  holomorphic  in  the 
doiiuiin  of  a  and  do  not  vanish  when  i «  a.     Similarly  for  b  and  e. 

After  the  earlier  assumption,  it  follows  that  any  brancb 
existing  in  the  vicinity  of  a  can  be  expressed  in  a  form 

where  c«  and  C'  are  constants;  aud  likewise  for  branches  in  tbe 
vicinity  of  b  and  c.  The  assumption  made  as  to  a  — a',  fi^ff^ 
7—7'  not  being  integers  will,  by  th|)  results  obtained  in  §§  35 — 38, 
secure  the  absence  of  logarithms  from  the  integrals  of  tbe 
differential  equation:  it  manifestly  excludes  the  possibility  of 
either  of  the  branches  P«  and  P«',  P^  and  P^,  P^  and  Py»  being 
absorbed  into  the  other. 
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Riemaim^  denotes  the  function,  which  is  thus  defined,  by 

(a  h 


•  _  _  _ 

and  the  (unction  itself  is  usually  called  RiemanfC$  P'/uncHm.  It 
is  clear  that  a  and  tf'  are  interchangeable  without  affecting  P; 
likewise  fi  and  /S';  likewise  7  and  7^  Also»  the  three  vertical 
columns  in  the  symbol  can  be  interchanged  among  one  another 
without  affecting  P ;  six  such  interchanges  are  possible.  Again, 
if  P  be  multiplied t  by  («-^ay(«-6)-*-*(«-c)»,  the  effect 
is  to  give  a  new  function,  having  a  singularity  at  a  with  expo* 
nents  a  -I-  fi,  a'  -^i:  a  singularity  at  6  with  exponents  /9  —  8  —  s^ 
/9^  — fi  — t;  and  a  singularity  at  e  with  exponents  7-f«, 7'-f«. 
Every  other  point  (including  00)  is  of  the  same  character  as 
for  P.    Hence 

the  exponents  on  the  right-hapd  side  still  satisfying  the  condition 
that  the  sum  of  the  exponents  shall  be  equal  to  unity. 

A  homographic  transformation  of  the  independent  variable 
can  always  be  chosen  so  as  to  give  any  three  assigned  points 
a\  V,tf  9A  the  representatives  of  o,  6.  e.  Accordingly,  let  such  a 
transformation  be  adopted  as  will  make  a  and  0, 6  and  00 , 0  and  1, 
respectively  correspond  to  one  another :  it  manifestly  is 


j?«-'0  c  — 6 
«— 6 0— a 


The  indices  are  transferred  to  the  critical  points  0,  00 ,  1 ;  every 
other  point  is  ordinary  for  the  new  function,  as  every  other  point 
was  for  the  old.  For  brevity,  the  Crmnsformed  fbnetion  is  denoted  by 


'Wi')' 


*  Om.  ITifftf ,  p.  tt. 

t  Tbs  Mfli of  lbs  iadim  la  Iht  feilor  It  mAs  SMI  olhtnHM  #«•  wssli  Is 
a  aii^ywlty  lor  lbs  asw  fteolioa« 
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where  the  two-tem  columm  are  lo  be  Meocieted  with  0,  oo ,  1  m 
order.    Aleo^  iiooe 

J  ^  4p  as  — ^— «•        •  - 

it  follow*  that,  ozeept  aa  to  •  oonatant  fikctor, 

Agree ;  mud  Ibut,  as  regards  general  character,  we  have 

*.(,-^p(jjT^).i.(:,:M:',::;:v). 

Aa  «-«'»  fi-ff',  y-y  mre  the  name  for  the  P-fiinetioa  on  tha 
right-hand  aide  as  for  the  P-funotiou  on  the  left,  Riemann  denoliM 
all  funotiona  of  the  type  represented  by  the  expression  on  tha 
left  by 


In  the  transformatiun  of  the  variable,  the  points  a»  &,  e 
made  to  be  congruent  with  0,  ao ,  1  in  the  assigned  order.  A  similar 
result  would  follow  if  they  had  boon  made  congruent  with  0.  ao .  1 
in  any  order  or,  in  other  words,  if  0,  ao ,  1  be  interchanged  among 
themselves  by  horoographic  substitution.  As  is  known,  six  snch 
substitutions  are  possible,  viz. 

/I  1         •*  ^ 


or,  taking  account  of  the  association  of  the  exponents  with  the 
first  arrangement,  the  table  of  singularities,  exponents,  and 
variables  for  the  six  cases  is 

Oool  Oool  Oool 

a  /9  7  «";  7  /9  «  1-*';        ^  «  7  i'S 

^Pi  iP^  P^i 

Oool  Oool,  Oool 

7a^l-r-,;         «7/9iA^;        ^7«i.-i>; 

ififf  fiiff  fff'fi 

so  that  P-functions  of  these  arguments  with  properly  permuted 
\ts  can  be  associated  with  one  another. 


\ 
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48.    The  mgnificanoe  of  the  rektion 

ot  +  cK^  +  iS-f /8'  +  7  +  y-l, 

in  ooDneelion  with  the  function,  appean  from  the  following  con* 
mderations.  When  the  mngalarities  are  taken  at  0,  oo ,  1»  the  axis 
of  real  Tariables,  stretching  firom  ~  oo  to  -|-  oo ,.  divides  the  plane 
into  two  parts  in  each  of  which  eveiy  branch  of  the  ftinctioii  is 
uniform ;  or,  if  the  singularities  be  taken  at  a,  &,  c,  then  a  eirde 
through  a,b,e  divides  the  plane  in  the  same  way.  In  either  oass^ 
taking  (say)  the  positive  side  of  the  axis  or  the  inside  <>f  the 
drde,  the  linear  relations  among  the  branches  of  the  ftmetion 
give 

P^.mB^'p0^B;Pr]'  P.'-O/P^  +  0lTyr 
^^  P..P.»^(B,,B.  3[P^,Pr)-(63[P#.PrX 

P..P.'^\Cu  0.1P„Py)-(c][P,.Py); 

and  with  the  usual  notation  of  substitutions,  let 

P#»Pr-(fciP..P-'X 

P^,Py-(c5P.,P..). 

Consider  the  effect  upon  any  two  branches,  say  P^  and  Pc>,  of 
circuits  of  the  variable  round  the  sini 


When  it  describes  positively  a  circuit  round  a  alone,  thqr 
become  i^^P«  and  i^^'P«'  respectively,  so  that,  in  the  above 
notation, 

P«,  P.»  become  {^^,    0    JP«,  PJ). 

When  it  describes  positively  a  circuit  round  6  alone,  then  P^  and 
Pr  become  ^^P$  and  ff^P$f  respectively ;  and  therefore 

P.,  Pe  become  (hlf^.     0  j[6JP.,  P^X 

Similarly,  when  it  describes  positively  a  eireuit  round  e  alone, 

•I 
P«,  P.'  become  {tjf^.    0  \t\P^,  PJ^ 

•     1o. 


t 
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Aooordingljr,  when  $  dewsribeit  •  niiiaple  cucuit-  nmnd  tt,h,o,  Um 
initwl  bnnohe*  P.,  P^  are  trMufonued  into  bmnohfl* 

(oJ#**»,     0  M6J#*».     0  J6V«**».     0  JP..PA 

Such  %  oirouii  enoluaeii  all  the  tingulariiiM  of  the  funolioni;  and 

therefore*  uaoh  of  the  fuiictioiui  returnii  to  itii  initial  value  al  iha  . 

eod  of  the  dircuit,  lo  that 

(/)-(!.  0)l 

|0.  1| 

The  determinaut  uf  the  right-hand  aide  ia  unity;    hence  the 

determinant  of  /  in  unity,  and  it  in  the  product  of  the  determinanta 

of  all  the  couiponout  8ub»titutioutt.     Now  aa  (o)  and  (o)"*  are 

inverao,  the  product  of  their  determinants  i«  unity ;  and  likewise, 

the  product  of  the  determiuanU  of  (6)  and  (6)"^  is  unity.    Henoa 

we  must  have 

an  equation  which  is  satisfied  in  virtue  of  the  relation 

a  +  a'-»-/tf  +  /i'  +  7  +  7-l:  . 

the  sum  of  the  exponents  could  be  equal  to  any  integer  merely  ao  | 

fiu*  as  the  preceding  considerations  are  concerned.  | 

In  the  present  instance,  the  property,  that  a  function  retuma 
to  its  initial  value  after  the  description  of  a  circuit  enclosing  all 
its  singularities,  can  be  used  in  the  form  that  the  effect  of  a 
positive  circuit  round  o  is  the  same  as  the  effect  of  a  negative 
circuit  round  a  and  round  6.     Applying  this  t4i  i\,  we  have 

C,P^4^'  +  C.P^^'*  -  s-«-<  (U.P^e'^'^  +  B^P^r^^i 

and  from  the  expressions  for  P«,  we  have 

C^P^'^C.P^^B.P^^B.P^. 

As  P/i  and  P^^*  are  linearly  independent  of  one  another,  it  followa 
that  €?^  —  e^'*  must  not  bo  zero,  that  is,  7  -  7'  must  not  be 
integer.     Similarly  for  a  —  a'  and  fi^^. 

Ex,    Prove,  by  lueauH  of  thc«e  reliitiiUiM,  that 

^|Jl«'0»<       i?|ttm(o-f/J4-Y)y       ig,iiiD(a4/y.fY)y  ^ 

(RiaaMuuL) 

•  r.  *•„  I  M.  ? 

9 


i 
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DlFFBRXHTIAL  EQUATION  DETBRMIKBD  BY  RlKMANV'S 

P-FUKCTIOK. 

49.  As  regards  the  differential  equation,  associated  with  these 
P-fiinctions,  and  determined  by  the  assignment  of  the  three 
singularities  o,  6,  e,  and  their  exponents,  we  know  that  it  must  be 
of  the  form 

<(«•'*' (t-a)(f-6)(t-c)^'*'      {M^aY{M-bY(M^ey     ^■"* 

which  (1 46)  secures  that  o,  b*  e,  oo  are  points  in  whose  Ticinity 
the  integrals  are  regular.  Now  the  singularities  are  to  be  merely 
the  three  points  o,  6,  e,  so  that  oo  must  be  an  ordinary  point  of 
the  integral.  Taking  the  most  general  case,  when  the  value  of 
erery  integral  is  not  necessarily  sero  fi)r  #  «oo«  we  ha?4  an 

integral 

K     K 

»  —  JTf  4- —  + -y -I- ..., 

where  K%  does  not  vanish.    Substituting,  we  have 
the  onezprened  terms  being  lower  powers  of  » \  henoe 

(f  -  ii*)  JT, + ^"ir,  +  (ir + li"  (o -f  6 -f  e))  if.  -  0. 

that  is, 

(s-^')ir,-i-irir,-o. 

and  so  on.  Using  the  result  that  A'* »  0,  the  equation  may  be 
written  in  the  form 

« 

iSa  ^l  A    ,    B    ,    0  \dw 
Formiiig  the  indioial  eqa»tioiw  ibr  ihe  atngvlMitiei,  we  hare 


*<'-^)+^*+(7r:iRS^-« 
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M  the  indioid  equaiioo  for  a ;  and  iherafore,  m  iii  looto  am  (o  be 
ft  and  d.  it  follows  that 

^>-l-ft-.ft',    X-M'(a-i)(a-o). 
Similarly 

i»-l-V9-^,    ^•/9/8'(6-a)(6-«), 

(7-1-7-y.    i.-ry'(o-a)(o-»X 
Moreover 

^'-it-fA  +  0-2. 

CD  aooount  of  (be  value  of  the  aum  of  (he  aix  ezponenU;  (b« 
oondUion 

u  (hue  •a(ieiied  by  B"«  0.  All  (he  quan(i(iea  are  (hua  de(enBiiMd, 
and  (he  equation  haa  (he  form* 

+ 1 -7=1 + ; 7^6 + J-To  t 

^ .0: 

from  the  mode  of  conHtruotioa  we  know  thai  the  integrals  ara 
regular  in  the  vicinity  of  tho  singularities  tt»  6,  o,  and  are  bolo- 
morphio  for  large  values  of  «.  This  is  the  differential  equation^ 
associated  with  (and  determined  by)  the  function 

(a   b    o' 
a  fi  y  X 

The  branches  of  the  integral  in  the  vicinity  of  a  are  P«,  P^; 
those  in  the  vicinity  of  b  are  P^,  P^^ ;  and  those  in  the  vicinity  of 
0  are  P^,  Py. 

Passing  to  the  form  of  the  function  represented  by 

Pf*  ^  '^  s] 

where  the  three  singularities  are  0,  «,  1,  we  deduce  the  associated 
differential  equation  from  the  preceding  case  by  taking 

a-0,    6«go,    o-l; 

•  Fif*t  giftn  by  PftpperiU.  Math.  Am.,  I.  ii?  (1SS6).  p.  IIS. 


40.) 
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titer  9k  slight  redoetion,  the  eqmktion  is  fooiid  to  be 


+ j«(i-jy ^■®- 

The  bmnehes  of  the  integral  in  the  Ticinity  of  the  origin  are  P*, 
P«»,  so  that  r^P«,  ^Pm*  Me  holomorphic  functions  of  t,  not 
Tanishing  when  S">0;  those  in  the  vicinity  of  s^l  are  P^*  Py^ 
so  that  {m  -  l)^Py»  ('T  -  l)~^Py  vre  holomorphio  fiinctions  of 
f— 1,  not  Tanishing  wheii  «""1;  and  those  in  the  vicinity  of 
f  ■>  00  are  P^,  Pr»  so  that  j^P^,  t^P^  are  holomorphio  ftmotions  of 

*,  not  Tanishing  when  s ■■  oo . 

Lastly,  passing  to  the  form  of  the  functions  included  in 

we  saw  that  they  arise  from  the  association  of  arbitntfy  powers  of 
M  and  1  *  #  with  the  aboTo  function  in  the  form 

and  that  they  lead  to  a  function 


Thus  we  can  make  any  (the  same)  change  on  a  and  «^  and*  as  they 
are  interchangeable,  we  can  select  either  for  the  determinate 
change;  accordingly,  we  take 

say,  as  the  modified  exponents.  Simibriy,  we  can  make  any  (the 
same)  change  on  7  and  y :  we  take 

77.7*10,    y-7«r-X-^ 

say.    Then  the  new  Talues  of  the  exponents  fbr  «o  ars 

fi+m  +  %  -Xpsay, 
•ad 

/S'+a  +  y  -«-f-7+l-(«+«'  +  /9+7  +  y) 
-I. 


IM 
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on  reduoiioD :  or  ibo  eiponenU  aro 

0.  1-r       ,  tof  MmO  , 
X,  M  I  for  s  ■>  QO , 

0,  i^-X— /«,  for  f -bI  • 

Their  toni  dearly  it  unity :  moreover,  with  iho  preoeding  hypo- 
theeea,  the  quantities  l.«i^,  M-*^  y-X-^fi  are  nol  inlegeni 
Speciaiiaing  the  last  form  of  the  equation  by  subatitating  ihia  aet 
of  valuea  for  m,  m\  0t  ff.  %  y\  we  find  Ae  equation,  after  redodioiip 
to  be 

which  is  the  differential  equation  of  Gauss's  hypeigeometiio  seriea 
with  elements  X,  /a,  y.  Either  from  the  original  form  of  the 
P-function,  or  from  the  resulting  form  of  the  equation,  the 
quantities  X  and  /*  are  interchangeable. 

50.    Taking  the  equation  in  the  more  familiar  notation 

so  that  the  exponents  are  0,  I  —7,  for  m^O;  a,  0^  for  # ■>«; 
0,  7  *  a  —  /9,  for  J  a  1,  we  use  the  preceding  method  to  deduce  the 
well-known  set  of  24  integrals. 

Denoting  as  usual  by  F{a,  fi,  7,  9)  the  integral  which  belongs 
to  the  exponent  zero  for  the  vicinity  of  1  «>  0,  we  have 

!■  (a.  A  7.  «) - 1  +  i7^ '  +  -f  7277 (7+^ir "^ "^  •••• 
assigning  to  the  integral  the  value  unity  when  #«  0.    If 

be  also  an  integral,  then  the  exponents  for  each  of  the  critical 
points  must  bo  the  same  as  above ;  hence 

J,  fi^l-7  -0.    1-7       ,   for  t-0  , 

«,  f  +  y-a'-zT^O,  7-a-/9,  for  #-l  , 

a'-«-«,  ^'-«-«        -a,  )8  ,  for  1-00. 

Apparently  there  are  eight  solutions  of  these  equations ;  but  aa  a 
and  fi  can  bo  interchanged,  and  likewise  et  and  ^,  there  are  only 
four  independent  solutions.     The»e  are : — 
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I 

i 


i 
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L    f-BO,   t«0;   giTing   e^««,  ff^fit  j'^^Ji  <uid   the 
integral  is 

IL    S-1-7,  f-0;   giving  aT-l  +  ci-x  /^'-l+zJ-^, 
</0  2  — 7;  and  the  integral  in 

f«-t#'(H.«-7.  14/9-7,  J--7.  1); 

IIL  «-0,f-7-ci-/9;  giving  «i'-7-«,/8'-7-./9,7'-7; 
and  the  integral  is 

(l-j)r— ##'(y-«,  7-/9,  7,  M); 

TV.  «-!-%  t-T-^-ZS;  giving  «'-l-A  /S'-l-ci, 
y  a  t  —  7 ;  on  interchanging  the  first  two  elementsb 
the  integral  is 

j»-r(l-,)T-^#'(l-<i,  1-/9,  i-7,  f). 

Next,  it  has  been  seen  (§47)  that,  in  the  most  general  ease, 
P-funetions  can  be  associated  with  a  given  P-fiinction,  when  the 
argament  of  the  latter  is  submitted  to  any  of  the  six  homographio 
substitutions  which  interchange  0,  1,  oo  among  one  another, 
provided  there  is  the  corresponding  interchange  of  exponents. 
Taking  the  substitution  i^s  « 1,  the  new  arrangement  of  exponents 

IS 

a,  fi  »  (or  /mO, 

0,  7-CI-/9,  for  •-!, 
0,  1-7      ,  for  /««; 

is  an  integral,  we  must  have 

S,  S-l-l-y        ^%  fi  •  for  /i*0, 

^  f+y-«'-/9'-0,  7-«-A  for  /-l, 
a'-S-t,  fi^^t-^t        -0,  1-7      ,  for  /-oD. 

Again  there  are  four  independent  solutions ;  they  are 


hence,  if 


IX.    <««,  t-0;  givinga'-i%/8'«il-|-«-7,y-il-l-«-/9; 
and  the  integral  is 


(a,  l4«-7»l+«-A  ]); 


r.tv. 
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X.  «i/9.t-6;giviDg«'-/9,/9'-.l+^-7.V-I-.«  +  )9; 

And  the  integral  in 

M-^F^ff.  1+/9-7.  i-«-«-A  J); 

XI.  4- A    t-7-a-/9;    giving    o'-y-ci.    /y-l-t, 

7'  •■  1  —  ft  -I-  /9 ;    on    interchanging    ft'    and   fi^   the 
integral  ia 

XII.  »-«,    t-7-«-/9;    giving    ft'-7-A    /S'-l-A 

7^Ml^.a-^;    on    interchanging    a'    and    /S'.    the 
integral  ia 

(l -})*"'"' i* (1-/8,  7-A  l+«-A  j). 

Tb«  retnaiDing  four  syU,  each  containing  four  integnis,  and 
belonging  to  the  aubtttitutions 

*-*-'•  nrs*  *~i«  -T' 

respectively,  can  be  obtained  in  a  similar  nuuiner*.     They  an.: — 

VI.    (l-0'-»i'(a-7  +  l,/9-7  +  l,a  +  /9-7  +  l.O; 
VIL    fir— *i'(Y-«.  Y_y8.  7-a-^  +  l.  f); 

VIII.    (l-0'-»{:»— •i'O-a,  l-/9.7-«-^  +  l.  O; 
in  which  set  C  denotes  1  —  « : 

XIII.  I^F(a.y-fi.a-fi+l.  f); 

XIV.  {^i-OS.  7-a. /8-a  +  l.  f); 

XV.    (i-0-'*»f>'(«-7+i.  1-A  «-^+l.  f); 

XVI.  (i -{:)-•+»{» i-o- 7+1.  i-«,  ^-.  +  1.  o; 

1 

in  which  8et  t  denotes  •= —  ■ 

1  — * 

XVII.  (i-o-^(a.  7-A7.  f); 

XVIII.    (l-i/F(fi.y^a.y,i)i 

*  The  eompbu  Mt  of  •iprttitions,  differently  obUlnad  and  originnlfy  ins  la 
Knmmer,  Are  given  in  my  TrtatUe  on  D{ffer<ntial  £f Molioiu,  (3nd  cd.^  fp.  Iftt^ 
194;  the  Homan  numben,  used  ftbova  to  spvoify  th«  cmm,  nr»  in  Mooid  with  IIm 
numbers  there  uted. 
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XIX.   C-^(i-0-F(<i'-7+i»i-A«-%C); 


14ft 


in  which  set  (f  denotes 


i-r 


and 


XXL   (i-cr/'(«.  «-7+l.  «+/9-7+l.  f); 

xxiL  (i^o^/^ctf, /9-Y+i.  «+/9-7+i.  t); 

xxiiL  r— '(i-cy#'(i-«,  7-«.  7-«-/9-n.  D; 

XXIV.    f»—^l-f)-#'(l-A  7- A  y^m^fi  +  h  t)l 

in  which  set  f  denotes  — ^^ . 

The  preceding  infeetigatione  have  been  bsaed  upon  the  assomptlooi 
smong  others,  that  no  one  of  the  quantities 

is  an  integer  or  aero :  the  determination  of  the  integrals  of  the  diflforeotia] 
CQuatioD 

when  the  sasomption  is  not  justified,  can  be  efRwted  bj  the  nethodi  of 
1186-88. 

Oonsider,  in  particular,  the  integrals  in  the  Tidnitj  of  t«0^  when  1  -7  is 
an  integer ;  there  are  three  canes,  acoording  as  the  integer  is  aero^  positif%  or 
negatlveL    We  substitute 

in  the  equation ;  and  we  find 

profided 
so  that 

^"      (s+#)...(l+^)(s-l+y+^..-(y+#)      ^ 

(i)    Lst  1-y-O^  so  that  the  indicial  equation  is  0mO:  thsn  the  two 
integrals  bslong  to  the  indos  0^  and  one  of  theorstfUin^  iuTolfsa  m 
.  logarithm ;  and  they  are  giren  hj  ^^ 


M$..f   \jr 


WW 
The  fcnnsfff  whsn  we  take  i^*  1,  is 

wHh  the  usual  notation  for  the  hjpefgeouietrio  Ibnetioo  {  as  the  oosflcisnts 
■rs  required  for  the  other  integral,  wo  write 


148  TBI  HYPKMQIOIIBTEIO  [50l 

TIm  Moood  int^grmlt  when  to  it  wa  «dd 

{f(«)+*W)}^(«,Al,*)i 

€^  agAin  being  made  equal  to  unit/,  beoomea 

d 
where  f  («)  denotea  ^~  0^  O  (m)}. 

(ii)    Let  1-y  be  a  ponitive  integer,  aay  p^  whei«^>OL    TIm  indieial 
equation,  being  $(§^p)mO^  baa  iu  itioU  equal  to |i^  0.    We  haw* 

*^*       (a-i-^).'.:(l+«(«-ii+«...(l-^+*)       ^' 

Of  the  two  inUgrala,  that,  which  bcloiig»  to  the  greater  of  the  two  eipooent^ 
ia  equal  to 

when  we  take  c%^(k  The  other  iuti*grai  may  or  may  not  intolve  logarithnc 
If  it  ia  not  to  involve  higarithuia,  then,  an  iu  {  41,  the  nuniemtor  of  c^  muak 
vaniah  when  ^"0,  eo'that 

(^-l+«)...o(/>-l+i3)..Ji 

muat  vaniah :  iu  other  wurdn,  either  a  or  pi  niuat  be  laro  or  a  negativa  integir 
not  leu  than  y.  When  thi^  t*ouiiitiou  in  aatiitfied,  the  integral  belonging  to 
the  indoi  lero  ia  eiloctively  a  |Kilynuiiiial  iu  i  of  degree  —a  or  —  0  aa  the  oaae 
may  be,  and  it  cuutaiua  a  term  iiide|)eii Jcut  of  t. 

When  the  |>recediug  couditiou  ia  nut  iwitiatied,  the  integral  oaitaii^f 
involvea  logarithma.    Iu  accurdaiice  with  {  3U,  wa  take 

aothat 
and  now 

There  are  two  iutegraia  given  by 

t-i.-  [SI..- 

The  firat  ia  eaaily  aeeu  to  be  a  conataiit  multiple  of 

thua  in  effect  providing  no  new  integral    The  aeixMul,  afteir  leduotlon, 
making  f"l,  ia 

»•-•    (.l-l+o)...«(M-l+4)..^^ 

+(_,),  .^,^  .._  ,.^^_ ,  j-,-j;^j-,—  -••b. 
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(iii)    Lei  1— y  be  i  Degetive  integer,  eej  -f,  where  f  >0l    Tlie  indioiAl 
equAtloOi  belnf  0{$'¥q)»<K  htm  ito  roots  equal  to  0^  *f.    We  bave 

Tbe  greater  of  the  two  etponente  ia  0;  the  integnU  which  belonge  to  it|  od 
maldng  <^«l,  beoomea 

The  integral  whidi  belonga  to  the  exponent  «-f  maji  or  naj  not^  inTolTO 
logarithma.  If  it  ia  not  to  intolve  l/tgarithma,  then,  aa  befon^  the  mmwrator 
of  €^  moat  Taniah  when  ^«  -^,  ao  that 

(•-l)...(a.g)0-l)...(3-9) 

nraat  taniah :  henoe  either  •  or  3  mnat  be  a  poaitiTO  integer  greater  than  0 
and  leea  than  y(-»l-f 9).  When  the  condition  ia  aatiafted,  the  integral  ia 
a  poljnooiial  in  t*S  beginning  with  f "«,  and  .ending  with  f  or  f  *^f  aa  the 

• 
When  the  preceding  oondition  ia  not  aatiaAed,  the  integral  eeitaii^f 
infolvea  logarithma.    Aa  beibn^  in  accordance  with  f  36;  we  take 

aothat 
andnow 

Two  integrala  are  giren  bj 

W-,'  [afl..; 

w 

The  flnk  ia  ttMj  aeen  to  be  a  oonaUnt  molUple  of 

M  that  DO  new  intagial  ia  thoa  provided.  TIte  aeoond^  altar  radneUoa,  aad 
BaUbicir«l,ia 

(a-I)...(a-y)(g-l)...(g-y)j,.     .  .  ,^^ 

,l(,-l)l(-l)t-'      ^  ^^  *      *    .^ 
^V  (a-14a->)...(a-f)(»-H-g~f)--.a»-f)  ^., 
*'  al(«-j)...(l-») 


.,    »x.-.  8  (»-H-a-g)-.(a-f)(«-l+0-f)'«««»-f)^-.^ 

•l,-f(»-l+.-j)+f(«-l+fl-»)-i(«)-*(«»-f). 
The  intarab  are  thna  obtained  iD  an  the  eaaa^  whan  y  ia  aa  iBlagar. 
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Similar  tiwIoiMit  oan  b«  apiiliad  to  thm  inlegimU  of  Um  oqiuiliooi  wImo 
ym^fi  U  AD  Intogor,  potiiivv,  mto^  or  oegativ^  oontrarj  to  tbo  origiiui 
hjrpoUietis  m  to  the  ospuooDf*  for  ««1 ;  likewiaa^  wtiao  m^fi  is  an  intogor, 
potttivoi  loro^  or  nogative^  'oontrar/  to  tho  original  hjrpotbflaaa  aa  to  tbo 
axponenta  for  «««•    Thaae  inatanoea  ara  laft  aa  axarciaea. 


Nate.  There  ia  n  great  amount  of  literature  dealing  with  the 
hypergeometric  aeriea,  with  the  linear  equation  which  it  satiafiea, 
and  with  the  integrala  of  that  equation.  The  detailed  propertiea 
of  the  aeriea  and  all  the  associated  series  are  of  great  importance : 
but  as  they  are  developed,  they  soon  pass  beyond  the  range  of 
illustrating  the  general  theory  of  linear  differential  equations,  and 
become  the  special  properties  of  the  particular  function.  Accord- 
ingly, such  properties  will  not  here  be  discussed:  they  will  be 
found  in  Klein's  lectures  Ueber  die  hyptrgeonieiruche  Function 
(Q(ittingen,  1894),  where  many  references  to  original  authoritiea 
will  be  found. 


Equations  or  the  Second  Order  and  Fucusian  Type. 

51.  No  equations  of  the  Fuchsian  type,  other  than  those 
already  discussed,  are  made  completely  determinate  merely  by 
the  assignment  of  the  .singularities  and  their  exponents.  It  is 
expedient  to  consider  one  or  two  instances  of  equations,  which 
shall  indicate  how  far  they  contttiu  arbitrary  elements  after  singu- 
larities and  exponents  are  assigned. 

Suppose  that  an  equation  of  the  second  order  has  p  singulari- 
ties in  the  finite  part  of  the  plane  and  has  x  for  a  singularity ; 
the  sum  of  the  exponents  which  belong  to  these  p  4- 1  singularities 
is  (by  Ex.  2,  §  4G)  equal  to  p  —  I.  Now  let  a  homographic  substi- 
tution be  applied  to  the  independent  variable,  and  let  it  be  chosen 
so  that  all  the  points,  congruent  to  the  p  +  1  singularities,  lie  in 
the  finite  part  of  the  plane.  Thus  x  is  not  a  singularity  of  the 
transformed  equation:  there  are  p+  1,  say  n,  singularities  in  the 
finite  part  of  the  plane:  and  the  adopted  transformation' has  not 
affected  the  exponents,  which  accordingly  are  transferred  to  the 
respective  congruent  points.  Hence,  when  an  equation  of  the 
second  order  and  Fuchsian  type  has  n  singularities  in  the  finite 
part  of  the  plane  and  when  infinity  is  not  a  singularity,  the  sum 
of  the  exponents  belonging  to  the  n  points  is  equal  to  n  —  2.     For 
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such  an  equation  of  the  second  order,  let  the  aingalaritiet  and 
their  ezponenti  be 

Oil  Ofi  •••«  On, 
ttl ,  tttt  •••»  ••• 
Mtt  H9f  •••»  Hni 

then 

rmi 

Let 

then,  as  the  equation  is  of  the  second  order  and  as  all  its  integrals 
are  regular,  it  is  of  the  form 

where  F^  and  Ft  are  polynomials  in  s  of  orders  not  higher  than 
n*l  and  2ii  — 2  respectively.    Also,  let 


and  let 

F,-F,(t)  -  il''i^+ irj«-«  +  0"ii^+ .... 


and  therefore 
so  that 
Hence 


The  indioial  equation  fo^  the  point  #  »  Or  is 

«r  +  Pr  ■■  1  —  Art 
Ar^l-Or^fir. 

iilr-n-2(«r  +  /9r) 
-«. 

and  therefore  the  polynomial  Ft  is  of  the  form- 

F|  ■■  21*^  +  lower  powers  of  # . 

Again,  ao  is  to  be  an  ordinary  point  of  an  integral ;  heno^i  taking 
the  most  general  case,  we  must  have  an  integral 


K     K 

m         r 


■}• 


ISI  n)UATiQN«  or  pL '. 

when  if*  u  Dot  Mio  t  lor  otherwiM  we  ihoukl  bkf«  a  i|Makl  ' 
limiUtton  that  avary  integral  u  tero  at  iaflnity.    Sabetitating,  n 
aa  to  have  the  equation  idvatically  jaticfied,  mod  writing 

r-l 

(eu  that  i^  a  S),  we  find,  ••  the  Deoeaury  conditiom, 

0  -  («  -  «^ir,  +  JfM"  +  if.  {i»"  + 14"  i  J  . 

0  -  («  -  «»,  +  4")  if,  +  if .  (- f,  +  B- +  sa"  i  a,) 

+  if,  j-l-^S  £  V  +  8  S  0,0.)  +  2ir  S  a,  +  <rl 

awl  M  OB.    The  tint  givea 

J"-0; 
thau  the  aeniDd  givee 

both  of  tb«M  equation*  Ittaviug  A',  aod  K^  arbilraiy.  Tba  thnd 
eqnation  then  givce 

SA'.-«.if, -CJT,. 

and  M  oa,  in  succvMioo.  The  rvmaining  oodBcjenta  K  nra 
uniifurljr  doltfnninai« ;  they  ar»  haeM  in  K,  and  Kt,  tba  variooa 
civilk'itfnta  invoUing  the  Mn)^Unties  uul  th«ir  eipopmt^  aa  wcU 
a»  ihe  coefficienu  in  F,.  Tkf  tfuativm  tktr^itn  4u  a^mjgr 
«N  .>nJiiiary  futnf  </*(«  t Hf^ro/a, /tiv nrfnJ  F^  JM  i/ arJtt  »ti  kigkgr 
(JLiN  S«  -  4.  ' 

Thr  equation  Okn.  in  tlii>  oue,  be   e ipre  wed   in  a  difimat 
fiviu.     U>t 

vWtv  P,^  u  a  pi.'Jiiwiuul  t^  t)r<i«r  a  -  4.  fOf  oouM;,  if  In— 4 
M  Wm  tlfca  a  «kK-h  u-  tko  ota.'  «ben  a  >S.  iban  ia  an  mA 
fvxtikw.iMl  I  Aa  t^  ^N<-±v'i<-uu  ID  /*,  ai*  w)4  antjaek  In  tag 
tuMiMt  KiBJ:u.jut  IB  .v-cbvoiK-B  «itJh  th«  nUan  df  ««•  fm  tha 
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integrmli^  aoy  values  or  relaiioos  impoiied  upon  X,,  Xt,  •••,  X^  aad 
the  ooeflSdeDts  in  P,h-4  mvist  be  Msoeiatecl  with  the  eingakMritiee. 
The  equation  now  is 

The  indieial  equation  for  s  ■>  Or  is 

and  its  roots  must  heurt  firi  thus 
and  therefore  the  -equation  is 

\r-l       «-ar      /  tl  r-l       M^Cr      j 

It  follows  that  the  only  coeflScients  which  remain  arbitrary  are 
the  ft  —  3  coeflScients  in  the  poljmomtal  P,»^  (where  n  >  4X  When 
the  polynomial  P,»^  is  arbitrarily  taken,  the  foregoing  is  the 
most  general  fonn  of  equation  of  the  second  order  and  of  Fnohsian 
type,  which  has  n  assigned  singularities  in  the  finite  part  of  the 
plane  with  assigned  exponents,  and  has  ab  for  an  ordinary  point  of 
its  integrals.    This  is  the  form  adopted  by  Klein  ^ 

If  a  new  dependent  Tariable  y  be  introduced,  defined  by  the 
relation 

then  the  exponents  to  which  y  belongs  in  the  vicinity  of  Or  m^ 

the  diflTerence  of  which  is  the  same  im  tof  w;  bat  ^■■oo  will 
have  become  a  singularity,  unless 

Now 

and  therefcre 


! 
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Heno6»  iffMooitnoiiobeik  •iDguUrity»  the  quanliiiet  ^,  •••,  ^ 
cannol  all  be  ohoaea  to  that  each  of  the  magnitadee 

vaniahee,  Convenely,  if  the  quantities  pf  be  ohoaeo  ee  that  eadi 
of  these  magoitudee  vaDishes.  then  «  »  »  has  beoome  a  lingnlarity 
of  the  equation ;  having  regard  to  the  form  of  «9  for  laige  valuea 
of  M,  we  see  that  0  and  1  are  the  exponents  to  which  y  belongs  for 
large  values  of  m  ;  and  the  differential  equation  for  sf  is  easily  seen 
to  be 


where  P^-t  is  a  polynomial  of  order  a  —  3. 

This  equation,  however,  has  n  singularities  in  the  finite  pari 
of  the  plane,  and  a  specially  limited  singularity  at  s  ■■  oo :  wa 
proceed,  in  the  next  paragraph,  to  the  more  general  case. 

Ni4$.  '  The  indicial  equation  for  # « x  in  the  case  of  iba 
equation  for  w  is 


X^  +  D-^  2(l-a,-)8,)-0, 

r-l 

that  is, 

^(♦-l)-0. 

The  root  ^  «■  0  gives  an  integral  of  the  form 
and  the  root  ^  «■  1  gives  an  integral  of  the  form 

both  of  which  are  holumorphic  for  large  values  of  |j|,  so  thai  all 

1 

integrals  are  holomorphic  functions  of      lor  large  values  of  |«|. 

In  this  case,  oo  is  not  a  hingularity  of  the  integrals :  it  can  be 
regarded  as  an  apparent  singularity  of  the  differential  equaiion, 
and  (if  we  please)  we  may  consider  0  and  —  1  as  its  exponents. 

£x.    Shew  ibat  the  preceding  equutiou  can  be  sihibitsd  in  the  Idna 
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wImi«  the  II  ooDsUDta  ^i,  ..^  «^  m\iafy  the  three  reUtiotti 

and  oUmtwIm  are  arbitral/  in  the  most  general  case.  (Klein.) 

52.    Now  conaider  the  equation  of  the  eeoond  order  and  of 
Fnchsiaii  type»  which  has  n  aingiilaritiea  in  the  finite  part  of  the 
plane,  eaj  Oi,  Ot, ...» On,  with  exponenta  «i  and  A, ...» On  and  0n9 
reapectivelyt  and  for  which  oo  also  is  a  aingularitj  with  exponente  , 
a  and  fi :  the  exponents  being  subject  to  the  relation 

i  («r  +  ^r)-H-l-«-/9L 
r-I 

Let  ^  denote  (s-«ai)(s— afl)...(s— an):  then  the  equation  is  of  ' 
the  form 


where  0  is  a  poljrnomial  of  order  not  higher  thsn  In — t.  When 
0  is  divided  by  ^»  we  have  a  polynomial  of  order  »  —  S  and  a 
fractional  part:  and  so  we  may  write 

The  indicial  equation  for  f  «  Or  now  is 
so  thst 

Ar  ■■  1  —  «r  —  pr$ 

hoMing  for  r  a  1,  S, ....  n.    The  indkial  equation  for  «  •  «o  is 
SO  thai 

r-l 

the  former  being  satisfied  on  account  of  the  relation  between  the 
exponents.    The  equation  thus  is 

r.i      S-Or 
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the  ooeffietenU  A,,  Ai» ....  A»^  being  independeiil  of  the  «iigo* 
laritiee  and  their  biponenta 

When  %  new  dependent  variable  y  is  defined  bj  the  trane* 
formation 

then  the  exponente  of  y  for  a,  are  0  and  /9r — ^»  aay  0  and  Xr»  thia 
holding  for  rv  1,  2, ....  a:  and  iU  exponents  for  oo  are 

r-l  r-l 

■■a,  r  My:  where 

a  +  T^  i  Xr-fl-1. 

r-l 

The  function  y  is,  in  general  character,  similar  to  to :  it  haa  the 
same  aiugularities  as  w,  and  it  is  regular  in  the  vicinity  of  each  of 
them  but  with  altered  exponents:  and  it  thus  satisfies  an  equa- 
tion of  the  second  order  and  Fuchttian  type,  which  (after  the  earlier 
investigation)  is 

where  k^^^,  ....k^wre  independent  of  the  singukuities  and  their 
exponents*. 

This  transformation  of  an  equation 
to  an  equation 


where  iV-i»  ^m^»  ^n-u  0^^  are  polynomials  of  order  indicated 
by  their  subscript  index,  appears  to  have  been  given  first  by 
Fuchsf.  The  simplest  example  of  importance  occurs  for  A«t. 
when  the  hypergeometric  equation  is  once  more 


63.    It  is  well  known  that,  when  y  is  determined  by  the 
equation 

y'  +  Py  +  O-o. 


*  Tb«  •qoAdoo  for  y  C4n  U  obtained  by  tha  direct  tttbatitotioii  of  tlM  •xi 
for  If  in  tbo  •arlitr  diflervntiAl  equatiou  fur  w.    When  rednetion  takM  plsM^ 
ara  •  -  9  UiMAr  homogeneous  reUtions  between  the  eonetante  k  and  k. 

t  HetfUr,  KimUitumg  m  dis  TKiiNri4  dtr  liueartn  D{jrereniialgUi4lmm§em^  (UM), 
D   9114. 
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and  %  n&w  rariable  F  is  introduced  bj  the  rebilioii 
the  diflRBientud  eqaatioii  for  F  is 

where 

In  the  eaee  of  the  preceding  equation^  thei^lation  between 

y  and  Y  is 

F-{n(f.a.)l0-M)y, 

so  that  F  is  a  regular  integral  in  the  Ticinitj  of  all  the  singnlar- 
ities  and  of  oo ,  the  exponents  being 

t(l-M.    t(l  +  Xr),  forf-Or,  (f«l,  ...,iiX 

and 

^(-l-l-a-rX    i(-l-4r  +  T),  for  *-ao. 

From  the  form  of  P  and  Q,  it  is  easy  to  see  that 

/^  m  polynomial  of  order  In  —  S 

where  P»^  is  a  polynomial  of  order  n  —  S,  say 


In  order  that  1(1  —  Xf.X  4(1 +Xr)  may. be  the  exponents  of  Orfer 
the  equation 

F'-f/F-O, 

they  must  be  the  roots  of 

nenoe 

Ill  Older  thai  4 (— I  +  9^ — rX  i(— 1  -«^'4-r)ni«7be  theeiponenti 
of  ee  Ibr  the  eMiie  differentuU  eqaatioo,  they  most  be  the  roeti  of 

^(^•M)+C«0: 
nenoe 

cr-j{i-(#-Ty). 
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< 

The  rtmaiiung  eontUmta  1^,  l^  ...|  !»-«  are  expretsible  m  Ikmiio* 
gttiieous  linear  funciioiM  of  J:^,  t|» ...» J:»^»  to  thAt  they  are  inde- 
peudtiDt  of  the  singularitiea  and  the  exponents:  and  thus  the 
e4uation  ie 

r.l  f-ttr  J 

OoBOLtARY.  For  the  original  equation,  oo  was  a  aingularity 
of  the  intograb  with  ez|K>neuU  a  and  t.  If  it  were  only  an 
ap|>areut  angularity  of  tho  original  equation,  so  that  the  integrals 
are  regular  for  large  valiiea  of  |ij,  then  we  have  the  case  indicated 
in  the  Note,  §  51,  so  that  we  can  take 

a,  T  «  0,  -  1.  / 

The  luoditicii  equation  now  is 

For  this  diffen^utial  tH|uation  and  its  integrals,  the  exponents  to 
which  the  integrals  U'loug  in  tki*  vicinity  of  a,  are  ( (1  —  XrX 
1(1  -f  X,>;  but  X  is  now  a  singularity  of  the  integrals,  and  the 
exp^^euts  for  t  «*  «  are  0.  —  1.  to  that  i «  x  is  a  simple  aeiu  of 
one  of  the  linearly  inJe|)endent  integrals  of  the  modified  equatkm, 

dY 

The^e  fiMTUu  of  the  e%|uatioiu  trum  which  the  term  in  ^-   ia 

ake^^nt«  arv  the  NorM«il  /ttrwi*  u»«h1  by  Klein. 


1 


Ikccv  Ai«  tknv  •ai^uUnlica  lu  tite  aiuw  |4tft  «>f  t^  pUas  sad 
•u^^uUntM^  t^ouk  l«  iiuuW  to  ^Vi'ur  a1  0  aixI  I.  aai  c  cab  W  kit 


TWm  \h^  i^e^t^MatkAl  «qaAt)^>M  i« 
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wImi«  f  it  the  (sole)  9Mtnrf  oontUnii  foft  imdetflnnfaMd  by  the  inigned 
propiitfot.  The  inlegnl  of  this  equation,  which  ii  regular  in  Uio^rioiniiy  of 
f  bO  and  bdon^i  to  the  index  0,  it*denoted^  by 

If  a«l,  f  «1,  the  equation  degenerates  into  that  of  a  Gauie%  hypeigeometrie 
eeriea :  likewise  if  a«0;  q^(k 

JSx,  L    Verity  thati  when  a«^t  the  group  of  subetitutione 

interichangee  among  themselves  the  four  points  0;  (^  1«  cd . 

Prove  that,  when  a«  -1  and  when  a»2,  there  is  in  each  ease  a  corre* 
spending  group  of  eight  substitutions  interchsnging  the  points  0^  1,  a,  « 
among  themselves:  and  that,  when  a«)(l4-tV3)  and  when  a«)(l->tV3X 
there  is  in  eadi  ease  a  corresponding  group  of  twelve  substitutions.  Construct 
these  groups.  (Heun.) 

Ete,  i.  Prove  that  there  are  eight  integrals  of  Heun's  equation  of  the 
tank 

i'(f-l)^(f-a)^/'(a,g;  e',r',  V»  V;  'X 

which  are  regular  in  the  vicinity  of  the  origin  and  have  the  same  exponents 
as  F(a^  ^ ;  #,  r,  X^,  X| ;  t).  Hence  construct  a  eet  of  64  integrals  for  the 
equation  when  a^^,  which  correspond  to  Kummer's  set  of  t4  integrals  for 
the  hypef  geometric  sense* 

Indicate  the  corresponding  results  when 

Bx.  3l  a  homogeneous  linear  differential  equation  of  ordem  is  to  have  n 
singularities  Oj,  Oj,  ••.,  c^i  in  the  finite  part  of  the  plane  and  also  to  have 
CD  for  a  singularity :  the  integrals  are  to  be  regular  in  the  vidnity  of  eadi  of 
the  singularities,  and  the  exponents  of  Or  are  to  be  0^  I,  •••,  A-t,  «r  (for 
r«*l9  ..^  iiX  ^^1*  ^  exponents  of  co  are  to  be  0^  1,  ...i «- 1,  e,  so  that 

•+£«r-(a-l)«. 

rmi 

Shew  that  the  diflhrential  equation  is 

what*  t)r(>)«(*-«i)(<-a,)..^<-«aX  ttM  coetBdcnt  S,{$)  to  a  polToanial  in  * 
of  order  not  giMt»  than  *,  (for  •- 1,  ..^  n),  and 

(Podihammer.) 

•  Hen,  JfslA.  Jm.,  t.  xsxin  (1869),  p^  161—171,  who  has  dsvslopsd  seme  el 
lbs  propvHss  ef  Ihsss  eteatfens,  and  has  apyttsd  Ibea,  in  aaothsr  msmeir  (is., 
pp.  166-196),  Is  LamTs  itosllons. 


160 
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Equatiovs  in  Matuuutioal  Phtsigb  and  EQUATiom  or 

FucusiAV  Ttpc 

64.  These  equations  of  FuchBian  type  include  nuuny  of  the 
differential  equations  of  the  second  order  that  occur  in  mathe* 
matical  physics;  sometimes  such  an  equation  is  explicitly  of 
Fuclisian  type,  sometimes  it  is  a  limiting  form  of  an  equation  of 
Fuchsian  type. 

One  such  example  has  already  been«  indicated,  in  Legendre*s 
differential  equation  (Ex.  1,  §  46).  Another  rises  from  a  transform- 
atiou  of  Lamp's  differential  equation  which  (§  148)  is  of  the  form 

where  A  and  B  are  con.staiits*.     Writing 

so  that  j;  is  a  new  independent  variable,  we  have 

Ax-^B 


I9ibO. 


dx'     \x  — #1     «  — #,     x^ejax        (*  — #i)(*"*t)(«  — ••) 

The  singularities  of  this  equation  are  «,,  s,,  «„  « ;  the  exponents 
to  which  the  integrals  belong  in  the  vicinity  of  «|,  e,,  e,  are  0  and  (^ 
in  each  case ;  the  exponents,  to  which  they  belong  for  large  values 
of  X,  are  the  roots  of  the  equation 

The  new  equation  is  of  Fuchsian  type :  and,  in  this  form,  it  is 
frequently  called  Lamfs  equation. 

An  equation,  similar  to  Lam<S's  equation,  but  having  n  sin^« 
larities  in  the  6nite  part  of  the  plane,  each  of  them  with  0  and  ( 
as  their  exponents,  as  well  as  j  »  ao  with  exponents  a  and  ff,  such 
that  (§  52) 

is  sometimes  called  Lamf4  generalised  equation.  By  §  52,  it  is  of 
the  form 


W-0, 


n(j-a,) 

*  This  U  Um  g«n«ral  form;  th«  vslut  -«(«•«- 1)  U  aMigned  (<.e.)  lo  J,  ia 
arte  to  hsvs  thoM  omm  of  Um  gtii<inl  form  whioh  poMtat  s  unilomi  inUgrsL 
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where  0»^  is  a  polTnomial  of  order  ii  —  8»  the  highest  term  in 
which  is  d^f**^. 

55.  The  equation  of  Fuchsian  type  which,  neit  after  the 
equation  determined  bj  Riemann's  P-ftmctiony  appears  to  be  of 
most  interest  is  that  for  which  there  are  fire  singularities  in  the 
finite  part  of  the  plane,  while  s «  oo  is  an  ordinary  point  The 
interest  is  caused  by  a  theorem^,  due  to  Bdcher,  to  the  effect  that 
when  th$fiv9  poimU  are  mad$  to  coale9C$  in  atl  pouibU  way$,  sodk 
limiting  form  of  the  ejuaiion  cantoins,  or  i$  ^itaUni  to,  OM  o/th$ 
linear  ejuaiume  of  maikemaHcal  phy$ie$. 

Let  the  points  be  Oi,  Oti  On  d«t  Oit  ^tb  indices  Cr  Mid  0^  fbr 
r«l,  8.  3,  4,  5;  then 

r-l 

and  the  equation  (p.  153)  is 

e-t       '-Of  ^l  r-l      »-«r     J 

where  ^«  11  (f-OrX  <uidPi  is  a  linear  polynomial  il#-f- A  The 

r-l 

substantially  distinct  .modes  of  coalescence  are  :— 

(i),  04  and  Of  into  one  point ; 

(ii),  Ot  and  a^  into  one  point,  ci«  and  a,  into  another ; 

(iii),  Of,  04,  Of  into  one  point ; 

(iv),  a,  and  at  into  one  point,  Ot,  04,  Ot  into  another ; 

(▼X  Ofl*  Ofl,  04,  a^  into  one  point ; 

(▼i),  all  fiTc  into  one  point ; 

and  the  various  cases  will  be  considered  in  turn. 

Ca$€  (iX  Let  the  indices  for  Oi,  Oa,  Hi  be  made  0,  ^  for  each 
point ;  then,  as  ^'  {a^  •*  0,  ^'(Ot)  «  0  in  the  present  case,  and 

« 

l-«4-A  +  i-«f-A-i. 

*  U«bv  ait  B«lbtBtolwlok«l«iigMi  4v  PoltBlislthMtH  OStl.  fftrffiilt  tlrHi^ 
•eMA.(lWl)t  »-44f  sii^aMpsrsl«book«id«llw«flMllflt»^  198.  BMsks 
EMtt,  V9H§im§tm  §k$f  Umun  D{fittnHml0UUkm$m  im  wm^Um  Owl— wf,  (ltN)t 
MO. 

F.  nr.  U 


les 

the  eqaatioa  k 
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Write 


n^  +  W  i  -*— +>-^— vT S w =»»-0i 


*-«•--.    (o,-a,)ii.-l,  .fi>rr-l,t.8; 

• 


the  equation  becomes 


CxVD 


-z^^^ 


in  effect,  the  preceding  ttngenerali«ed-  Lamp's  equation. 
Cttjtf  (ii).    The  equation  becomes 

-♦"/ w    "^^z ;i!-Pi+-^(t»i-a,)«(a.-aJpl-a, 

after  coaleacence  of  the  poiuu,  where 

and  therefore  « 

«i  +  /9.  +  «'  +  /8'  +  «"-*-/9"-l. 

Writing  0"(i  — ai)(t  —  a-iX' -a^),  we  have   the  ooeflBcient  of 


w  . 


0 


in  the  form 


«i)9.^(a.) 


Oi 


where  Q„  like  P,,  ia  an  arbitrary  linear  polynomial  Thus  Q^ 
contains  two  arbitrary  coeHicieuts ;  these  can  be  determined  aa 
that 

P :    «?!^'^«j>  .  «''^'^K). 

i 

and  then  the  ei|uation  becomes 


i9(/-gi  J  — g,  J  — (B^    J 
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les 


Owing  to  the  fenn  of  9  and  the  relmtion  S  (c-f*/9)«  1,  thk  it  the 
equation  of  RiemaoD's  P-ftmctton  (§  40). 

Whenwewrite    Oi^bI;  Of-*— 1;  ci««oo; 

C,/8t-0,0;  fl^./r-aO;  «'',ir--fi,  n  +  l; 

the  equation  beoomee 

that  is, 

whioh  18  Legendre's  equation. 

Com  (iiiX    LetOt^A-O,  };  e^,/9;i»0,  |;  so  that 

After  the  eoalesoence  of  the  points,  the  equation  is 

•+«^(-^+--i-4--^U; V .   ^'  ,. ^ts-0. 

\*-a,     s-a,    f-o,/     («-*ai)(t-aO(t-ai)P 

where  Pi  is  a  linear  polynomial,  say  (il  (s — Oa)  +  B)  (a, — ii|)(d| — OaX 
Now  let 

1 


after  some  easy  redaction,  the  equation  becomes 

1  1 


^^ls   .  rfw 


k4- 


0,-0, 


«  + 


«•-«! 


il4-Ar 


T 


LetoiiBOO^ai— Oi**  — 1;  the  equation  is 


ts«0. 


Writing  tfasiti*!,  we  have 


^^iw{A^Bm^t)mO, 


11—1 


ihMM 


16i 


UMrrura  woaau  or  am 


[U. 


whioh  is  known*  as  the  equntion  of  tbe  •lliptie  cjUadir.    Thin 
•quntion  will  be  diacuaud  herenfter  {%  188 — 140X 

Im(  CM6, 

l-«,-A-t-l-«i-/9«-(-l-«,->/9.-l. 
After  oonleecence  of  the  poinU,  the  equation  ia 


Let 


t-a,mi,    P,-{a(«-a,)  +  /9)(o,-a,>».    «(a,-a,)-l; 
then  tbe  equation  becomes 


or.  taking 
we  bave 


dNa  .  1  dw  .      /4a'  ^  ,a\     n 


wbiob  includoe  Bossol's  equation,  tKimetimea  called  the  equatioii  of 
tbe  circular  cylinder. 

Case  (v).     Let  a^,  A  *  ^.  i  ;  then 
and  tbe  equation,  after  coalescence  of  the  points,  becomes 


Let 


1 


i-o,--,    P,  -  (a  (*  -  a,)  + /9j  (a,  -  a,X    »(a,-a,)-l; 
then  the  equation  in 

*  Heine,  Kuge^fumetiotun.  t.  i,  f.  404. 
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Writbg 

the  eqoatioii  beootnea 


•-»-y*, 


fw 


which  b  the  eqnatioD*  of  the  paiftbolie  qrUoder. 
Cam  (viX    The  equation  ie 


when  we  take 


4v 


the  equation  becomes 


2]j  +  w(«  +  /ftt)-a 


This  oorresponda  to  no  particular  equation  in  mathematical 
phymce :  it  will  be  recognised  as  a  tctj  special  instance  of  eqna* 
tions  most  simply  integrated  by  definite  integralsf. 

JSx,    Diacnn,  in  a  dmiUr  manner,  the  limiting  forme  wbieh  ere  obtained 
when  the  eingnkritiee  of 

(i)    the  e(|uation  detennined  fay  Riemann*e  P-fVmction, 

(ii)    Lam^e  e(|iiation,  expreewd  ee  an  equation  of  Fbdisian  type^ 

ere  mede  to  ooeleeoe  in  the  Terione  ways  that  are  poedUa 


Equations  with  Inteqiuls  that  are  Poltkomials. 

66.  There  is  one  simple  class  of  integrals  which  obey  the 
condition  of  being  cTerywhere  regular,  so  that  their  differential 
equations  are  of  the  Fnchsian  type ;  it  is  the  class  constituted  by 
fimctioDs  which  are  algebraic.  We  shall,  however,  resenre  the 
discussion  of  linear  differential  equations  having  algebraic  into* 
grals  until  the  neit  chapter ;  and  we  proceed  to  a  brief  disouasioB 
of  a  more'  limited  question. 


*  Wek«r,  Jfafi.  Arnu^  1 1;  p.  SS. 

f  Bee  Oh,  fit  el  sy  IVtliii  m  t)^fmmMi 
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We  h4?6  seen  that  an  equaiioa  of  the  seoond  oidar  and  of 
Fuchaaan  type  ean  be  transformed  to 

Its  integrala  are  regular  in  the  vicinity  of  each  of  n  eingularitiea 
and  of  infinity ;  the  question  arineii  whether  the  ooefficienta  in  the 
polynomials  0»^  and  0»^  can  be  chosen  so  that  one  integral  of 
the  equation  at  least  shall  be,  not  merely  free  from  logarithma 
or  even  algebraic,  but  actually  a  polynomial  in  J.  This  question 
has  been  answered  by  Heine*;  the  result  is  that  0»^  can  be 
taken  arbitrarily,  and  On^  has  then  a  limited  number  of  determ* 
iuations. 

If  the  above  equation,  in  which 

^  -  (/  -  tt,)  (j  -  u,)  ...(*-  tt,), 

0,1-,  -  Cgi»-*  -»-  o,f»-»  -*-...-♦•  c.-^  +c„ 
On-,  -^Iv*"*  +  A-it*^  +  . . .  +  *•-.*  4-  *»-., 
is  satisfied  by  a  polyuomial  of  order  m,  say  by 

then 

so  that  there  are  tii  -f  ra  —  1  relations  among  constantSL  The  fMm 
of  these  relations  shi^ws  that  gi,gt9  •••!  9m  are  multiples  of  f,:  to 
express  thoj«e  multiples,  tn  t»f  the  relations  are  required,  and  when 
the  values  obtained  are  substituted  in  the  remainder,  we  have 
n  —  1  relatiouH  left,  involving  the  constants  c  and  k.  Assuming 
the  points  a,,  a«,  ...,  u^  arbitrarily  taken,  and  the  ooefficienta 
Ct»  C||  ...,  Cm^  arbitrarily  asisigned,  we  shall  have  these  n  — 1  rela- 
tions independent  of  one  another,  and  therefore  suflicient  Cmt  the 
determination  of  fhe  m  *  1  constants  4:«,  i'l,  ...,  &»_,. 

The  first  of  these  relations  is 

m  (iM  —  1)  -h  c^m  +  k.  m  0, 
so  that  k^  is  uniquely  determinate.     Denoting  by 

1*1 «  *i»  •  • . »  *r  Jr 

the  generic  expression  of  a  function  of  k^,  lr„  ....  iv,  which  is 
polynomial  in  those  quantities,  and  the  terms  of  highest  weight  in 

*  UtiiM,  Km^f^uiutioium,  t.  I,  f.  47S. 
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are  of  weight  r,  when  weights  1,  8»  *..» »  —  S  we  aemgned 
to  kif  k^f^.^t  kn-%9  we  have,  fixmi  the  m  relaUons  next  after  the 
fint» 

fi>r  r a  1,  S, ....  ffu  When  these  are  substituted  in  the  remaining 
fi  —  8  relations,  we  have 

for  •«!•  t,  •••,  n  — t.  These  determine  the  fi  — S  constants 
^it  J^f  •••»  K^l  the  number  of  determinations  may  be  obtained 
as  followa    Writing 

the  equations  become  a  ->  S  equations  to  determine  a  -  8  quantities 
^1  ^1  ••• » «»-«•    In  these  quantities,  the  equations  are  of  degrees 

m-f-1,  m+3,  ...fm-f  fi  — 8, 
respectiTcly ;  and  therefore  the  number  of  sets  of  Talues  for 

*|»  *1»  •••»  *•-!  W 

(m  -f- 1)  (m  -f-  8) . ..  (m  -»-  fi  -  SX 

But  the  same  Talue  of  A:^  is  given  by  two  Talues  of  m^p  inde- 
pendently  of  the  other  constants  k;  so  that  the  sets  of  Talues 
of  Ci,  «!,.••»  «»-•  must  range  themseWes  in  twos  on  .this  account. 
Similarly,  the  same  value  of  ib^  is  given  by  three  values  of  «bf 
independently  of  the  other  constants  k ;  hence  the  anmnged  sets 
of  values  must  further  range  themselves  in  thrses,  on  account  of 
k^.  And  so  on,  up  to  lr»^.  Hence,  finally,  the  number  of  sets  of 
values  of  1^,  ...i  iTn-f  is 


(m  -t- 1)  (m-l'  8) ...  (m  -t-  n  -  8) 

Z  •  o  ...  fl  "*  3 

(m -t-n  -  2) I 
■  ml(fi-8)l' 

which  therefore  is  the  number  of  different  quantities  Om^  per- 
mitting the  equation 

to  possess^  a  polynomial  integral  of  degree  m. 

•  Is  soaamtoa  wHk  Umm  •qssHoaa.  a  BMSMlf  If  EmAm%.Jmm.4§rimU 
M^MMfst,  t  am  (ISSQ),  if.  SST— WK  tMJ  it 


IM  fOLTNOICUL  IMTKUUIil 

This  result  is  of  tmportaooei  as  being  lelated  iotlMMM  speqisl 
Idniis  of  LsmA's  diflereotial  equatioo  which  posMSs  an  inl^gial 
ezpreasible  as  a  polynomial  in  an  appropriate  variable.  This 
polynomial  can  be  taken  as  one  of  the  regular  integrals  belonging 
to  each  of  the  singularities ;  the  other  regular  integral  bekmging 
to  any  singularity  is,  .in  general,  a  transcendental  fiinctioa  and,  in 
general,  it  involves  a  logarithm  in  its  expression. 

JEr.  1.  Shew  that  s  lioear  equation  6i  the  third  order,  having  sU  its 
integrsle  regular,  can,  by  appropriate  tranaformatioo  of  its  dependent  vaiiabls^ 
be  ohanged  to  the  form 

where 

^-(f-a,)(«-<4)...(f-aj, 

Oil  Of,  ...I  a»  being  all  the  aingularitiee  in  the  Suite  part  of  the  J-plane^  sad 
where  P,  Q,  /t  are  polynomial  fiinctiona  in  «  of  degreee  a- 1,  Sa-8|  Si»->S 
reepectively. 

Shew  that,  if  P  and  Q  be  arbitrarily  choeen,  H  can  be  determined  ao  that 
one  integral  of  the  equation  ie  a  polynomial  in  t ;  and  prove  that  the  mimbsr 
of  distinct  values  of  i{  is 

(iiH>2a->S)! 
Nil(2a-S)!* 

where  m  is  the  degree  of  the  polynomial  integral 
Es.  t.    Determine  the  conditions  to  be  satisfied  if 

has  two  distinct  polynomials  as  integrals,  so  that  evevy  integral  is  a  poly- 
nomial 

JPx  a.    Determine  how  Ikr  the  constants  in  the  equation 
may  be  assumed  arbitrarily  if  the  equation  is  to  possess  two  polyaoousl 
£m,  4.    Prove  that  the  equation 

where  n  is  an  integer,  /  (j:) «  j:*h- ox*  "|>&r"|>c^  and  a,  6, «  are  oonatanta,  admits 
of  two  intsgrals  whose  produot  i^  a  polynomial  in  a 

£jc.  6.  Shew  that  the  only  oasM,  in  which  the  differential  equation  of  the 
hypergeometric 


-/ 


•-*i1^+{y-(«+fl+»)*»^-*«y-o 
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two  iotcgrds  whoM  produot  is  a  po^jmomlal  in  #  ol  degree  n,  are  m 
foQows.  If  II  is  en  eren  integer,  then  sitber  «M-^fi$  or  /l»<-^ii;  or 
•4/9-  -Ml  snd  y-i,  or  - ^,  or  - 1,  ..^  or  -n-f  i.  If  «  is  sn  odd  integer, 
then  either  ••-.^M  sod  y-J,  or  -|^  or  -|,  ..^  or  -^n-^lyor  ftor /f-l, 
..^  or /9-^(fi-l);  or /l-->^fi  sod  y-J,  or  -J,  or  -|,  ...,  or  -I11-M9 
or  s.  or  •-!,...,  or s-JCu-l);  or  «-fr-/l«-fs  sod  r^ii^r  -J, or  -!,..•, 
or  -fi4-|.  (Msrkoft) 

J!c.  6L    Shew  thst|  if  the  equsre  root  ols  po^jmomisl  of  degree  m  osn  bs 
sn  integrsl  of  the  equation 


s*iC-^)i 


2 


••1 


jf-Ok 


where  the  exponents  X  and  1$  are  enVioot  to  the  usual  reUtlon,  one  of  ths 
exponents  X«,  m,  eaj  X«,  must  be  half  of  a  non-negative  integer,  this  holding 
hr  eadi  ralue  of  $ ;  also  ^m-2X«  must  be  a  non-negative  integer ;  and  one 
txponent  of  the  singularitj  at  infinitj  must  be  equal  to  -  |ffi. 

If  theee  oonditions  are  satisfied,  how  msnj  suoh  equations  exist  f 

(TsnVleok.) 

Kx,  7.    If  the  differential  equation 


where  ^(jr)  is  a  polynomial,  the  oonstants  a  are  real  and  positive,  sod  the 
oonstants  •  sre  reel  end  distinct  from  one  snother,  be  satisfied  bj  a  polj* 
nomial  ^  (x\  then  all  the  roots  of  ^  (jr)  are  real,  and  no  root  is  less  than  the 
lesst  or  greater  than  the  grnateet  of  the  quantitiee  #•         (Stieltjee ;  BMier.) 


Equations  with  Rational  Intborals. 

57.  The  investigation  in  §  56  suggests  another  question: 
what  are  those  linear  equations,  all  the  integrals  of  which  are 
rational  meromorphio  functions  of  s  ? 

Let  a,,  •••,  Om  be  the  singularities  in  the  finite  pari  of  the 
plane ;  let  Sir,  «v>i ...,  Cur  be  the  roots  of  the  indieial  equation  for 
Ort  and  let  fiu  ••••  ^n  be  the  roots  of  the  indicial  equation  (or 
s»  ao .  If  erery  mtegnd  is  to  be  a  fmtional  function  of  #,  all  the 
roots  C|r,  Sir,  •••!  •nr  Biust  bo  integers;  as  no  integral  is  to  involTe 
a  logarithm,  no  two  of  them  may  be  equal.    Let  the  arrangement 
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of  ibeae  ruoU  be  in  deoreating  order  of  the  int^genw  Tlio  inlegml 
belonging  to  the  index  ay,  involves  no  lognrithms;  in  order  Ibnl 
the  intcgraU  belonging  to  the  indices  o^,  iw»  •••»  ^  respectively 
uiay  involve  no  logarithms, 

1  +  2+.. .  +  (11-1), 

that  is,  4ii(ii  — IX  conditions  in  all   must   be  satisfied,  these 

conditions  being  as  set  out  in  {  41.    Corresponding  conditions 

hold  for  each  of  the  siugularitiea,  and  also  for  i «  « ;  so  that  there 

are 

4w(ii-l)(m  +  l) 

conditiobs  of  relation  among  the  constants  of  the  equation,  in 
addition  to  the  necessity  that  the  indicial  equation  of  each  aingu* 
larity  shall  have  unequal  integers  for  its  roots. 

These  conditions  are  certainly  necessary ;  they  are  also  auffi* 
cient  to  secure  that  any  integral  of  the  equation  is  a  rational 
function  of  i.  For  considering  the  vicinity  of  Or,  each  integral  in 
that  vicinity  is  pf  the  form 

where  anr  i^  the  least  of  the  roots  of  the  indicial  equation,  and 

PmU  --<^r)  i»  holomorphic  in  the  vicinity  of  Or,  for  m*  1 «; 

when  m  —  ii,  P{t^a,)  doi«  not  vanish,  and  for  all  other  values 
of  m  it  docs  vanish.  If  then  a^  be  zero  or  positive,  the  point 
J  «  ttr  is  an  ordinary  point  for  every  integral  in  the  vicinity  of  a, ; 
if  a^r  be  negative,  then  Ur  is  a  pole  of  some  integral,  and  it  may  be 
a  pole  of  several  or  of  all. 

As  this  holds  in  the  vicinity  of  each  of  the  singularities  and  of 
J  ■■  X ,  it  follows  that,  in  the  vicinity  of  every  singularity  of  the 
equation,  including  «  »  x  ,  every  integral  is  uniform  and  has  that 
singularity  either  for  an  ordinary  point  or  a  pole ;  moreover,  every 
integral  is  synectic  in  the  vicinity  of  every  other  point:  hence ^ 
the  integral  is  a  rational  function,  which  is  a  polynomial  if  oo  be 
the  only  pole.     Thus  the  conditions  are  necessary  and  sufficient. 

It  has  been  seen  that  the  indicial  equation  lor  each  singularity 
of  the  differential  ei|uation  must  have  unetiual  integers  for  its 
roots.  When  these  are  assigned  arbitrarily,  subject  to  the  one 
relation  (Ex.  2,§  4ti)  which  they  are  bound  to  satisfy,  they  amount 

•  r.  F.,  I  4S. 
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to(m  +  l)ii  — 1  conditions;  so  that  the  total  nnmber of  neecwaiy 

oonditions  is 

in(ii-l)(m  +  l)  +  (m-H)n-l 

-in(ii  +  l)(m  +  l)-l. 

If  sooh  equations  are  being  oonstnioted,  they  are  necessarily  of 
the  form 

d?"'"t  ai^"^  ••^t^j^  '^^ 


where  ^i>(« — Oi) ... («  -OmX  ^id  OriM9k  polynomial  of  ofder  not 
greater  than  r(m~  1),  for  r  i>  1, ...» a  Hence  the  tdal  nnmber 
of  disposable  constants  is 

HI,  from  the  positions  of  the  singularitieSy  * 

n 

+  S  (r  (m  — 1)-|- 1),  from  the  constant  coefficients  in  0%,  •••»  ^m 

that  is, 

in  (n  +  l)(m  - 1)  +  n  -»-  m 

constants  in  all;  and  therefore,  in  order  that  the  equations  may 
exist,  we  most  have 

ifi(a-»-l)(m--l)-|-fi  +  m>in(n-|-l)(m-|-l)--l, 

so  that 

m>n«-l. 

In  obtaining  this  result,  an  arbitrary  Assignment  of  unequal 
integers  as  roots  of  the  indicial  equations  has  been  made :  and 
it  has  been  assumed  that  these  conditions  are  independent  of  the 
necessary  conditions  attaching  to  the  coefficients,  in  ofder  that 
the  int^prals  of  the  equation  may  be  free  frtmi  logarithms.  It 
may,  however,  happen  that  a  particular  assignment  does  not  leave 
all  these  oonditions  independent  of  one  another,  so  that  we  might 
have 

/  ia(n-|-l)(k-l)-l-ii  +  iii-ia(a^l)(iii  +  l)-l--X, 

and  therefore 

m  — *•  — 1  — X, 

and  still  have  the  equation  determinate.  An  instance  is  flimished 
by  the  equation 
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which,  although  it  hM  ooly  one  nngularii/  in  the  finiU  {Mit  of 
tho  piano,  m  thai  iii«  1,  ii  -^  2,  has  an  iniegiml  Aafl-^BM.  For  tho 
mott  general  case,  however,  wo  have 

iii>a*-l. 

JBr.  I.  lovMligato  aU  the  om^  in  which  tho  diflhrMiUAl  equation  off  the 
hjperyauinetrio  oeriei  hat  everj  intognU  e  mtionel  lUnciiou  off  the  hKlepond* 
ent  veriabla 

Ejp,  i.  When  the  eqiution  i«  uff  tho  •econd  order,  end  ell  the  anignmente 
off  Integer  roote  era  q^ite  general,  the  wualleet  value  off  m  ie  Sl  Let  the 
aingiilaritiee  be  a|,  ...,  a^,  with  ei|Kin6iiU  0|,  $%»  •%•  fit*  —  •  *hi»  ^i  ^""^ 
let  the  eiponeuta  for  f  aioo  be  a,  /i  Chooeiug  in  each  oaee  the  amaller  off  the 
two  indioee  a,  and  /lr»  let  it  be  a,,  for  r ■>  1,  ...,  m ;  then  writing 

m  '  m 

r-l  r-l 

we  have  ({  68) 

m 
r-l 

which  la  the  neceanary  relation  among  the  eipouenta.    Writing 

•^-(«-a,)-(«-a,)^..(*-aJ••y, 
ao  that  jf  ahio  la  a  rational  function  of  i,  our  equation  in  jf  beoomee 


^J 


^     ^        r-l '-Or  fW 


and  here  the  integen  X|,  X|, ...,  X^  are,  each  of  them,  equal  to  gr 
unit/. 

Subatituting,  in  the  vicinitj  of  a,,  the  ei|>re(iaii>u 

we  have 
provided 

and  the  eummatiou  for  «  ia  for  ««l, ...,  m  except  «»fi.    Aa  X,  k  a  pajtire 
JaUgmr,  aad  Ihua  ia  the  greater  root  of  the  OMdifiel  indiciAi  equation,  than  k 
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one  ngobr  intogrd  bdoogbg  to  tlM  MfMrnent  Xr»  wbkb  b  a  ooiMlMil  B^^ 
oT 

■B  r,  14/9  wbwe  y^me^-^e^f  when  im\^. 
When  we  write 

and  lolTe  the  eqiiAtioni  for  e| ,  0^, ...,  we  find 

We  know  (§  41)  that  there  is  a  single  oonditien  to  be  satisfied  in  order  thai 
the  integral  belonging  to  the  exponent  0  may  be  free  from  togarithme ;  aa 
/(tf-l-ii)  ranishes  to  the  flnt  order  for  ^—O  when  a»Xr»  the  oooditioo  is 

There  is  a  oorresponding  condition  for  each  of  the  singularities  and  for  «■■«  | 
so  thst  we  hare  m-f-l  conditions,  which  inrolTe  the  arbitrsry  constants 
^•»  •••!  ^M-tt  '^  ^^  positions  of  the  singularities,  as  well  aa  Uie  assigned 
integers  Xp  ...,  Xm,  r,  r.  Keeping  the  latter  arbitraij,  we  see  that  there 
must  be  at.leest  three  singularities  in  the  finite  pari  of  the  plane:  when 
there  sre  unlj  thres^  we  obtain  a  limited  number  of  determinatioos  of  the 
equation ;  if  there  are  8-1-/^  then  p  elements  are  Ml  arbitruj  amoof  aa 
otherwise  limited  numbsr  of  determinations  of  the  equation*. 

As  the  equation  is  of  the  second  order,  it  is  possible  to  proceed  otbsrwiesi 
Assuming  that  the  integral  F  whieh  belongs  to  the  eipopsiit  X^oi  tlw 
singularitj  c^  is  known,  and  denoting  bj  Z  the  integral  which  bsloogi  to  tlw 
exponent  0  of  the  same  singularitj,  we  haTo 


so  that 


and  therefore 


When  the  right-hand  nide  is  expanded  in  powers  of  f-Ort  the  first  term 
in1rol▼es(««-ar^^*^tbatis,theindexisnegatif•.    If  X  is  to  be  frse  from 

logarithms,  the  term  in in  this  expansion  must  bare  its  coefiicieot  eqad 

to  isro    a  condition  which  must  be  the  equivalcDt  off 

*  Ths  KypstgeoBMliie  ease  intfeated  in  the  pieeeiHag  example  ii  gi?en  by 
whieh  wtt  be  fond  te  niiitr  «be  eottdmoae  for  e^, ...,  iii  gl?en  la  Ike  leit 
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LiNBAft  BQUATIONH  OF  THB  SlOOND  AND  THE  THIED  ORDBBS 
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68.  Tub  genoral  form  of  equation,  having  all  its  integrab 
regular  in  the  vioinity  of  each  of  the  aingularitiee  (including  oo  \ 
haa  been  obtained ;  in  the  vicinity  of  a  nugularity  a,  each  such 
integral  ia  of  the  form 

(t-a)^[^-l-^log(f-a)  +  ^llog(i-o)l^^....-f^.llog(i-o)l-l 

where  each  of  the  functions  ^,  ^i,  ••••  ^«  i>  holomorphio  at  and 
near  a.  In  general,  each  of  the  functions  ^  is  a  transcendental 
function  in  the  domain  of  a:  they  are  polynomials  only  when 
special  relations  among  the  coefficients  are  satisfied. 

When  attention  is  paid  to  the  aggregate  of  the  integrals  so 
obtained,  it  is  to  be  noted  that  the  brunches  of  a  function  defined 
by  means  of  an  algebraic  ei(uation  belong  to  this  class.  If 
algebraic  functions  ai*e  to  be  integrals  of  the  differential  equation, 
they  conNtitute'  a  spt^ial  claiM ;  npt^cial  relations  among  coefiioients 
of  the  differential  equation  must  thou  be  satisfied,  and,  it  may  be, 
siK'cial  restrictions  mu9<t  be  impo8iHl  upon  its  fonn.  Accordingly, 
we  prooiHHl  to  ixinsider  those  linear  equations  whose  integrals  are 
algebraic  functions,  thai  is,  functions  of  t  defined  by  an  algebraic 
eciuation  between  w  and  #.  It  has  alreaidy  been  proved  (§  17) 
that  each  r%>ot  of  such  an  algebraic  equation  of  any  degree  in  w 
satisfies  a  honuigeneous  linear  differential  equation,  the  coefficients 
of  which  aiv  rational  functions  of  s.  If  the  algebraic  equation 
were  it'soluble  into  a  number  of  other  algebraic  equations,  necea- 
sarily  of  lower  degree,  each  such  component  equation  would  lead 
to  itH  own  diffoivntial  equation  of  correspondingly  lower  oiUer; 
acct)idingly»  we  shall  assume  that  the  algebraic  equation  is  irre* 
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Bolable  and  proceed  to  consider  linear  differential  equations  whose 
integrals  are  the  roots  of  an  algebraic  equation.  In  the  most 
general  case,  the  degree  of  the  algebraic  equation  is  equal  to  the 
order  of  the  differential  equaticm :  in  particular  cases  (§17,  Note  1) 
it  can  be  greater  than  the  order :  and  as  we  seek  algebraic  inte- 
grals, it  may  be  expected  that  these  particular  cases  will  occur. 

The  investigation  can  be  connected  with  an  equivalent  problem 
that  arises  in  a  different  range  of  ideas.    It  has  been  proved  thai» 

given  a  fundamental  system  Wi^  w^ Wm  of  integrals  of  a  linear 

equation  of  order  m,  the  effect  upon  the  system,  caused  by  the 
description  of  a  closed  path  enclosing  one  or  more  of  the  singu- 
larities, is  to  replace  the  system  by  another  of  the  form 


say 

(W/,  ....  Wm')  -  5  (W|i  •-.  Win). 

where  8  denotes  a  linear  substitution.  By  making  the  inde- 
pendent variable  describe  an  unlimited  number  of  contours  any 
number  of  times,  we  may  obtain  an  unlimited  number  of  linear 
substitutions;  and  so  each  integral  could,  in  that  case,  be 
made  to  have  an  unlimited  number  of  values.  If,  however,  the 
fundamental  system  is  equivalent  to  the  m  roots  of  an  algebraic 
equation,  then  each  of  the  integrals  can  acquire  only  a  limited 
number  of  values  at  a  point  which  are  distinct  front  one  another : 
that  is,  there  can  be  only  a  limited  number  ^^fsubstitutions  in 
.  the  aggregate.  When  therefore  we  know  all  the  gtoups  of  linear 
substitutions  in  m  variables  which  are  of  finite  order,  only  those 
linear  differential  equation^  which  possess  such  groups  need  be 
considered  Accordingly,  if  we  proceed  by  this  method,  it  is 
necessary  to  construct  the  finite  groups  of  linear  substitutions. 

Further,  it  is  clear  that  the  investigation  can  be  associated 
with  the  theoiy  of  invariantive  forms ;  for  the  relations  between 
^if  ••••  ^m  and  «^, ...,  Wm  constitute  a  Hnear  transformation  of 
the  type  under  which  these  invariantive  forms  persist  Indeed, 
it  was  by  this  association  with  binary,  ternary,  and  quaternary 
forms  that  the  earliest  results,  relating  to  linear  equations  of  the 
orders  two,  three,  and  four,  were  obtained.  Some  brief  indications 
of  this  method  will  be  given  later  (g  69— TtX 


■M 


m^ 
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59.  The  determioatian  of  lineMr  eqiiaiioM  of  Um  Moood  ofdar^ 
whoM  integrals  are  everywhere  algebraic,  is  effected  bjr  Klein  ^,  by 
a  special  method  that  associates  it  with  the  finite  gfoaps  of  linear 
substitutions  of  two  homogeneous  variables. 

Let  Wi  and  w^  denote  a  fundamental  system  of  integrals  ibr 
the  differential  eciuation ;  and  let 

be  any  one  of  the  linear  substitutions,  representing  the  change 
made  upon  tlie  fundanieutal  syMtem  by  the  description  of  a  closed 
path.    Then  taking 

the  quotient  of  two  algebraic  integrals,  so  that  $  itself  is  an 
algebraic  fuuctiun,  we  have 

IK,     7*  +  fi* 

thus  $  is  subject  to  a  honiographio  substitution.  Accordingly, 
the  determination  of  the  finite  groups  of  linear  substitutions  in 
thd  present  case  is  effectively  the  determination  of  the  finito 
groups  of  homographic  subbtitutioiia 

Let  any  such  gropp  containing  iV  substitutions  be  represented 
by 

^•(«).  V^i(«).  ..-.  ^jr-i(«X 

and  let  ^c  («)  ■■  s,  the  identical  substitution :  every  possible  com*' 
biuation  of  these  substitutions  can  be  expressed  as  some  one  it 
the  members  of  the  group.  Take  a  couple  of  arbitrary  constants 
a  and  b,  subject  solely  to  the  negative  rcHtrictions  that  o  is  not 
eciual  to  yr(^)  <^ud  6  i^  not  ei{ual  to  ^«(aX  for  any  of  the  values 
0,  1,  ...»  ^Y—  1  of  r  and  of  «;  and  form  the  equation 

t.(t)-6>i(*)-i V^;:»(t)"-fc      • 

*  UatK   Ann.,  i.  ii  (1S77),  pp.    116— US.  i6.,  t    in  (1S77>.  pp.  Iff— ITti 
VwUiWigtii  Ub€rdas  Ikot^du,  (L«ipiig,  Taubocr,  ISSl),  pp.  US— ISS. 
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• 

which  18  an  algebraic  equation  of  degree  N  in  i .  It  it  unaltered 
when  $  is  stibniitted  to  any  of  the  substitntione  of  the  group ;  for 
such  a  substitution  only  effects  a  permutation  of  the  various  if 
fractions  on  the  left-hand  side  among  one  another,  Hence»  if  any 
root  $  be  known,  all  the  N  roots  can  be  derived  fit>m  it  by 
submitting  it  to  the  If  substitutions  of  the  group  in  turn. 

For  quite  general  values  of  X,  the  if  roots  of  the  equation  are 
distinct ;  but  it  can  happen  that,  for  particular  values  of  X.  m 
repeated  root  arises,  of  multiplicity  w.  From  the  nature  of  the 
equation  in  relation  to  the  group  of  substitutions,  it  follows  that 
each  distinct  root  is  of  multiplicity  y,  so  that  there-  are  if  4- r 
distinct  roots.  To  consider  the  effect  of  this  property  of  the 
equation,  let  the  latter  be  changed  so  that  the  numerator  and 
denominator  tune  multiplied  by  the  denominators  of  ^i(«)f***i 
^jr-i(«)L    It  thus  can  be  expressed  in  the  form 

mh&te  0  (t,  a)  is  a  polynomial  in  i  of  degree  N,  the  ooeflSciente 
being  functions  of  cf,  and  0{$,h)  is  a  similar  polynomialt  its 
coeflBdents  being  the  same  functions  of  ft.  Let  X|  bo  a  value 
of  X,8uch  that  Mm^^  is  a  root  of  ninltiplicity  9%  when  XiaXi; 
then  the  equation 

has  —  roots  each  of  multiplicity  y^  when  X  ■■  X|.  But  eadi  eudi 
root  is  a  root  of  multiplicity  t^^  —  1  of  the  equation 

5t2Rirft)^5(?:rr)j  ^' 

that  is,  of  the  equation 

as  there  are  —  snob  roots^  it  fellows  that  these  repeated  foots 
aoooohtfar 

F.  IT.  It 


178 


Kum's  lurraoD  worn 


{»- 


of  tbe  rooto  of  ibis  deri?ed  equmlioii.    MorooTar,  wo  (boo  bato 


0(t.fc)0(ir,.6) 


wbeio  <^  it  a  polynoiniol  in  «  of  degieo  — . 

Let  X|  bo  oQotbor  value  of  X,  sucb  thai  $m^^i%ti  noi  of  Ibo 
oquatiou  of 'multiplicity  i^t  whcu  X^X^.  A  |ireeiieljr  nmihr 
aii^ment  thews  that  each  diatioct  root  of  the  oquatioo  it  of 
multiplicity  k^;  that  there  are  N-i-p^  dittiocl  roola;  thai  oadi 
auch  foot  is  of  multiplicity  vt—  ^  f^  the  equation  A(«)«>0 ;  thai 
these  roots  account  for 

of  the  roots  of  the  derived  equation ;  and  that  we  have 


0(M.b)0(a..b) 


JT-X 


•i 


N 


whore  4>t  is  a  polynomial  in  s  of  degree  — . 

Proceediog  in  this  way  with  the  various  values  of  X  thai  lead 

to  multiple  roots  of  the  initial  equation,  we  shall  exhaust  all  ibo 

roots  of  the  equation  A(«)aO.    The  degree  of  A{s)  is  iN'-^ii 

for  if 

(?(#,a)-t*/.(a)  +  t*-»/,(o)-|..... 
then 

(?(#.  6)  =  tV.  (*)  +  **-'/.  (fc)  +  -.; 

and  therefore . 

A(#)-««^-  (/•(a)/i(6)-/.(6)/.(a)l  -•- .- 

But  taking  account  of  the  roots  of  A  («)  a"  0,  as  associated  with  ibe 
multiple  roots  of  the  original  equation  for  the  respective  values  of 
X,  we  see  that  its  degree  is 


and  therefore 


wheoce 


--(*'i-l)+-(»'t-l)  +  ...; 

'(■^-1)+ *(.,-!)+. ...ur-j. 
('-s)*('-i)*--'-|- 
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Eftoh  of  the  integers  y  is  equal  to  or  greater  than  2»  so  that  each 

of  the  quantities  1  —  -  is  equal  to  or  greater  than  |.    Henee  the 

emalleet  number  of  different  integers  w  is  two ;  if  there  were  only 
one»  the  left-hand  side  would  be  <  1,  while  the  right-hand  side  is 
>  1.  The  laigest  number  of  different  integers  r  is  three ;  if  there 
were  four  or  more,  the  left-hand  side  would  be  equal  to  or  greater 
than  t»  while  the  right-hand  side  is  less  than  1 

In  the  first  place,  let  there  be  only  two  tntegen^  p^  and.  w^ ; 
then 


From  the  nature  of  the  case,  y,  <  if,  y,<  if,  so  that 

hence  the  only  possible  Solution  is 

y.-if,    y.-if, (IX 

and  i\r  is  an  undetermined  integer. 

In  the  next  place,  let  there  be  three  integerSi  i^i  i^»  yb :  thai 

y,        Pt       P9  if 

At  least  one  of  the  integers  p  must  be  2 :  for  if  each  of  these 
integers  were  >  S,  the  left-hand  side  would  be  <  1,  while  the 
right-hand  side  is  >  1,  as  if  is  a  finite  integer. 

Taking  Pt^%  we  have 

1^1      .      2 

Another  of  the  integers  p  may  be  2.  Let  it  bo  i^;  then  if  ■■  2ii^, 
and  we  hare  the  solution 


yi-t  1^-2,  yg-n,  ^^-21^ (II), 

where  n  is  an  undetermined  integer. 

If  neither  of  the  integers  p^  and  y^  be  2,  one  of  them 
must  be  S;  far  if  eadi  of  them  were  >  4/then  -  -f  - <  i>  Mid  so 

12—2 


■ 
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oould  certainly  not  be  equal  ^  i  "I"  }kr  •    T^ing  *^ ""  8»  we  have 

■o  that  1^  <  6 :  thua  poeaible  Taluee  of  y«  are  S»  4»  5.    The  aola- 
tiona  are 

v^.S.  r,«8.  n-8.  Jir-18.  (UIX 

»i-2.  .-,-8,  n-4,  ^-84, .....(lYX 

*i-2,  v,-8.  I..-6.  ^-60. (YX 

60.  The  finite  groupH  are  thua  known;  the  cnmspoDding 
equfttiona  in  «  are  required.  The  wlutiona  will  be  taken  in 
Older. 

I.  Instead  of  X,  we  take  a  quantity  Z^  defined  by  the  rela- 
tion 

•o  that  ^«0  gives  X*'Xi,  that  is,  gives  «««|,  a  root  repeated 
N  times,  and  Zvoo  given  X^X^,  that  is,  gives  «a«^,  •  root 
repeated  N  times.    We  have 

r    r  -  _  <•"••)!'•_   . 
*"'*•    (3r(#.  >)  0  (V.  6)  • 

and  therefore 

•  -  •A* 


e:-3- 


^. 


absorbing  the  oonatant  0  («,,  6)  4-  0  («.|.  6)  into  the  variable  Jl 

II„  III,  IV,  V.    These  cases  are  of  the  same  general  Conn. 
Instead  of  X.  we  take  a  quantity  Z,  defined  by  the  relation 

Z m       r"_    !    ^.LH.^  . 

then  Z-  0  gives  X  -  X,.  Z- 1  give*  JT  -  X„  T-  •  gives  X - Z^ 
and  thus 

-  (X  -  X.)  (X,  -  X») :  ( JT  -  ar.)  ( Jf,  -  X.) :  (X  -  X,)(X,  -  x,x 


^ 
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But 

^'"'^•■d(#.i)0(«r„4)' 

^  "  ^*  "(?(#.*)  O  («r.,  6) ' 

and  therefore 

where  il  and  B  are^oonstants  which,  if  we  please,  may  be  absorbed 
^  into  the  functions  ^a  and  4>i  tespeetively. 

Now  these  groups  are  the  groups  that  occur  in  connection 
with  the  polyhedral  functions^ :  and  the  polyhedral  functions  can 
be  associated  with  the  oonformal  representationf ,  upon  a  half-plane, 
of  a  triangle,  bounded  by  three  circular  arcs  and  having  angles 


equal  to  - ,   - ,  - .    The  analytical  results  connected  with  these 

investigations  can  be  at  once  applied  to  the  present  problem. 
Denoting  derivatives  of  Z  with  regard  to  t  by  Z\  Z'',  Z**'^  •••,  we 
have  (7.  #1,  §  276) 

or,  taking  account  of  the  properties^  of  the  Schwarsian  derivative^ 
we  have 

„„.*(-g).*('-^).»(^.-^4.-: 


The  ham  ot  the  functions  for  the  various  oases  II9  III«  IT,  T 


fern, 

r:ir-I:l-(H^-l)l*:U(i*+l))*:-^; 


t  T.  F^  11174,  t7f. 

S  8tt  Is.  i,  I  ai^  ef  119  IVwrtM  M  IHf<millsl  JBflMllfSi« 
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[fOl 


Z:Z-lil 


-(«*4if*V8-l)P :  11V8«*(J*+ 1)^  :(•*-  tCVS-1/; 
for  IV. 

ZiX-l:l 
-  (••+  14«*-l- 1/ :  (••-83«»-83«*+  If :  108«*(«*-  1)P: 
•nd  for  V. 

ZiZ-l  :l-i(i»-228«i*4.494«M^228«*-|-l)P 

:  {«■  + 1  +  522<*(<»  - 1)  - 10005«»(«>* + !)}• 
:-l728«»(«»+U  «•-!/. 

Tbeae  rcsulta*  can  be  obtained  by  purely  algebraio  pnoeMM^ 
from  the  proDcrtie*  of  finite  group*  proved  by  Oordanf. 

61.    TheM)  reiiults  can  be  appiiud  at  once  to  ^he  determinatioa 
of  linear  oc|uation8  of  the  itecond  order 

d^w        dw  .  .. 

all  the  inU-grak  of  which  are  algebraic.  Denoting  the  quotient 
of  two  integralii  w^  anil  Wt  by  $,  we  hav6§ 

.        |..*)-2,-ii,'-J^-2/. 

■ay.  As  all  inU*gruU  are  to  be  algebraic,  it  follows  ^hat  t  and 
s'**  are  algebraic;  accordingly,  fpds  mutt  be  the  logarithm  of  am 
algebraic  function,  which  in  a  Aret  condition.  Further,  in  the 
e(|uations  under  consideration,  both  p  and  q  (and  therefore  also 
S/)  are  rational  functions  of  / ;  and  therefore 

[i,  t]  m  rational  function  of  i, 

*  Tb«y  sr«  ■liglitlj  cliAiiKfd  from  the  tonus  in  |  809,  |  S78  (Lc.)  ;  tbs  shsna*  <• 
■usiW,  M  M  lo  Atioouta  Ui«  iuiliort  •*«•  rp  's  wiUi  ib«  taIum  Z»0^  JTal.  iTas 
r«a|N»€llvi-lj. 

t  Maik.  Ahh.,  I.  lu  (IM77),  pp.  'iS  '  46.  Hc-«  aIm  CajWy'i  BMinoir,  ••On  tbs 
HchwArxlan  il«riv«liv«  Aiid  iIm  iMilylirilral  funolioiia,"  CuU,  AfolA.  PiqMr»i  I.  u« 
pp.  14H  ■  Slfl. 

I  Hm  lujf  TrmnM  on  i^tftHiiai  hliiualiont,  H  SI,  Si. 
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and  the  quantity  $  is  tobject  to  the  tnunsformatioo  of  the  finite 
group.    Now  we  have  eeen  that 

in  ewM  n,  m,  IV,  ▼;  and  for  ease  I,  U  is  easy  to  verify  dinetfy 

that 

1 


1- 


l».^)-* 


F» 


From  the  properttea  of  the  Sehwaniaa  derivative,  we  have 


hence,  taking  aoooant  of  the  particular  form  of  (t,  E]  which  if 
actually  known,  and  of  the  generic  form  of  {«.  i)  which  is  requirsdi 
we  see  that,  in  order  to  satisfy  the  conditions,  we  must  hare 

where  It  is  a  rational  function  of  s.  Conyersely,  the  conditions  will 

be  satisfied  if  Z  is  any  rational  function  of  «•    Accordingly.  ik$ 

differmtiat  ejuation  o/th§  teoond  order  mtisl  hav$  (As  coeffidmd  qf 

yf  %%  th$/arm 

Idu 

wkero  «  it  on  otgdnrqie  function  of  m;  and  iU  invariant. I($)t 

dp 


which  i$  q^lf^^^^^muHheo/iho/orm 


1.1      1.1      1+1-1.1 

»t* .        »i*  ,  »i*    yf*    yf* 

f     '^iK^iSii'^       •Z(^-l) 


(^Vic..). 


or 


1- 


whoro  Xi§  aay  rational  potion  of  m  ;  the  intogero  Pi,  i^.  i^  in  ih$ 
farot/orm  arc  tho  int^oro  of  the  finiU  grompo  in  caom  tl^  tll^  IV. 


IM 
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(01. 


V;  and  N  in  ik§  second  fyrm  u  an  ini§g$r»  Wlian  ikate  con-. 
ditioDs  are  aatufied,  the  integraU  are  given  by 

where,  for  the  fimt  form,  $  it  detonniued  in  lerma  of  Z^  the 
rational  fiiDction  of  f ,  by  the  equation!  at  the  end  of  {  80 ;  and  lor 
the  aeooDd  form, 


Ck>NHTaucnoN  or  an  Inteqbal,  when  rr  u  AixiBBnAia 

62.  The  preceding  iuveetigation  ia  adequate  for  the  general 
eonatruction  of  linear  equation!  of  the  second  order  which  are 
integrable  algebraically;  there,  ittill  remaini  the  question  of 
determining  whether  any  particular  given  equation  satiafiea 
the  teat 

When  the  equation  ia  of  the  form 

inapectiou  of  the  form  of  p  at  once  determinea  whether  it  aatiafiee 
the  condition  which  govema  it  apecially.  Aaauming  thia  oon- 
dition  to  be  aatiafied,  we  couatruot  the  invariant  /(f)  of  the 
equation,  where 

and  then,  if  the  original  equation  ia  algebraically  integrable,  wa 
muat  alao  have 


or  elae 


(S^i(^.'l. 


1- 


/(*)-i 


where  Z  ia  a  rational  function  of  i,  and  the  integers  ru  a^a  H 
belong  to  one  of  four  dcHnite  ^'atema. 

It  may  happen  that  the  identification  ia  eaay,  beeanae  J  baa 
some  simple  value;  the  aimpleat  of  all  ia,  of  oourae,  given  by 
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E^M.  When  the  identification  is  not  thus  obTious,  it  is  desirable 
to  have  a  method  of  constructing  the  rational  fanotion  E  if  it 
exists ;  when  it  has  been  constructed,  the  further  identification  is 
only  a  matter  of  comparing  coefficients.  Should  this  identification 
be  completely  effected,  then  the  integration  ^C^the  equation  is 
*  given  by  the  results  of  §  60. 

Such  a  method  is  given  by  Klein*,  who  uses  for  the  purpose  a 
comparison  of  those  terms  on  the  two  sides,  which  are  connected 
with  the  poles  and  have  the  highest  negative  index.  A  rational 
function  is  determinate  save  as  to  a  constant  fiMstor,  when  its 
xeros,  its  poles  in  the  finite  part  of  the  plane,  and  their  respective 
multiplicities,  all  are  known ;  and  this  constant  fitctor  is  determ- 
inate, when  the  value  of  the  rational  (unction  is  known  for  any 
other  value  of  the  variable.  Aocordingly»  let  a  denote  a  aero  of  E 
of  multiplicity  a,  and  so  for  all  the  xeros ;  let  o  denote  a  pole  of  E 
(and  therefore  also  of  Z*  1)  of  multiplicity  y,  and  so  for  all  the 
poles ;  and  let  6  denote  a  aero  of  Z  —  1  of  multiplicity  /9,  and  so 

for  all  its  seres :  then 

-     ll{M^aY     n(6-o)r 

where  the  multiplicity  /9  of  6  is  not  used  directly  in  the  ex- 
pression* 

.  Consider  now  the  right-hand  side  of  the  expression  for  /  {m\ 
In  the  vicinity  of  a,  we  have 

E^{B^aYU. 

where  (7  is  a  regular  (unction  of  M^a^  not  vanishing  when  $ma\ 

so  that 

IdE       «     ^  »/        V 

and 

the  unexpressed  terms  in  \E^  §]  having  exponents  greater  than— 1. 
In  the  vicinity  of  e,  we  have 

/-(s-o)-^r,    /-l-(s-o>-tKu 

•  JMA.  Jim.,  t  sn  (1S77),  |fi  ItS— ITSi  llM  tipoillloa  fhta  la  Um  Isil 
■  aol  loDow  kit  oseltj,  ss  kt  tnuHlbras  Um  tfesHoa  to  ss  Is 
i««  li  aa  tsttasiy  foial ' 
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ooMiTRuonoN  or  AM 


[tt. 


where  V  end  Ft  ere  reguler  fimoitoiie  of  #  —  e»  noi  veniehing  wlieo 
faio;  thue 

the  aneipreieed  lerme  in  {Z,  m]  having  exponef  te  greeter  Ihen  —  S. 
In  the  Ticinity  of  6,  we  have 

where  WiMm  regular  function  of  «  —  6»  not  vanishing  when  f  *  ft ; 
io  that  ' 

I     dZ       0 


j?-ldi      #-6 


■f^U-fc). 


the  unexpressed  teriuB  iu  (Z,  t\  having  exponenU  greater  thaii-*lL 

We  thue  have  taken  account  of  all  the  highest  tenna  with 
negative  indices  which  arise  through  zeros  or  poles  of  Z  and  Z->  1. 
On  account  of  the  form  uf  (Z,  r),  which  is 

it  is  necessary,  to  take  account  of  the  poles  and  the  leros  of  Z\ 
As  Z  is  rational,  all  its  poles  are  poles  of  Z'  and  the  latter  has  no 
others;  so  that,  on  thin  score,  no  new  terms  arise.  A  repeated 
zero  uf  Z  is  a  zero  of  Z\  and  all  these  have  been  taken  into 
account;  likewise  for  a  repeated  zero  of  Z— 1.  Hence  we  need 
only  consider  those  roots  of  Z',  which  are  not  repeated  roots  of  Z 
or  of  Z  —  1 ;  let  such  an  one  be  t,  of  multiplicity  r,  so  that 

Z'^(i^tyQ{z^i). 

where  Q  is  a  regular  function  of  «  —  <,  not  vanishing  when  f  ■■  I ; 
then 

the  unexpressed  terms  in  {Z,  i]  having  exponents  greater  than  —  2. 
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Gathering  together  the  terms  with  the  hwgeit  negative  index, 
we  have,  for  Cases  II,  III,  IV,  V, 


/(*)  -  X 


where  the  unexpressed  terms  have  integer  exponents  greater 
than  —  2 ;  and  in  this  expression  the  significance  of  a,  6,  c«  for  the 
construction  of  Z^  must  be  borne  in  mind.  Actual  comparison 
with  the  form  of  /  (i)  then  gives  indications  as  to  which  set  of 
values  of  p^  ^9t  ^9  must  be  chosen,  and  determines  the  valaes  of 
«,  fi,  y.  The  construction  of  Z  is  then  possible  and,  Z  being  known, 
the  complete  identification  of  the  right*hand  side  with  the  known 
value  of  /(«)  is  merely  a  matter  of  numerical  calculation.  . 

For  Case  I»  we  have 

and  the  method  of  proceeding  is  the  same  as  before. 

In  particular  instances,  it  may  happen  that  no  terms  of  the 
type 

ir  +  ir* 

('-ty 

occur :  Z'  then  contains  no  roots  other  than  the  repeated  roots  of 
Z  and  Z  —  1.  .An  example  is  given  by 


r-- 


4« 


Further,  it  may  happen  that  a—rt,  or  fi^Pu  or  7""rt:  ao 
that  the  corresponding  value  of  s,  vis.  a,  6,  or  c,  is  then  not  a 
singularity  of  the  differential  equation.  And,  in  particular,  if 
f  ■■  00  is  not  a  singularity  of  the  differential  equation  and  there- 
fore  also  not  a  singularity  of  the  integral,  then,  if  the  equation  be 
integrable  algebraically,  the  numerator  of  the  rational  Ainction  Z 
is  a  polynomial  in  t  of  the  same  degree  as  the  denominator^. 


•  TMb  fon  of  sf Qslkm  li  aheowta  hj  1Mb  la  llM  mMoIr  sirtsly  faoisi 
(aolt,  p.  lSI)t  iiJMMai  tbooia  U  mdt  is  U  lor  tette  dtnloysnalii 
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uuMPUBi  or 
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JEf.  1.    TIm  aquaiioii 


dy 

d^ 


^Aj^-0 


to  inlflfrabk  dgebtmioallj.    For 


■OthAl 


W«  UiUB  1»T«  AD  ioMUuce  of  due  II,  wheo  fi»i.    AH  Ih*  oomlitiani  ara 
Mtuifi6d :  And  Ihus  ({  60)  the  iutogimU  of  tha  aquaUiMi  u%  giftn  by 

Ex.  i.    Conatniot  a  linear  difforential  «|iiation  of  tha  mooimI  Ofdar  in  ila 
nonnal  form,  such  that  the  quotient «  of  two  of  ita  •olutiooa  ia  giftn  hj 

Ex,  %,    CoDiidar  the  equation 


Wabava 


Um  tanua  indicated  ooimtitutiug  all  tha  infiuitien  of  /(j)  of  tha 

First,  it  it  clear  that  there  ia  only  one  root  of  Z'  other  than 
ol  Z  and  Z- 1 ;  it  in  cbamcteriikxl  by 

Aa  regarde  the  remaining  teruiK  the  numbora  V|,  i>^,  i>^  muai  ba 
that  we  either  have  an  inatance  of  caae  II  with  m«3,  or  we  bava 
ofcaaelll. 


Sor  S;  ia 
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and  thcnloi* 
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TfimMjan  ii»Uiioa  of  om»  II  with  n^t,  thw  «•  aMM*  hvn 

*(*"?)■*' •*-«.—».•--* 

*  (l  -§)-  f •»-». »-».  •-Ok 


r-il 


wHhtlMeoiiditioiitluttr-1  when «-&-<, MtlMtil-i    BalthM 


r-- 


^t.^(W+3«+0, 


■OthAl 


•hewing  ibftt^'doM  not  possess  a  root  f»l»l;  hsnot  tlM  tEMBpls  is  Bol  «i 

iDStSDOSOfOMSlL 

If  UianfoM  tlM  squftUon  is  slgebraieslly  int^gntbk^  H  amsl  bs  1  Inslaiioi 
ofcsssIIL    Ws  Biiisi  hsTs  therefors 

h-«f    >^->i    »|-3; 

*(i-5)-A ir^hV^-tt 

.      «.l,     a.C^      yl,      0.-l| 

i(i-$).A.    »(i-$)-f. 


sad  Uisa,  sitbsr 

giving 
or  else 

gifing 


••■1,    a^^li    ya-l,    e«Ol 
TiJdng  tlM  formsri  we  haT* 


SmA 


fiross  tlM  polss  Mid 


ofX;  asX-ltwIisni-i^iialMfailM^MUMl 
If 

so  thai  X- 1  has  ttis  roots  «-d;  f  «i<^  tf|  hut 

S 


£m 


M'm 


(i+i?' 


IM 

vaIiim  Mi  noC  MiMililSb 


BXAMPUa 


[O. 


Om  1004  1;  and  ikMOMim 


r=^<'±i2. 


tMathm^iAmMAmnmoiZ;  mZ-I  whan  fa-s  «»liftv«ii«t>  And  Ihw 

z-    ^    ,  z-i— 5p, 

•otbaiZ-l  luui«-t,  «--tlorrouU»aiMiZ'luuif»l  for  a  toot 

Tba  iireliuiiikArj  ouodituMM  are  ihiu  aatinttad ;  it  ia  aaqr  to  Tuiiy  thai 
Ihia  valua  U  E  givaa  iba  ooinplaU  value  of  /(i).  Uaooa^  aftar  Um  naulta  ol 
{  6U^  tha  iuta|{r»l  %d,  ilia  ditforeutuil  aquation  ia'  givao  by  tha  aqualaooa 

ao  thai  iba  difiareiitial  aquation  i«  alj^obiuically  iuiegrablai 
i£v.  4.    Bbaw  ibai  the  eqimti«>iui 

aio  liiiegrabla  algabraicallj  :  and  obtain  their  intagraki 

A*A  5.    Taking  tha  af|uatitin,  which  baa  throe  aingularitiaa  in  Iba  iallo 
pari  of  tha  plana  and  for  which  iutiuity  in  an  ordinary  poiot,  in  Iba 
givan  lu  \  40,  ao  that,  by  }  &3, 


wberaf-(«-a,)(j-oJ(j-a,).  anaXj-J(a-a'XX,-40i-/y),Xt-iJ(y-y); 
diaouae  ilia  |MiMiibilitiofl  of  algubraic  intugrability  for  the  valuea 

X|-i.    X,-|,    X,-|. 
lu  |iartloular|  abow  that,  if  a|«  -  1,  u,u.o,  then 


i--v^ 


(Klain.) 
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Equations  op  thb  Third  Ordbr  with  Algebraic  Intbgraia 

68.  When  we  pass  to  the  oonsidenition  of  linear  eqaatiooft  of 
order  higher  than  the  second  which  are  algebraically  integrablei 
the  discussion  can  be  initiated  in  the  same  way  as  for  equations 
of  the  second  order ;  but  the  detailed  deyelopment  proves  to  be 
exceedingly  laborious,  and  it  has  not  been  fiiUy  oompleted  fer 
each  case.    Only  a  sketch  will  here  be  given. 

Dealing  in  particular  with  the  linear  equation  of  the  third 
order,  we  take  it  in  the  form 

where  p,  f»  r  are  rational  functions  of  #,  subject  to  the  limitations 
imposed  by  the  regularity  of  the  integrals  in  the  vicinity  of  each 
singularity  (oo  included).  If  Wu  w^^  w,  denote  three  linearly 
independent  integrals,  we  have  (|  9) 


#/ 


fi 


•* 


^Ar^fp^. 


so  that,  as  I0|,  m^,  w^  are  algebraic  functions  of  #,  it  follows  that  p^ 
a  rational  (unction  of  t ,  must  be  of  the  form 

1  cf  a 

where  « is  an  algebraic  function  of  m.  This  is  a  first  condition :  it 
is  the  same  as  for  the  equation  of  the  second  order  (J  61):  and  it 
is  easily  obtained  as  a  universal  condition  attaching  to  any  linear 
equation  which  is  algebraically  integrable. 

Now  substitute  for  nr  by  the  relation 

Rod  let  jftf  f%9  99  denote  the  three  integrals  corresponding  to 
tffif  v,»  tub;  owing  to  the  character  of  p  and  the  ftmctional 
charaeteir  of  the  integrals  w,  the  integrals  y  are  also  algebraio 
functions  of  j;    Thus  the  equation  in  y,  being 

jr+8<y+ii-o, 
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whan 

ii   to  1m  ftlgebnuoAliy  ialegnble.      DuootiDg  bjr  c  ■nd   I  Um 
quotienta  of  two  intugnii  by  ^  ibird,  wo  b*v« 

«.     »■'  «^     J. 

Hie  qiuntitica  «  and  (  an  algebnio  functiotu  of  «  far  aqnatioBa 
of  Um  oUu  under  coiuideratioo. 

The  effect  upon  a  ruDdainentol  iiyBtem,  when  th«  iodapeodaai 

variabla  describeii  a  circuit  envluuinf^  one  or  more  of  the  aiDguUri- 

tiea,  is  repreaentod  by  relatiouo  of  the  form 

K,  -  o  y,  +  t  y,  +  0  y,  I 

I'l-a'y.  +  fc'y.  +  c'yJ. 

I'i  -  o"yi  +  A"yi  +  c"y. ' 

If  3  aitd  T  denote  the  cornntpoDding  intvf^ral-quotieDta,  tben 

"  a  +  bi+ct'  "  o  +  i#  +  e«  " 
Mow  if  the  equatiou  ia  iiiti-KrabIc  algebraically,  there  can  estat 
only  •  limited  number  of  ditfuront  eeta  of  valuea  of  the  intognJa; 
ao  that  the  number  uf  acta  >',,  Y,,  K,  ia  finite,  and  the  number  of 
■imultaotMua  vulues  of  3  aud  T  ia  finite.  If  then  we  know  nil  the 
homogeneous  linear  groups  in  three  variablua,  or  (whak  ia  the 
aume  thing)  all  the  linco-lincur  groups  in  two  variablea,  which  are 
finite,  thou  cnch  »uch  finite  j;roap  detunninea  ita  set  of  Taluea  of 
Y„  Yt.  K,  and  the  set  of  viilues  of  S  and  T,  and  so  it  determinaa 
a  linear  equation  the  intt-grula  of  which  are  algeWaic:  and  con- 
versely, each  Hucli  linear  equation  is  characterised  by  m  finite 
group. 

(14.  In  order  to  utilise  the  methoif  for  the  present  purpoae 
on  thu  lines  adupted  for  the  equation  of  the  second  order,  it  ia 
nMoHsury  t4)  deduce  from  the  dilTereutial  equation  certain  differen- 
tial invariants  involving  s  and  t,  these  invoriauta  being  expreaaed 
in  teniiM  of  Q  uud  Ji.  This  can  be  dune  iu  two  waya.  It  ia  clear 
that,  as  4  implicitly  ctrntains  five  arbitrary  conatanta,  it  aatiafiea  n 
differential  et|uation  of  order  five;  and  that,  as  (  ia  of  the  nme 
functional  funn  as  a,  it  aatiafiea  the  same  differential  equation. 


64] 


WITH  ALGEBRAIC  INTIORALB 
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On  the  other  hand*  as  •  and  t  combined  contain  eight 
conatante  implicitly,  it  may  be  expected  that  the  two  differential 
equations,  which  they  satisfy  and  which  will  involve  both  of  them» 
will  be  each  of  the  fourth  order  or  will  be  equivalent  to  two  of 
the  fourth  order.  The  single  equation  is,  for  some  purposes,  the 
more  important  in  the  formal  theory  of  the  linear  equation,  whioh 
will  be  left  undiscussed ;  for  the  present  purpose,  the  two  equa- 
tions  prove  to  be  the  more  important    Accordingly,  we  substitute 

«3fi  for  y„    and    fy.  for  y„ 

in  turn  in  the  equation 

y'"480y'  +  /iy-0; 

whence,  remembering  that  yt  is  an  integral  of  this  equation,  we 
have 


8ty  +  8«"y/  4  (8Qf ' + O  yi  -  0 
St'y 


r  +  8«'y/4(8Qf +Oyi-0) 

;'+3ry/+(8Qr+r)y.-or 


Differentiating  each  of  these  once,  and  substituting  for  yt^  from 
the  linear  equation  which  it  satisfies,  we  have 

8iV+(**"-«0Oy/-^K"+8Q«"+«(Q'--R)t1yi-0). 


'.-01. 

,-or 


6r'yr+(4r-6g«')y/+(r'^.8Qe''  +  8(Q'-il)0y, 

so  that  there  are  four  equations,  linear  and  homogeneous  in  the 
quantities  y,'',  y/,  yi.  When  the  ratios  of  y^" :  y/ :  yi  are  elimii 
from  the  first  pair  and  the  first  of  the  second  pair,  we  have 


r',  it'",  «•" 

-80 

r,^,ze 

r,2r,9t 

•'.  V,   0 

A  ST.  8»' 

r,9tr.  u 


-HR-V) 


•  .  0,  0 


-0; 


ftnd  when  th^  Mine  imtioe  are  likewiee  eliminftted  from  the  flnl 
pair  and  the  second  of  the  second  pair,  we  have 


r*.  4r,  er 

-80 

#",  W,  8/ 

r.sr.v 

r,v,  0 

iT,  9^,  9$' 

r,ar.  st 


-8(JI-0^ 


f.  0.  0 

r.  8r,  81* 


-a 


These,  in  tndt,  $n  the  two  eqn•tiooi^  each  of  the  fbarth  older, 
Mtiefied  hj  t  mil 

r.  IT.  IS 
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BuppoM  now  thai  two  aolutioiis  (other  thta  tho  trifial  aohi* 
tioQi.  $  m  oonaUnti  t  ■■  ooii«Unt)  are  knowo,  aay 

Solving  tbo  fint  pair  of  the  foregoing  equationa  for  Jfi  i  $19 
we  have 

and  therefore 

y,-(,'V-a'T")-». 

I 

neglecting  an  arbitrary  constapt  arising  at  a  fisu^tor  on  the  right* 
hand  side.  Hence  a  fiiDdamental  system  of  integrals  of  the 
original  equation  is 

(^V«^V')-».    <r(cr'V-aV')"*,    T(<rV-<rV)"*; 

or  the  original  equation  can  be  integrated  if  two  particuUr 
solutions  of  the  equations  in  •  and  t  are  known. 


65.  Moreover,  from  the  source  of  the  two  equationa  which 
to  determine  s  and  I.  it  is  to  be  expected  that,  when  the  abova 
two  (being  any  two)  particular  solutions  i^a,  i^r^  are  known, 
the  complete  primitive  of  the  two  e((UHtioiui  is 

a'  +  6V-fcV      ,     tt"4  6'V-^c'V 
a  +  bv  +  cT  '  a  +  ba  +  CT   ' 

where  the  eoDBtants  a,  b,  c,  a',  b',  c',  a",  b",  c"  are  arbitruy  so  fiw 
w  thuHO  two  ei|uatiuna  ore  cuacemed.  This  result  can  be  stated 
in  a  diffcrettt  form.   The  two  equatioiw  iu  question  can  be  written 

Ai'"  +  *B/''  +  60» "  -  3Q  (At"  +  iBt)  -3(it-QO-4«'-0, 
At'"  +  *Bt"'  +  6Ct"  -  3Q  (At"  +  2ft')  -Z(R-(^)Af  ~0, 

where  A,B,0  are  the  three  deteriniuauta  in 

'«'",  3»",  Za 
■,f\  3t",   3t' 
Now  let 

tt,  - ,"'  t'  -  »r" . 
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Botbat 

then 
we  find 


or  THI  THIRD  ORDER 


19S 


il-i9tf|.    A«-Stt„    C-8v,; 
the  preceding  equations  for  Q  and  for  it  —  ^  in  torn, 


8Q 


and 


±5i-.0-./(.o) 


-jT(ji-<r)-»s-6!sfe±is!+»(s)'./(*(..) 


aaj.  The  Utter  equations  mmy  be  regarded  at  the  eqaivalent  of 
the  two  equations,  which  have  been  solved ;  and  therefore  we  may 
expect  that 

^(TT+KTrt'    a  +  GTd-' ')-'<*•*•*>' 

•^(a  +  fa  +  ce'    o  +  fctH-cf  V-'^<*'*''>' 

the  actual  ▼erification,  which  is  comparativelj  simpte*  is  left  as  an 
exercise  Clearly  these  are  generalisations  of  the  property  of  the 
Schwarzian  derivative,  represented  by 


fcw  +  6     ]     .      . 


The  two  invariant  functions  /  and  /  were  first  indicated^  by 
Pkinlev^ ;  they  subsequently  were  simplified  to  a  form,  which  is  the 
equiviilent  of  the  above,  by  Boulangerf  . 

The  invariance  of  the  functions  /  and  /,  as  indicated,  exists 
for  lineo-linear  transformation  of  9  and  t  There  is  also  aa 
invariance  for  any  transformation  of  the  independent  variable  f ; 
far  we  easily  find  the  equations 

/(•,  e,  f)-/(s.  t.  r)i'--9/(s, «,  5)rr-9^  (5, 4 

where  £  is  any  function  of  m.    Also 

•  CbMfHt  llMist,  t  CIV  (1SS7),  fi  1980. 

t  8ts  kis  Thte.  CMtrfMioii  A  NhM  im  ifmMmm  iVHrefHUOm  MuMm 
H  Hwnjisw  kdiffMm  Ml§aHfmmm^  (Piris,  Osathtor-Tmsiib  1897). 

1»— 1 


^■_j^  L 
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IMTAEUMTB  AMD 


[8S. 


J{9.  t.  #)  +  §/' (t,  «.  j)-[/(t,  t.  r)  +  |/'(j.  I.  /))A 


or 


/(•.fc*)-l-l/'(t,l.f) ' 

is  an  invariant  fbr  any  change  of  the  indepoodeni  variablo  j; 
Dropping  a  numerical  oonatant,  this  ia  the  Amotion 

which  ia  the  known  Laguerre  in  vacant  in  the  formal  theory ;  that 
is*,  if  the  equation 

be  transformed,  by  the  relation 

to  the  form 
then 

«-.i?-(«.-»§)(S)'- 

As  the  transformation 

■ 
leaves  the  quotient  of  two  integrals  transformed  only  as  by  a 

lineo-linear  substitution,  it  follows  that  the  preceding  function,  saj 

is  unchanged  by  lineo-liuear  transformations  eflTected  on  s,  I; 
also,  except  as  to  a  factor  Z\  it  is  unchanged  by  transformatimi 
effected  on  the  independent  variabia     Now 


so  that  we  have 


*  Bwi  a  pftKMr  bj  Uie  author,  Phil.  TraH$,  (ISSS),  pp.  8SS,  SSa 
invariaut  wa«  tint  aunounced  in  two  nolM,  Comput  HemitUt  t  Lissnu  (IS7S), 
-   lis— 119.  2'H-^221, 
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which  is  the  foil  expression  of  Laguerre's  innuiant  in  terms  of 
the  derivatiyes  of  •  and  t 

66.  The  next  stage  is  to  associate  these  innuiants  with  the 
algebraic  equations  in  two  yariables,  which  adinit  of  one  or  other 
of  the  finite  groups.  These  groups  have  been  obtained  by  Jordan^ 
and  Valentinerf;  and  references  to  other  writers  are  given  by 
Boulaoger^  A  method  of  using  the  results  is  outlined  by  Pain- 
ley^l  as  follows. 

Let  ^(«»  t%  ^{m,  t)  denote  two  irreducible  invariant  functions 
of  a  finite  group  of  order  N\  the  functions  are  given  by  KleinH  for 
the  group  of  order  168,  and  by  Bonkmger  (^e.)  for  the  group  of 
order  216.  As  these  functions  are  invariable  for  each  substitution 
of  the  group,  and  as  t ,  C  are  algebraic  Ainctions  of  t ,  it  follows 
that  ^  and  ^  are  rational  (unctions  of  t ,  say 

*(f.0-4>(*).    t(*.i)-^(ir). 

Conversely,  taking  <I>  and  NK  to  be  arbitraiy  rational  functions  of  #» 
these  two  equations  give  rise  to  N  sets  of  simultaneous  values 
of  i  and  t  as  algebraic  functions  of  t ;  and  if  any  one  set  of 
values  be  represented  by  a^  r,  all  the  others  are  obtained  on 
transforming  a  and  r  by  all  the  i\r  *  1  substitutions  of*  the  group 
other  than  the  identiod  substitution.  These  two  equations  are 
used  to  obtain  the  first  four  derivatives  of  t  and  t  with  regard  to  § ; 
and  with  these  derivatives,  the  two  invariants 

are  constructed  The  functions  so  formed  involve  derivatives  of 
4>  and  ^ ;  and  the  ooeflScients  of  these  quantities  are  rational  in 
the  derivatives  of  ^  («,  t)  and  ^  (s,  t%  AmI  and  J  are  invariantive 
for  the  group,  the  ooeflScients  specified  are  rational  functions  of  • 
and  t,  which  must  be  invariantive  for  the  group  and  are  therefiMre 
rationally  expressible  in  terms  of  ^  and  ^t  that  is»  in  terms  of  ^ 

*  CrtUt,  t  Lxxxrr  (1S78),  pp.  SS-flS|  AiH  Mis  Jt  AeeU.  H  KiqwN,  i  fm 
(1879),  No.  11. 

t  10^.  Videmk.  SeUk.  8kr..  6  B.,  t  v  (1SS9),  ppi  64— ISI. 

t  In  ths  r Jbl«r,  slissdy  died  OB  p.  191.  BOI0. 

I  C^mfin  JUfMhtf,  I.  CIV  (1SS7),  ppi  1999— ISSt,  III  t  Of  (1997),  pp.  99— 91. 

I  Jr«t*.  isN.,  1. 1?  (1979),  pp.  999—997. 
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Md  Y,    Thus  /(«,!.  8)  and  J(«.  I,  t)  would  be 
ratiooail  fuuotioni  of  #.    Accordingly,  Uking 

wo  havo  the  differeoUiU  equation 

The  earlier  inveniigationa  shewed  that  its  integrals  ace  espcoMiUo 
in  terms  of  «,  I,  and  their  dorivativoe ;  and  we  thua  have  a  inetbod 
of  coutttruoting  all  the  linear  differential  equations  of  the  third 
order  which  are  iiitograble  algebraically.  There  ia  a  double 
arbitrary  element  for  each  group,  viz.  the  arbitrary  forma  of  the 
rational  functions  4>  and  Y;  and  there  is  a  limited  number  of 
groupa 

67.  While  this  outline  is  simple  enough  in -general  descrip* 
tion,  the  application  to  particular  cases  requires  extremely  elabo- 
rate calculations.  These  have  been  effected  by  Boulanger  for  the 
group  of  order  216 ;  they  do  not  appear  to  have  been  yet.  effected 
for  any  one  of  the  other  groups.  As,  however,  the  enumeratioQ 
of  the  finite  groups  in  two  quantities  s  and  t  is  complete,  the 
subject  offers  an  interesting,  if  a  laborious,  field  of  investigation. 

in  the  absence  of  the  complete  table  of  e((uations,  for  all  the 
finite  groups  and  for  two  arbitrarily  OJisunied  functions  4>  and  Y, 
it  is  not  posHible  to  U8u  a  method,  analogous  to  that  of  §  62,  to 
determine  whether  a  given  equation  of  thv  third  order  is  algebrai- 
cally  into^rable  or  not:  it  is  not  even  possible  to  recognise  to 
which  of  the  groups  it  would  belong  if  it  were  algebraically 
integrabie.  Indications  of  two- general  methods  of  procedure  have 
been  given  by  Painlev^  and  have  been  developeil  to  some  extent 
by  Boulanger;  but  the  methods,  while  general  in  description, 
suffer  from  the  same  kind  of  difficulty  as  the  method  indicated 
for  the  construction  of  the  ei|uatious,  for  the  calculations  are 
exceedingly  laborious.  *We  have  seen  that,  if  two  particular 
values  of  g  and  f,  say  c  and  r,  are  known,  then  an  integral  of 
the  differential  equation  itt  given  by. 

y«(<rT-aT)    ■. 
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Hence,  if  we  tske 

we  have 

• 

80  that  the  number  of  valnes,  which  tf  can  acquire,  is  equal  to  if 

or  to  a  Bubmultiple  of  if,  where  JSt  is  the  order  of  the  associated 

group:  let  the  number  of  values  be  n.    Now  if  y  is  algebraiot 

every  zero  of  y  and  every  infinity  of  y  are  of  a  finite  order,  which 

is  commensurable  in  every  instance ;  and  therefore  all  the  infinities 

of  «  are  simple  poles  with  commensurable  residues.    Substituting 

fi>rii  in  the  equation 

y'"  +  8Qy'-l-/ly-0, 

we  find 

^'  4  Stttf'  4  tt*-|-  8Qtt 4  it-  0, 

a  non-linear  equation  of  the  second  order  satisfied  by  k.  This 
equation  renders.it  possible  to  test  the  character  of  the  poles  and 
the  residues  of  %.  If  these  are  of  the  appropriate  type,  then  the 
equation  is  satisfied  by  a  relation  of  the  form 

A^u^  -^  iliti»-«  4 ...  +  A^x%  +  il«  «  0, 

where  iff,  Ax%  ••.,  a!^  are  polynomials  in  t,  and  A%  is  the  product 
of  the  factors  corresponding  to  the  poles  of  tt.  Then  there  is  the 
further  test  that  this  algebraic  function  «  must  be  such  that 


e^«*» 


/. 


is  algebraic    Manifestly,  the  <»lculations  will  generally  be  too 
elaborate  to  make  the  method  effective  in  practice. 


Equations  or  the  Fourth  Ordbr. 


08.  As  pointed  out*  by  Painlev^,  the  processes  just  indicated 
can  formally  be  applied  to  linear  equations  of  any  order :  but  of 
course,  if  any  advance  towards  final  conditions  is  to  be  made»  it  is 
necessary  to  know  all  the  finite  lineo-linear  groups  of  transfbrmap 
tions  in  a  number  of  variables  lep  by  one  than  the  cider  of  the 


MO  iguATiOMS  or  the  rouvra  obdu  [M, 

•quatioD,  Tovruda  tbit  mtumentioB  of  gioupi  in  thne  vsrw- 
blw,  whicb  ftra  uBocikted  with  the  lioeitf  sqiutioa  of  Um  fiMirth 
Older,  JonUa*  lu«  conatruoted  a  chancterutic  numericml  squatua 
which,  wheo  completely  resolved,  would  indicate  the  wder  and 
the  coinpositioD  of  each  luch  group :  but  the  reralutioa  ia  ezoeed> 
ingly  long  and,  owiog  to  the  number  of  caoea  that  niut  be 
considered,  it  has  out  been  completed.  In  these  circumatances, 
no  dotuilod  resultH  of  a  final  critical  character  can  be  obtained  for 
an  equation  of  tho  fourth  order  or  of  any  higher  order:  the  onljr 
results  obtainable  are  of  a  genuml  character,  and  arise  through  the 
association  of  giuupa  in  general  with  linear  equations 

The  equation  of  the  fourth  order,  whicb  may  be  written 

v""  +  \pio'"  +  ti^w"  +  \rw'  +  jiKf  *  0, 

can  be  tianifi>rmed  by    . 

into 

*"'  +  egy''+*fiy'  +  S,-0.    . 

We  denote  a  sj-atem  of  four  integrals  by  y,,  yi,  y,,  y^  and  ■• 
introduce  three  quotients  «,  (,  u,  such  that 

y.-y.«.   y.-y.'.   y.-y.-; 

then  t,  I,  H  are  aimultuneous  solutious  of  three  equationa  «f  tha 
fifth  Older  in  the  derivatives.  If  9,  t,  w  are  a  ■['■"■rl  Mt  of 
•olutions,  then 

y.-  »".  «'■ 


y.-y.».    yi-y.T,    y.-yi«»- 
The  complete  primitive  of  the  tlicM  equations  ia  of  the  Aim 
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There  are  three  fanctions  of  the  deiiyatiyes  of  «,  i;  ii|  with  regeid 
to  #,  which  are  inyariantiTe  for  sabetitutions  eiieh  aa  the  preoediDg 
relataoos  expreeeing  «,  I,  a»  in  terms  of  ^»  t»  v;  and  thejr  Me 
equal  to 

If  the  detenninante 

2±(t'"rii'x  2±(«^rii'),  siCi^rnOb  2±(^rii') 

be  denoted  bj  p»  ^,  ^,  ^  respectiyely,  then 


say;  if/ in  addition,  the  determinants 
be  denoted  by  p«  and  ^  respectiyely,  then 

wj;  Mid  if  the  determinant  S 1  (tV'O  be  denoted  bj  ^,  then 

say.  The  three  qnantities  Ii{$,  t,%$\  /t (t»  t,u,9\  1% (s,  I, «»  ») 
are  unchanged  when  lineo-linear  snbetitotions  are  effected  00 
«;  fp  «;  and  the  combinationa 

are  also  nnchanged,  except  as  to  a  power  of  X\  when  $  is  replaced 
by  E,  WBLj  ftinction  of  t. 

The  prooCi  of  these  Yanons  statements  are  left  as  exercises. 
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EqUATIOVB,  having  AloBBRAIO  InTBQAALB,  AflBOOIATBD  WITH 

Homogeneous  Formh. 

69.  It  has  already  (§  58)  beou  HUteJ  that  the  diaotttaion  of 
the  equaUona,  which  have  algebraic  integrals,  has  been  associatad 
with  the  theory  of  boinugenoous  furmi :  the  association  can  be 
aeon  to  occur  as  follows. 

Using  the  preceding  notation  of  §§  G3 — 66  for  the  quantities 
connected  with  any  linear  eiiiiation  of  the  'third  order,  we  denote 
by  s  and  t  the  quotient:*  of  any  two  by  the  third  out  of  any  three 
liucurly  independent  integruU  of  the  ei|uiition 

If,  then,  all  the  integraU  uf  this  ei|Uution  are  algebraic,  both  • 
and  (  uro  algebraic  functions  uf  x\  they  may  therefore  be 
regarded  aii  determined,  in  the  nmnt  general  case,  by  a  couple  of 
distinct  algebraic  equations,  mxy 

or  by 

r 

Eliminating  x  between  the  pair  of  e(|uations  in  whicheTer  form 
they  are  taken,  we  obtain  a  relation  of  the  type 

where  t\  is  a  non-hom(»geneoud  |>oiynomial  in  •  and  I,  becauso  it 
is  the  eliminant  of  two  poiynomiaU.  Replacing  •  and  I  bj  y^  4- jfi 
iuid  y,  -h  yi  respectively,  and  multiplying  by  the  proper  power  of 
yi  to  free  the  equatiou  from  fructious,  we  have 

where  1"  is  a  homogeneoua  polynomial  in  its  arguments  or,  in 
other  phrase,  is  a  ternary  form  in  yi,  y,,  y,. 

Further,  the  above  form  of  equatiou  is  obtained  from 

(fiw     «    d^w  .  «   dw  ^. 


fy  Uie  tnuarormation 


dt' 


dz 


««•»*•  ■»>!*, 
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and  therefore 

that  is, 


BOMoonnsous  roRm 


MS 


on  rejecting  the  factor  &^fp^,  which  occurs  because  /^  is  a  ternary 
form  (say)  of  order  m.  Hence  it  follows  that  n^ien  ike  iniegraU  of 
a  linear  equaUan  of  the  ihird  order  are  algthraie  junetione^  a 
komoffeneoue  relcttion  o/finiie  order  exiets  among  any  three  linearly 
independent  integrate. 

Moreover,  when  any  other  set  of  fundamental  integrals  Tu  Ft, 
Ft  is  taken,  we  know  that 

yi-0|F,  +  a,Ft  +  crtFt 
yt-6|F.  +  fttFt  +  fttFt    , 
yi-c,F,  +  cFt  +  CbFt 

where  the  coefficients  a,  6,  c  are  constants.  The  yariables  in  the 
homogeneous  temaiy  form  are  therefore  subject  to  linear  trans- 
formation ;  and  thus  the  theory  of  temarianiQ^n  be  associated 
with  those  homogeneous  linear  equations  of  the  tliird  order,  which 
have  their  integrals  algebraic.  The  varidus  cases  will  arise 
according  to  the  order  of  the  form  F;  this  order  is  always 
greater  than  unity,  because  the  integrals  considered  are  linearly 
independent 

If,  still  further,  we  choose  to  combine  the  geometry  of  the 
ternary  form  with  the  form  in  its  association  with  the  equation, 
then  the  preceding  algebraic  relation  /^«0  is  the  equation  of  an 
algebraic  plane  curve  referred  to  homogeneous  coordinates:  the 
curve  is  usually  called  the  integral  curve. 

We  may  proceed  similarly  with  an  equation  of  the  fourth 
order 

when  all  its  integrals  are  algebraic.  If  we  choose,  we  may  trans- 
fcrai  it  by  the  relation 


t04 


■QUATIOIW  Of  TBI 
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the  quaniiiy  #^'*  mutt  be  algebmto,  becaoae 


«i  , 

«^  . 

•w»  , 

«»« 

^', 

^'. 

W, 

*>: 

Vfl", 

«%*. 

w,". 

< 

^  » 

mT, 

wT. 

»4*' 

(V^. 


where  0  is  a  non-vaniehiiig  oonttani ;  and  the  eqiiaiioii  in  y, 
which  ie  of  (he  form 

hae  ell  ite  btegrale  algebraic    Takiug  any  four  Uneariy  inde- 
pendent eolutions  yi.  y,.  ya,  y^,  and  writing 

pyi-yf   ^yi-yi,   Tyi-y4. 

then  aa  p,  e-,  r  are  algebraic  functions  of  t,  they  muat  be  given 
by  three  equations  of  the  form 

or  of  simpler  equivalent  forms,  which  are  completely  algebraie  in 

character.    Eliminating  t  between  the  hrst  and  second,  and  also 

between  the  first  and  third,  and  takiiig  the  eliminants  in  a  fimn 

free  from    irrational   quantities  if.  these    occur,  we    have    two 

equations  ' 

^.(P.^.t)-O,    0,0>,  it,  t)-0, 

two  non-homogeneous  )K>lynomials  in  p,  o*,  r.  Replacing  these 
quantities  by  their  values  in  terms  of  yi.y,,  y,,  y^.and  multiplying^ 
each  equation  by  the  power  of  y,,  appropriate  to  free  it  from 
fractions,  we  find 


^.(yi.y..y..y4)-0) 

0(y»,yi,  y.,y4)-0l  ' 


where  F  and  0  are  homogeneous  polynomials  in  their  arguments 
or,  in  other  phrane,  are  quaternary  forms  in  yi,  y^  'y%»  9%-  ^  i^ 
the  case  of  the  cubic,  these  equations  imply  .the  further  equations 


0  (Wi,  u'ji.  u»,,  w^)  =  O) 


so  that,  when  the  integraU  of  a  homo(jeneou$  linear  equation  oj  the 
fourth  order  are  algebraic  functions,  two  homogeneous  rdatume  of 
finite  order  exist  among  any  four  linearly  independent  iniegrale. 
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Again,  when  the  Tariables^jfi,  y«,  yt,  y«  are  replaced  by  any 
other  set  of  fiindamental  integrals  F|,  Y^,  K|,  F«,  the  two  seta  of 
▼ariablea  are  connected  by  homogeneous  linear  relations:  and 
thus  the  theory  of  quatemariants  can  be  associated  with  thooe 
homogeneous  linear  equations  of  the  fourth  order  which  have 
their  integrals  algebraic  The  various  cases  will  arise  according 
to  the  orders  of  the  forms  F  and  0 ;  these  orders  are  always 
greater  than  unity,  because  the  integrals  jfi,  y,,  y,,  y^  are  linearly 
independent. 

We  may  also  combine  the  geometry  of  quaternary  forms  with 
the  forms  themselves  as  associated  with  the  equation.  In  that  case, 
each  of  the  equations  /*«  0,  (7  »  0  is  the  equation  of  a  non-planar 
surface  in  three  dimensions  referred  to  homogeneous  coordinates : 
the  two  equations  combined  determine  a  skew  curve,  which  ac« 
cordingly  is  the  integral  curve. 

Similarly,  in  the  case  \>f  equations  of  the  fifth  order,  of  which 
all  the  integrals  are  algebraic,  we  have  three  homogeneous  non* 
linear  relations  among  any  fundamental  set  of  integrab ;  and  there 
are  corresponding  associations  with  *the  theory  of  homogeneous  * 
forms  in  five  variables  and  the  allied  geometry.  And  so  also  for 
linear  equations  of  higher  orders. 

NoU  1.  There  cannot  be  two  homogeneous  relations  among  a 
set  of  three  linearly  independent  integrals  of  an  equation  of  the 
third  order:  for  they  would  determine  a  limited  number  of  sets  of 
constant  values  for  the  ratios  yi :  yt :  yt,  ccmtrary  to  the  postulate 
of  linear  independence. 

Similarly,  there  cannot  be  three  homogeneous  relations  among 
a  set  of  four  linearly  independent  integrals  of  an  equation  of  the 
fourth  order:  for  their  existence  would  imply  a  corresponding 
contradiction  of  the  same  postulate.  And  so  for  other  equations 
of  higher  orders. 

It  might  however  happen  that,  for  an  equation  of  the  fourth 
order,  only  a  single  homogeneous  relation  exists  annong  four 
linearly  independent  integrals ;  that,  for  an  equation  of  the  fifth 
order,  the  number  of  homogeneous  relations  among  a  fundamental 
set  of  integrab  is  less  than  three ;  and  so  on.  If  the  relations  thus 
given  in  each  of  the  respective  cases  are  the  maximum  number  of 
homogefceous  relations  thai  can  exists  we  can  infer  that  not  all 


1 


Me  BUTABT  (C9. 

the  int^pnlt  of  ibe  respeciiya  equaiioiia  are  alipebnue:  aad  a 
quettioQ  ariaei  aa  lo  the  aigiiiBcaiioe  of  the  respeetaTe  rnhtinaa 

NoU  S.  The  convene  of  the  general  argum^it  moat  not  be 
asaumed  Talid :  that  ia  to  aay,  the  exUtence  of  a  homogeneona  leb^. 
tion  between  the  members  of  a  fundamental  ajitem  of  int^rala 
of  an  equation  of  the  third  order  ia  not  auflScient  to  ennune  the 
property  that  all  the  integrals  are  algebraic  Thus  we  know 
that  a  number  of  tramiceiidentar  functions  of  a  Tariable  can  be 
connected  by  algebraic  relations :  and  such  instancea  are  not  the 
only  possible  exceptions. 

70.  The  preceding  method  of  associating  the  theory  of  forma 
with  linear  equations  dues  not  apply  directly  when  the  equation 
is  of  the  second  order:  fur  a  humugeneuus  relation  between  two 
integrals  would  imply  une  or  other  of  a  limited  number  of  con- 
stant vidues  fur  the  nitio  uf  the  integrals,  which  accordingly 
could  not  bo  liueariy  independent.  This  deticiency,  huwever,  ia 
rendered  relatively  uniiiiportaut,  because  Klein's  method  explained 
in  §§  69 — 62  fur  the  ei|uatiuu  of  the  secoud  order  gives  the 
com|dete  suiution  uf  the  question  propounded  as  to  the  cases 
when  all  its  integrals  are  algebr«uc.  The  results  there  given 
can  be  (and  have  been)  obtained  by  processes  directly  connected 
with  the  thetiry  of  binary  furms.  After  the  preceding  exposition, 
the  anslynis  in  miiiuly  of  furiiml  interest,  and  adds  little  to 
the  knowledge  of  the  solutions  regarded  as  functions  of  the 
independent  variable. 

It  will  be  sufficiently  illustrated*  by  one  or  two  examplea. 
£x,  1.    W«  take  ths  diflensutiiJ  equatiou  iu  tho  form 

Slid  euu^kider  the  vidiie  uf  s  huuiogeiiouiui  polynouiiiJ  fuoctioo  of  two  integiala 
jfi  si«d  jfj,  laiMuurly  indepeiMleat  of  oue  suother.  Let  this  polyoomial  be  of 
Older  a,  and  wriUi 


•  Vot  Mia  ducgMJoo  aod  deUilt,  Me  Puoha,  Ct^lU.  t  ixvu  (ISTe).  f^  97-- 
14S.  <^..  t  LiiiT  (1S7S).  pp.  1^36;  nrioMhi.  A/alk  Amm..  t.  n  (1S71),  ppu  401-411| 
Forqrtk,  Qma^.  /twm.,  t.  iiiu  (1S8»).  pp.  45~7S. 

A  Bcsoir  bj  P«pio,  **  If  ^ibods  pour  obUfiiir  kM  inUgrmksslftWiqMS  dtsdasatiMM 
liKrMlk*kt  Jio^ret  da  MeoDd  ordre."  Bowi.  Ace.  P.  4.  N.  I^  L  nsrr  (ISB^. 
#ft  SiS    Jag,  SMj  siao  bo  eoDSoltod  niOk  lAxukUf^ 
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Mjv  wImto  t  Is  Uio  qootieiit  jr|-l-jr|.    Wheo  aabititiitkNi  Is  niadt  ibr  fg  iiid 
fl  in  terms  of  j^  let  the  Talae  c^/be  ^(x\  eo  that 

/(yMyf)-*(')- 

Now  if  17(^1,  y,)«ir(/)  be  the  HeedAii  of/,  mmI  if  i7(ii)  be  tte 
iDf^eothal 

ir(/)-(Vi-«i*f.lyi.yi)*-*»  • 

ir(«)-(art-«i"i.-.Ki)^-*t 


tiehftf* 


WehAfveleo 


eeyieothat 


iyC).n-(ii.i)-(,.i.S[.(i-i)(J)"}. 


Now 


Diflbrantietiiigi  end  eabeiiiuiing  for  the  eeoond  deri¥ati?e  of  yt»  tre  haTO 

Hnltlply  bj  fi|  end  edd  the  equeree  of  the  eidee  of  the  preceding  equelkm : 
then 

Tk*  eotOeiMit  of  CVr*  OB  the  leA-huid  aide  b 


Mthtl 


■.(.-i)Cir(,..,^.(j2f-=^(g)*-V. 
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If  BOW  #(y^f  Jf|)  dtaoU  Um  oubioovAriMU  d/  ip  UmI 

.  ♦(jfM  Jf.)— (-~8j  IsJ;  3^,  -  ^,  ^J 

IbMi,  ptwitdiDg  Id  *  •Imibr  w«j,  w«  And 

•(j'..J'.)--.-^i,-5{-S*4|g}. 

And  M>  Ibr  oili«r  oovarUoU. 

Aa  A  •pooUd  oMo^i  let  il  U  requinNl  to  find  tba  vaIim  of  ^  If  wIma  Um 
blnarj  torm  it  Um  qiudimiio 

^  (^)  it  A  foot  of  tomo  rmUootl  fuoction  of  a    Iu  ihii  limtiimti 

^(yi»yi)-<v«i-V. 

A  oomUoI  ;  booot  ^  (#)  it  eithcf  t  raiiuiud  fUuciioiiy  or  it  Iho  tquMi  lool  if 
A  rAtioiud  ftiootioQ.    The  iuiegiutioo  it  iuoiediAto ;  Ibr 

jf,«(«t*'+««i«+«f)-*(*X 


wheooe 


Ciilv 


The  value  of  «  it  thut  kuown :  end  the  wMmoqueoi  vtlutt  of  jfg  Mid  f|  Mi 
imineditielj  giveat. 

Kx.  %.    Shew  ihtt»  if  the  iiitegrtlt  of  Uio  equaiioii 


are  Mich  tliai 


and  ^  it  a  root  of  tome  rational  fiiiictioQ  of  s,  iheo  ^  mutt  be  ratioiial  i 
obtain  the  reUtion  between  /  and  ^  {*), 


Es»  S.    The  integralt  of  the  equation 
are  tuch  that  • 


and  ^(jt)  it  a  root  of  tome  rati<»nal  function  of  m  \  ahew  that,  unleti  ^M  i* 
actuallj  rational,  the  quadnnvariAut  of  the  binary  quartio  mutt  vaniili.  la 
either  cane,  find  the  relation  between  /  and  ^  (jr).  (BrioiGhi.) 

*  Vncha,  CreUt,  t.  l&iii  (1870).  p.  116. 

t  Bet  my  Treali^^  on  Usfftttniial  Kquaiiom^  |  tt. 


70.]  OP  BINARY  roRm 

JEk4    FlndihivahMof /iiithe«qiiatkNi 


a5+'y-<^ 


wImoi  is  iht  reUtioD 


oopnecUng  two  iotegnla,  the  ftiiicti<m  ^  is  ■uppoied  knowB. 


'/ 


/ 


A.  ft.    8lMwtliit|iftwoiiitegniliorthe«|«ttlioo 


(AppA) 


an  flaooMtod  bj  a  Nbtkm 

I 

wiMra  J,  a;  C,  D  are  eoostMiUs  then 

Anoming  tbe  ooiiditi<m  Mtisfled,  integrate  tbe  equatioD. 
Ex.  8.    Two  integrab  el  tbe  equation 

are  eonneeted  bj  a  relation  of  tbe  form 
wbwe  J,  B^  CfDfE^m  oonetants :  prove  tbat 

Sbew  tbat  tbe  quantity  on  tbe  left-band  side  of  tbia  oonditional  equation  ia 
invariantife  for  cbange  of  tbe  independent  variable ;  and  benee^  aeraming 
tbe  condition  eatiafted,  abew  tbat  tbe  equation  oan  be  trMMfotmed  eo  aa  to 
become  a  particular  caae  of  Lam^a  equation  (Chapi  n).  (AppeH) 
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71.    Batuming  now  to  the  differential  eqnatioD  of  the  third 
Older  m  the  ferm 


S;+«Q^+/iy-o. 


Mid  aoppoaiiig  thmi  nil  ita  integrala  are  nlgehfRie»  we  prooeed  to 
cooaider  the  eqnatioii 

r.  IT.  \^ 


tio 
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pi. 


where  JT  ie  a  homogeneooe  polynomuil  in  any  Ihiee  lineerlj 
independent  integrak  For  thie  purpone,  it  will  be  eontenient 
to  have  an  equivalent  vimpler  form  of  the  equation  which  is  given 
by  a  known  transformation^,  vix.  we  have 


ift> 


+  /a-0, 


where 


>t-  '{t)'-''-t'S'  Mi-«» 


If  wo  take 


-^. 


th«t  lut  of  tluHo  rulatioUK  may  be  rupliioud  by  (h«  e(|UAUoa 


il^<Ho  n 


^HW-o. 


a,.*-0. 


The  equation  among  any  thruo  intogralii  it 

CSouvider  the  eimpleiit  cane ;  it  arises  when  n  «  S,  so  thai  F  is 
then  a  quadratic  polynomial  involving  six  terms.     Writing 

o«  -  ciju,  -I-  a,M^  +  0,11,, 

where  Oi,  Of,  a,  are  umbral  symbols,  the  equation  can  be  symbolic* 
ally  represented  by 

We  have 

ttMCiy  -  0,  * 

where  u'  is  dujiU.  and  so  for   u\     Differentiating  again,  and 
replacing  u*''  by  —  /u,  we  have 

—  la  J  +  ^u'(^u"  ■■  0, 
that  is,         . 

cf||'aM""*0, 

on  using  the  original  equation.     Similarly,  on  differentiating  this 

result, 

— /a„a^»  +  a„"*  ■■  0, 
that  is, 

o^.  •  -  0, 


*  8m  4  paper  bj  Um  suihor,  PkiL  Tram.,  (ISSS),  p.  441. 
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71.) 

00  uring  the  fint  deriTatiTe  of  the  original  eqnatioiL  DiflferoH 
tiating  onoe  mora,  we  have 

ao  that  either  /»  0  or  a^a^ a 0. 
If  /  is  not  Eero»  then  we  mnat  have 

and  therefore,  bj  the  second  derivative  of  the  original  eqoation. 

Hence,  on  the  present  hypothesis,  we  have 

Now  each  of  these  equations  is  linear  and  homogeneous  in  the 
six  real  coeflBcients  that  occur  in  a«*;  eliminating  these  coeflB- 
cients,  we  obtain,  as  equal  to  sero,  a  determinant  which  is  the 
fourth  power  of 

ft/'      iLf      uJ* 

• 

and  the  latter  ought  therefore  to  vanish.  But  because  Hi,  Mi,  iCt 
are  linearly  independent,  this  determinant  (being  the  determinant 
of  a  fundamental  system)  does  not  vanish— it  is  a  non-sero 
constant  in  the  present  case.  Accordingly,  the  hypothesb  thai 
/  is  not  aero  is  invalid. 

Hence  /»0;  and  therefore,  on  returning  to  the  original 

equation,  we  have 

*dQ 


odr  original  cqutioa  beeone* 


dP 


Askj  three  linearly  independent  integrals  are  connected  by  a 
qnadntie  relatioD 


tit 


TourABUim 


C71. 


To  obtain  tho  iolegiali^  we  ooie  thai  odo  Talao  of  « is  a  cooaUBl* 
•ay  aoitj;  Ihua 

^     dt     ^' 
where 

Thus  three  integrals  of  the  original  equation  are  $i\  $i$^^  $f» 
where  0%  and  $^  are  two  lineairly  independent  integrals  of  the 
latter  equation  of  the  second  order. 

It  may  be  noted  that  three  independent  integrals  of  tbe 
ii-equation  are  1,  t,  f ;  so  that 

y»aF-*'  »-rf7-*'  **ai-'' 

and  therefore 

yi*-yiJft-0. 

thus  verifying  the  existence  of  the  quadratic  relation  obtained  in 
a  canonical  form. 

Aaauming  9  liDOwn,  we  have 

*     i 
■o  that 

*    if* 
and  thua  three  integrab  of  the  original  equation  are 

Tbe  comparison  of  these  integrals  with  ^i',  tf At  ^t*  i*  immediato ; 
for  it  is  a  well-known  theorem  that,  if  tf|  is  a  solution  of  an 
equation 

9 

then  another  solution,  which  is  linearly  independent  of  ^i,  is  giTon 

by  d. 

Denoting  thi«  by  $,,  the  above  three  integrab  are  at  onoe  Mao  ta 

be  tf,».  eA.  *.'. 


I 
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Em.  1.    Plrof«  tbati  if  «  be  *  0olotion  of  the  eqaaikm 
the  pfimHiTe  omi  be  ezpreesed  in  the  fom 

wImto  J«  fl^  C  are  ifbitrarj  oonaUnta,  and  a  ie  *  determinate  oonatani. 
What  la  the  primiUve  when  •  vanisheel  (Math.  Trip.  Ptet  I,  iSM.) 

Ex.  %    Prore  that»  if  three  linearlj  independent  integrab  ef  the  eqnalioo 

be  connected  bj  a  relation  Fiy^t  ytt  yi)*0^  where  i^  la  a  homcgeoeoiM 
pdjnomial  ef  the  third  degree,  then  /  mutt  eatiafy  the  eqnatloQ 

(5er«-4«/r)  n-^hAir^-'  maiti'^'^i^.  ipjr-^^wn 


-7.3e«/»/'r+84«/r«+: 


/«-a 


Es.  S.    Plrofe  that»  if  both  the  ftindamental  inTarianta^  of  an  eqnalioo  ef 
the  fbnrth  cnler  vaniah,  ao  that  it  can  be  taken  in  the  form 

than  §im  Unearij  independent  integrals  are  given  bj  $f^  ^4^,  $^ff  if^ 
whara  #|  and  ^  are  linearlj  independent  integrab  ef 


Shew  alao  thali  if  the  relationa 


it? 


•fM-a 


9%9   fft*   9% 


«0 


ariaa  In  the  mom  auuiner  aa  for  the  enUe.    If  the  eqnallen 

g*«P.3+4P,g*P4f-0 
be  lianeiniwifl  Ij  the  rdatlona 

»  Nadammtal  tawlaala  are'gb.  «i-<'^'-    >«  "V 


U4 


■QUATIOMt  or  TBS  THiaOl  OKDIE 


CTl. 


Mibtiil  ftmoog  four  lioe*r(y  indepeiMleoi  iategrab  of  mi  •qiuilioQ  if  thm 
fourth  Older,  (to  ilut  the  intagnU  cunrt  it  *  iwktod  ouhlo),  lU  equftlioa 
muai  bt  of  tba  *bove  form. 

Jig.  i.  CoD^iruot  the  equAtioD  of  the  fourth  order  having  ^^t  ^fit 
^i^ii  ^^  for  e  set  of  liuearlj  iude|ieudttiit  integnlii  where  ^  end  0^^  ^  end 
^,  ere  Uneerly  inde|)eiidont  integreU  of  the  renpectiTe  equetione  y  ' 


!^H-<^-a 


Henoe  infer  the  form  of  e  quertio  equation  wheo  e  eingk  homogeoeoue 
quedretio  reUtion  miUeintii  among  e  fundamental  e/etem  of  integrala 

Ex.  6.    Shew  that  the  equation  ^ 

ie  eatleAed  by  y*^,  where  tf  in  an  integral  of 

and  hunce  integrate  the  equation.  (Pana) 

Ex.  e.    Shew  that,  if  live  linearly  indo|iendent  integrate  of  an  equation  of 
the  filth  order  are  coimectod  by  the  relatione 

J^if    J^ti    J^ii    1^1  'I 

yt>    J^s*    J^4*    y* 
the  equation  can  be  taken  in  the  i^irm 

and  thenoe  integrate  the  equation  a*  far  an  poasible. 


( 


'•=;■■+««)£*(«£+•«• 


£),-.. 


(Pana) 


72.     Conaider  now  the  more  general  case  when  three  Uoenrlj 
indepenclent  integrals  of  the  equation 

are  connected  by  an  irresoluble  relation 

where  /*  is  a  homogeneous  polynomial  of  order  greater  thaa  two : 
the  question  is  as  to  the  character  of  the  integrals  of  the  eqiiaiioii. 
For  the  discussion,  it  is  assumed  that  the  differential  equaiioo 
has  its  integrals  regular  and  free  from  logarithms:  it  thus  is  of 
Fuchsian  type. 

Let  K  denote  any  non-evanescent  covariant  of  the  qnaniio  W\ 
su  '         '>variant  is  the  Hessian,  which  would  vanish  only  if  f 
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contained  a  linear  fi^tor.  Let  m  describe  any  ocntonr,  which 
encloses  any  one  of  the  singularities,  and  retnra  to  its  iiiitiat 
valae;  the  effect  upon  the  fandamental  system  of  integrals  yu  9%% 
jft  10  to  change  them  into  another  fandamental  system  Yu  Ft»  Fi» 
the  two  systems  being  connected  by  relations 


(r-1,1,8). 


Tr-«ryi-^/9ry.4  7ryi. 


The  determinant  of  the  coeflBcients  «»  ff,  7  (say  A)  is 

from  sero  in  every  sach  case ;  in  the  present  case,  owing  to  the 

absence  of  the  term  in   P^  from  the  eqaation,  we  have  (J  14) 

A-1, 
by  Poincar^'s  theorem. 

Now  the  preceding  relations  constttate  a  linear  transformation 
of  the  variables  in  the  foregoing  homogeneons  forms ;  hence  if  ^ 
be  the  index  of  K,  and  K  denote  the  same  function  of  Tu  F'ti  F| 
as  JT  is  of  y,,  y„  y,,  we  have    * 

for  ^  is  necessarily  an  integer.  It  thus  appears  that  the  value  of 
K  is  unaltered  by  the  description  of  the  contour. 

This  holds  for  each  of  the  singularities,  as  well  as  for  « ■■  oo ; 
hence  IT,  when  expressed  as  a  function  of  1,  is  a  uniform  ftmction« 
To  obtain  the  form  of  IT  in  the  vicinity  of  any  singularity  a,  we 
take  account  of  the  fact  that  the  equation  is  of  Fuchsian  type : 
hence  in  the  vicinity  we  have,  for  any  integral  y, 

{s — ay^y  m  holomorphic  function  of  «  —  Oi 

where  \p\  is  a  finite  quantity.  Now  JT  is  of  finite  order  in  the 
variables  y,,  y,,  y^;  accordingly  substituting  for  them,  and  remem* 
bering  that  IT  is  a  uniform  function  of  m,  we  have 

{m  —  ay^K  ■■  holomorphio  function  of  «  —  Oi 

where  ^  is  an  integer,  positive  or  negative.  This  holds  for  each  of 
the  singularities,  the  number  of  which  is  limited  when  Q  and  Jt 
are  rational  frinctions  oJP  « ;  it  holds  also  for  ««  so  •  Hence  K  is 
not  merely  a  uniform  lunotioD,  but  it  is  a  rational  ftmotioii^  of  t« 
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It  therefore  follows  tbmt  every  oovftriant  of  the  quentie  W  is 
e  rational  fiinotion  of  #,  exoeptions  of  •ooune  eriaiiig  in  the  eeee 
when  the  oovariant  in  an  invariant,  so  that  it  ia  a  mere  eonatank 

Take  then  any  two  covarianta,  aay  the  Hessian  IT,  and  any 
other,  say  JT :  we  have 

i^-o.  jy-^.  ir-t, 

where  ^  and  ^  are  rational  functions  of  i.  These  are  three 
algebraical  equations  to  determine  y,,  y,,  yt  in  terms  of  »\  and 
therefore  lAs  differential  equation  is  integrable  algebraicaUy,  a 
theorem  first  announced*  by  Fuchs. 

A  case  of  exception  arises,  when  the  Hessian  is  a  constant :  the 
quantic  F  is  then  of  the  second  order  so  that  the  case  has  already 
been  discussed ;  the  integration  of  the  original  equation  depends 
upon  the  integrals  of  a  linear  equation  of  the  second  order. 

As  an  iUutiratioD,  ooiuuder  the  equation 

y+a^+iTy-o, 

when  s  fundameutal  net  of  integrals  is  connected  by  s  homogeDSOus  oobie 
relation.    We  assume  that  the  equation  is  of  Fuchsian  t^rpe. 

Taking  the  cubio  in  the  canonical  form,  we  have 

^-yi'+yZ+yj'+e'yiyiyi-^^ 

I  being  a  constant    The  Hesaian  is  a  rational  function,  saj  ^(l^-SI*);  so 

that 

,  ,     ,      /f-/'(yi«+y,«+y,«)-(l+2P)y,y^,.^(l^8/»), 
and  therefore 

yiyiy*--*. 
yi*+y«'+yj*-^*- 

Taking  the  other  symmetric  oovariantt  of  the  cubic,  whkili  also  Is  a  rslioiial 
fkmction,  we  have 

and  ir  is  equal  to  a  rational  function  ;  so  that,  taking  account  of  the  above 
value  of  y|*+y,*<fyt*i  we  can  write 

yiViHytW+yiVi'-*- 

Thus  yi',  y/,  y/  are  the  roots  of 

.     •  Aeta  J/alA ,  i.  i  (ISS3),  p.  SSO. 

t  Uyley,  CM.  Meik.  Papen,  i.  u,  ^  S4S. 
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IB  lirBdociMe  oable.  So  ftur  m  the  ooeAciento  mtb  ooooeniedy  Htmj  mtb  knowii 
lobentkNMilftiiiclkNMoft;  thedenooiinAtorofeftohmolilbiiolioQtokiiowii, 
beoftOM  Hs  liMlon  arise  thnmgh  the  eingulAritieB  of  the  eqtuitioa  end  the 
mnhiplki^  of  maj  fiMior  oen  be  determined  throu^  the  eaeoekited  iodidel 
•loiitkm ;  end  the  degree  of  the  numerator  has  ao  upper  linlt«  determined 
hj  the  behaTiour  of  the  faiiegrals  for  laige  Talnea  of  i;  Henoe  ^  and  ^  eao 
be  legaided  as  kiiowB»  laTe  as  to  a  pol  jnomial  nomeralor  in  eaoh 

We  have 

the  laet  three  being  obtained,  after  diflerentiation,  bj  repeated  nee  of  the 
enbio  equation  Ibr  %  and  the  quantitiea  A^  B^  Cf ...  being  fitnctiona  of  ^  ^ 

and  their  deriTatiree.  Now  writing  y<*f^  in  the  diflbrential  equation,  we 
find 

When  the  above  Taluee  are  subetituted  and  the  reault  ie  reduced  bj  means  of 
the  cubio  equaUon,  so  that  no  power  of  f  higlier  than  the  second  occurs,  we 
have  an  equation  of  the  form 

where  Y|,  Y|,  Yf  inTolve  ^  it  and  their  deriTatiree,  and  are  linear  in  Q,  it 
As  the  cubic  ie  irreducible,  so  that  this  equation  holds  for  eaoh  root,  we  have 

Y|-0,    Y,-0,    Y,-a, 

three  equatione  to  determine  ^  and  ^.  There  consequentlj  eiists  a  relation 
among  the  remaining  quantitiee,  rii.  Q  and  R :  and  this  must  be  equivalent 
to  the  oondiUon  ({  71,  Ex.  8X  which  must  be  satisfied  in  order  that  the 
equation  /'■tO  maj  exist 

Similar  results  hold  for  the  cubic  eqaation,  when  the  homo- 
geneoos  relation  between  the  integrals  ie  of  order  greater  than 
three;  and  corresponding  resulte  hold  for  linear  differential 
eqoatione  of  higher  orders.  In  foot,  if  a  general  kamogeneoue 
relatian  of  fimie  order  higher  than  the  eeeond  eubeiete  among  a 
fmndameniat  egetem  tf  integrate  of  a  Unear  differential  equation  </ 
order  ft,  then  the  equation  ie  integraUe  alg^hraieaUg :  the  proof 
fellows  the  lines  of  the  preceding  proof  eiaetly. 

This  finge  of  inTestigations  will  noti  however,  be  pnrsned 
Anrtber,  as  it  beoomes  mainlj  fermal  in  fAiiiiAtaf « 4vBmf&&w  ^«^ 

/ 
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the  theory  of  oovarianta  and  upon  4he  application  of  the  theory  of 
groupe  to  linear  differential  equations.  An  excel^t  aeooant  of 
what  has  been  achieved,  together  with  many  referenoea,  ia  given 
in  a  memoir*  by  Fano  who  haa  made  many  oontributiona  to  the 
subject;  a  memoirf  by  BrioMhi  contains  some  inventigations  con- 
nected with  temariants;  and  other  detailed  references  are  given 
in  Schlesinger^s  treatise^,  which  contains  an  ample  discussion  of 
the  subject 


•  Math.  Ann,,  t.  uii  (1900),  pp.  49S--A90. 
t  Ann.  di  Mat,,  *>  8cr.,  t  xiii  (1485),  pp.  1-Sl. 

X  Theorii  det  linearem  l){fer€HtialgUiekunyen,  ii,  1  (1897).  pp.  viU— mi.    Tli« 
ditcttuiou  U  to  be  found  iu  cbttpiert  3— S  oC  tlia  lunUi  Mciion  o(  Um  trwkiiM. 


CHAPTER  VI. 
Equations  hatimo  only  some  of  their  Imtbqralb  regular 

NEAR  a  SiKGULARITT. 


73.  It  has  been  seen  that,  if  all  the  integrals  of  an  equation 
are  to  be  regular  in  the  vicinity  of  each  singularity,  the  coefficients 
in  the  equation  must  be  rational  functions  of  m  of  appropriate 
form  and  degree. 

It  may,  however,  happen  that  the  coefficients  are  rational 
functions  of  m  but  are  not  of  the  appropriate  form  and  degree  i 
in  that  case,  it  is  not  the  fact  that  all  the  integrals  are  regular^ 
and  it  may  even  be  the  fieu^t  that  none  of  the  integrals  are  regular. 
This  deviation  from  regularity  need  not  occur  at  each  singularity 
of  the  equation :  a  fundamental  system  may  be  entirely  regular  in 
the  vicinity  of  one  (or  more  than  one)  of  the  singularities,  and 
may  not  possess  its  entirely  regular  character  in  the  vicinity  of 
some  other.  The  conditions  necessary  and  sufficient  to  secure 
that  all  the  integrals  are  regular  in  the  vicinity  of  a  singularity  a 
have  already  (Ch.  Ill)  been  obtained.  If  these  conditions  are  not 
satisfied,  then  the  composition  of  the  fundamental  system  in  the 
vicinity  of  the  singulimty  a  is  no  longer  of  an  entirely  regular 
character:  we  desire  to  know  the  deviations  firom  regularity. 

It  may  also  happen  that  not  all  the  coefficients  are  rational 
functions  of  i;  in  that  case,  if  uniform,  they  are  transcendental 
functions  and  possess  at  least  one  essential  singularity,  say  o. 
Further,  owing  either  to  a  possibly  excessive  degree  of  the 
numerator  in  a  rational  meromorphic  coefficient  or  to  a  possibility 
thai  jf  •  00  is  an  essential  singularity  of  some  one  or  more  of  the 
eoeffideiits^  it  can  happen  that  the  conditions  for  regularity  of 
integrals  near  «  ■■  so  are  not  satisSed    The  fhndameenUl  %yMsifiL 
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is  then  not  entirely  regular  near  c  or  for  large  values  of  |#|,  in 
the  resp^tive  caeea  indicated,  and  it  may  even  be  devoid  of  any 
regular  element ;  the  same  question  as  to  its  composition  siriseo 
as  in  the  corresponding  hypothesis  for  the  singularity  a. 

Accordingly,  for  our  present  purpose    we  assume  thai  the 

coefficients  in  the  differential  equation  are  everywhere  unilorm: 

that  (unless  an  otherwise  stated)  they  may  have  any  number  of 

poles,  and  that  they  may  have  one  or  more  essential  singularities. 

When  a  is  a  pole  of  one  (or  more  than  one)  of  the  coefficients, 

and  is  not  an  essential  singularity  of  any  of  them,  we  have  one 

of  the  coses  just  indicated;  when  oo   is  a  pole  of  coefficients, 

not  being  an  csRential  singularity  of  any  one  of  them,  we  have 

another.     We  write 

1 

•r 

in  the^e  respective  cases ;  and  then  our  differential  equation  takea 
the  form 

where  the  point  «  *  Oi  is  a  pole  of  some  (and  it  may  be  of  all)  the 
coefficients.  If  all  the  integrahi  were  regular  in  the  vicinity  of 
4P  •  0,  then  ofp,  for  r  ■■  1,  S, ...,  m  would  be  a  uniform  fiinction  of 
m  that  does  not  become  infinite  when  W^O.  As  some  of  the 
integrals  are  to  bo  not  regular  in  the  vicinity  of  4p«0,  the 
multiplicity  of  the  origin  as  a  pole  of  p,  must  be  greater  than  r, 
for  some  value  or  values  of  r.     Let 

Pr  - X"  •' Pr  (*)/  (r  - 1, ...,  mX 

where  Vr  i<i  <^  positive  integer  (which  may  be  sero  for  particular 
coefficients),  and  Pr(«r)  is  a  uniform  function  of  s  which  does  not 
become  infinite  when  x «  0 :  also  it  will  be  assumed  that,  unless 
Pr  vanishes  identically,  m^  has  been  chosen  so  that  Pr(0)  doea  not 
vanish,  so  that  Vr  measures  the  multiplicity  of  the  pole  of  |v  at 
the  origin.    Then  one  or  more  than  one  of  the  quantities 

^r-r  (r«l,  •••,  m) 

is  a  positive  integer  greater  than  zera 

As  in  §23.  let 


fVi33^?*>r  <; 


#»MAMMhrfWHUMH*<:^«4MaMJiito«*tfMkAitf*««MMlkMi^ 
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and  sappow  that 

18  au  integral  of  the  equation,  regular  in  the  ricinity  ot  wmO  and 
belonging  to  an  exponent  ^ ;  then  it  is  known  (§§  25 — 28)  that 
^  is  a  regular  integral  also  belonging  to  the  exponent  ^  so  that 

where  4>«  is  a  uniform  function  of  c  which  does  not  vanish  when 
4P  ■■  0.  As  this  expression^  when  substituted  for  w,  should  make 
the  equation  satisfied  identically,  the  aggregate  coeflBcient  of  the 
lowest  power  of  w  must  Tanish  (as,  of  course,  must  all  the  other 
aggregate  coeflSdentsX  The  lowest  power  of  w  in  the  respeotire 
terms  has  for  its  index 

and  for  any  other  integral,  belonging  to  an  exponent  0*,  the 
corresponding  numbers  would  be 


^-m,  ^-fri-(in-l),  ^- w,— (m  — 2X  ...»  ^ 

Let 

fr.  +  (m-t)-n., 

and  consider  the  set  of  integers 

**#»    **!»  •••!    **••• 


-•■•-I -!.•'-•■•. 


(f-0, 1,  ...,fiiX 


ft 

Of  these,  let  the  greatest  be  chosen.  It  may  occur  several  times 
in  the  set ;  when  this  is  the  case,  let  the  first  occurrence  be  at 
flu,  as  we  pass  in  the  order  of  increasing  subscripts,  so  that 

nr<  On   ,  for  r«0, 1, ...,  n  — 1, 

Then  n  is  called^  the  ekaraderistie  index  of  the  equation :  when 
n  ■■  0,  all  the  integrals  are  regular. 

The  lowest  power  of  w  after  substitution  of  the  expression  for 
the  regular  integral  has  ^  —  ITn  for  its  index ;  it  arises  through 

p^    a        and  later  terms  in  the  diflPerential  equation ;  as  the 

eoelBdent  of  this  lowest  power  must  vanish,  the>SKgnent  ^  must 

^  Thoni^  CMk,  t  uxf  (197t),  |k  SS7. 
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satisfy  an  algebraio  equation  of  degree  m  —  li.  Similariy  for  an 
exponent  a  to  which  any  other  regular  integral  belongs;  it  also  it 
a  root  of  the  aanie  algebraic  equation ;  and  each  such  exponent 
satisfies  that  same  algebraic  equation  of  degree  m  ->  n,  which 
accordingly  is  called  the  indicial  equation.  But  it  must  not  be 
assumed  (and,  in  fiict,  it  is  not  necessarily  the  case  when  n  >  0) 
that  the  number  of  regular  integrals  is  equal  to  the  degree  of  the 
iudiciol  equation.  It  is  dear  that,  in  all  cases  where  n  >  0,  the 
degree  of  the  indicial  equation  is  less  than  m. 

74.  Suppose  now  that  the  given  differential  equation  of  order 
m  has  a  number  «  of  regular  integrals,  which  are  linearly  inde* 
pendent  of  one  another,  where  «.<  m :  (the  case  «  « in  has  already 
been  discussed):  and  that  there  do  not  exist  more  than  $  linearly 
iudepeudcnt  integmls.  After  the  earlier  discussion  of  fundamental 
systems,  it  is  clear  that  any  regular  integral  of  the  equation  is 
expressible  as  a  homogeneous  linear  combination  of  the  « integrals^ 
with  constant  coefficients ;  also  that,  if  every  regular  integral  of 
the  equation  is  expreasible  as  such  a  combination  of  «  (and  not 
fewer  than  s)  such  integrals,  the  number  of  regular  integrals 
liuearly  independent  of  one  another  is  «. 

Further,  a  linear  relation  among  the  integrals  of  the  equation« 
involving  a  number  of  regular  integrals  and  ouly  a  single  one  that 
is  not  of  the  regular  typo,  cannot  exist ;  for  the  single  non-reguhur 
integral  would  involve  an  unlimiiiHl  number  of  negative  powers  of 
X,  while  each  of  the  others  occurring  in  the  linear  relation  involves 
only  a  limited  number  of  such  negative  powen. 

A  linear  relation  might  exist  among  the  integrals  of  the 
equation,  involving  a  number  of  n^gular  integrals  and  two  integrals 
that  are  not  of  the  regular  type.  We  then  regard  the  relation  as 
shewing  that  the  deviation  from  regularity  is  the  same  for  the 
two  integnils :  and  in  constituting  the  fundamental  system  tor  the 
e<)uation,  we  could  use  the  relation  as  enabling  us  to  reject  one 
of  the  non-regular  integrals,  because  it  is  linearly  expressible  io 
terms  of  integrals  already  retained.  So  also  for  a  linear  relation 
with  constant  coefficients  between  regular  integrals  and  more  thaa 
two  integrals  of  a  non-regular  type. 

Again,  suppose  that  our  tlifTerential  equation  of  order  m  haa 
an  aggregate  of  u  integrals,  regular  in  the  vicinity  of  iraiO  and 
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linearly  independent  of  one  another ;  and  let  it  be  formed  of  aiib- 
groupe  of  integrals  of  the  type 

for  X  ■■  0, 1,  2,  •••»  ff,  where 

£(ir  +  l)-fi. 

Then,  after  §§  25 — 28,  we  know  that  these  n  linearly  independent 
integrals  constitute  a  fundamental  system  for  a  linear  differential 
equation  of  order  n,  the  coefficients  of  which  are  functions  of  m^' 
uniform  in  the  vicinity  of  4?  ■■  0 ;  let  it  be 


ib*^^*a?- 


Now  this  equation,  being  of  order  n,  cannot  have  more  than  n 
linearly  independent  integrals:  and  its  fundamental  system  in  the 
vicinity  of  c»0  is  composed  o{  the  it  regular  integrals  of  the 
original  equation.    Hence,  by  §  81,  we  must  have 

where  J{pi(4p)  is  a  holomorphic  function  of  m  in  the  vicinity  of 
4PaiO,  such  that  Rpi(O)  is  not  infinite.  Accordingly,  ih$  aggregaU 
of  ike  n  linearly  independent  regular  integrate  of  the  original 
ejuaiion  are  then  integrate  in  a  fundamental  eyetem  of  a  linear 
equoHon  of  order  n  of  the  foregoing  type. 


REDUCtBILmr  of  EQUATIOMa 

• 

75.  If  therefore  some  (but  not  all)  of  the  integrals  of  the 
given  equation  of  order  m  are  of  the  regular  type,  it  has  integrals 
in  common  with  an  equation  of  lower  order.  On  the  analogy  of 
rational  algebraic  equations,  which  possess  roots  satisfying  an 
algebraic  equation  of  the  same  rational  form  and  of  lower 
degree,  the  differential  equation  is  said  to  be  redueSUe. 

Consider  two  equations  • 


IM  RIDUOUULITY  OT  [T5w 

when  m  >  fi ;  iMid  tak«  an  expretaion 

where  the  coeflScienU  R^,  Iti, ...,  Ri  are  at  ouf  duqpoaal,  and 

{ ■■  m  ->  H. 

Let  these  diaponable  coeflBcieDta  be  choien,  eo  as  to  make  the  oider 
of  the  equation 

Ar(y)-I|A'(y))-0 

aa  low  aa  ponible.    By  taking  the  { -|- 1  relations 
P.'-R.Q.. 

which  determine  /{•»•..,  /ti,  we  can  secure  that  the  terms  unYoln^g 
derivatives  of  y  of  order  higher  than  n  —  1  disappear.  Aceoidingly, 
writing 


da* 
where  8^,  8i, ....  iSli  are  determinate  quantities  and 

we  have 

where  K'  is  of  order  le^s  than  N.  Moreover,  if  P,,  ...,  P^^ 
Qti  •••»  Qm  i^re  uniform  functions  of  a;,  having  «»0  either  an 
ordinary  point  or  only  a  pole,  the  same  holds  of  the  coeflicienta  M 
and  the  coefficients  3\  so  that  L  and  K  are  of  the  same  generib 
character  as  M  and  N. 

From  this  result  several  conclusions  can  be  drawn. 

L  Any  integral,  common  to  the  equations  Af  »0,  JtTflBO,  ia  an 
integral  of  the  equation  K^O,  If,  therefore,  every  integral  of 
N^O  is  also  an  integral  of  J/aO,  it  follows  that  K^O  must 
possess  n  linearly  iudepeudeut  integrals ;  as  its  order  is  less  than 
ffi,  the  equation  is  evanesceut,  and  wo  then  have 

iHlf)''L  |i^(y)). 
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n.  Any  integral,  common  to  the  equations  N^O,  JT^O,  is 
an  integral  of  the  equation  JIf  ■»  0 ;  and  therefore,  in  connection 
with  the  first  part  of  the  preceding  result,  the  integrals  common 
to  Jf  >»  O9  i^  »  0  constitute  the  integrals  common  to  i^T  ■■  0,  IT  »  0. 

The  process  of  obtaining  the  integrals  (if  any),  common  to 
two  given  equations  if «  0  and  ifai  0,  can  thus  be  made  a  kind  of 
generalisation  of  the  process  of  obtaining  the  greatest  common 
measure  of  two  giren  polynomials.    Proceeding  as  aboTC,  we  hare 

N   ^i^K  +ir, 

where  JTi,  JTi,  •••»  ir«  are  of  successirely  decreasing  orders.  Then 
unless  an  evanescent  quantity  K  of  non-zero  order  is  reaohedi 
sooner  or  later  a  quantity  K  is  reached  which  is  of  order  iero» 
that  is,  contains  no  derivative. 

In  the  former  case,  let  Kr^i  be  evanescent;  then  the  integrals 
of  the  equation  Kr^  0  constitute  the  aggregate  of  integrala  common 
to  Jf- 0,^-0. 

In  the  latter  case,  let  K9  be  the  quantity  of  order  aero ;  then 
the  integrals  common  toif»0»i\^aiOare  integrals  of 

Now  f(s)  is  not  sero,  for  otherwise  K,  would  be  evaneicent ;  and 
therefiire  we  have 

y-o, 

the  trivial  solution  common  to  all  homogeneous  linear  equatioDS. 
We  then  say  that  Jf  «  0,  if  -  0  have  no  common  integral 

IIL  An  equation  having  regular  integrals  is  reducible.  For 
one  such  integiml  exists  in  the  form 

y— ^/(-^X 

where  \9\  is  finite,  and/(4p)  is  holomorphic  in  the  vicinity  otwmO^ 
while  /(O)  is  not  aera    We  have 

Idy^e    /'(w) 


-JilCX 


W.  IT. 


Vb 
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wher»  Jt(«)  i«  a  holomorphio  funciioQ  in  the  vioinitj  of  •■■O, 
•uoh  that  R  (0)  w  not  sero.  Thus  the  given  difierentinl  aqoaiioii 
has  an  integrU  aatisfyiug  the  e(|uatiaa 

that  11,  it  has  an  integral  common  with  an  equation,  which  is  of 
the  first  order  and  is  of  the  same  form  as  itself:  in  other  woids, 
the  equation  is  reducibla 

But  it  is  not  to  be  inferred  that  such  equations  are  the  onTy 
reducible  oquatiims. 

IV.    If  an  equation  if -O  has  p  (and  not   more'  than  p) 

linearly  independent  regular  integralii,  it  can  bo  expressed  in 

the  form 

Jf(i^)-Z;|J?(y))-0. 

where  i^  is  of  order  />,  and  X  is  of  order  m^p. 

For  the  p  regular  integrals  are  known  (§§  25—28,  74)  to 
satisfy  an  equation  of  the  form 

of  order  p.  Every  integral  of  J\r«>0  is  an  integral  of  if  aaO; 
whence,  by  L,  the  result  follows. 

76.  We  proceed  to  utilise  the  last  result  in  (»tler  to  obtain 
some  conclusions  as  regards  the  reguhur  integrals  (if  any)  ot  a 
given  equation,  say, 

The  resuh  of  substituting  uf  for  li;  in  ^(ii;),. where  />  is  a  constant 
quantity,  is 

thi«  is  called*  the  cltaracterittic  /unction  of  the  e(|uatit>a  P^O  ot 
of  the  operator  P.    We  h^ve 


- +!»»-•  f+j»»: 


*  Frobcniw,  Cnllt,  t.  t*x».  (lOTt),  p.  MS. 
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when  the  right-hand  side  is  expanded  in  ascending  powers  of  w^  it 
contains  (owing  to  the  form  of  the  coeflBcients  p)  only  a  limited 
number  of  powers  with  negative  indices.  The  highest  powers  of 
jr*9  arising  out  of  the  m  + 1  terms  in  ar^P(aif\  have  exponents 

m,  W|  •♦•  m  —  1,  w,  -f  m  —  2,  •••,  ««»-i  + 1,  m^t 
that  is, 

**#»   "it  •••!   Hm. 

Let  11  be  the  characteristic  index  of  the  equation,  so  that  n«  is 
the  greatest  integei"  in  the  set :  if  seyeral  of  the  quantities  11  be 
equal  to  thu  greatest  integer,  then  n«  is  the  first  that  occurs  as 
we  proceed  through  the  set  from  left  to  right  Denoting  the 
value  of  IIii  by  g^  let 

«' :=^- Jr(«) -  Jrt         (r - 1, 1, ...,  m), 


so  that  9ii(0)  is  not  sero,  and  no  one  of  the  quantities  9r(0)  is 

infinite.    Then 

ar^P(af)mar90(p,ai\ 

where  G  is  a  polynomial  in  p  and  is  holomorphic  in  «^  in  the 
vicinity  of  w^O.  Moreover,  expanding  0(p,  #)  in  ascending 
powers  of  4p,  we  have 

where  each  of  the  coeflBcients  ^  is  a  polynomial  in  p,  of  degree  not 
higher  than  m;  th^  degree  of  g^ifi)  is  m  —  n,  and  the  degree  of 
y,.H»  (p)iBm.  Also,  ^9  (p)  is  the  quantity  called  ({  S9)  the  indieial 
/undUm ;  the  equation 

is  called  the  indicial  equoHon. 

Now  take 

N{w)^m9P(w) 

where  q^mg^-^;  the  equation  P»0  can  manifestly  be  replaced 
by  the  equivalent 

which  is  taken  to  be  the  normal /mm  for  the  present  purpose, 
tf-'jr  (•»)  -  (7(f>.  •)  -  ^  (^)  •(•  C9k  (^) -f ...» 


VOEMAL  fOBM  OF  BQUati^ 

whioh  tbua  containa  only  pontive  powen  of  •  when  tkt  mftMtUm 
it  in  its  normal  fi>rni»  and  which  has  the  indiciat  ftiaoiioQ  for  the 
tenn  independent  of  «; 

We  have  seen  that,  if  P(w)»0  putMene  regular  intogralai  it 
ie  a  reducible  equation :  and  the  operator  P  can  then  be  repre- 
sented ae  a  product  of  operatoni. '  Consider,  more  generallj  in  the 
first  instance,  two  operators  A  and  B,  each  in  its  normal  form ;  and 
let  C,  also  an  operator,  denote  A  B.  Further,  let  the  charaoteristie 
functions  o(  A^B,  C,  respectively  be 

|ft-0  |ft-S 

where  the  summations  in  /(or,  p)  and  g{x,  p)  include  no  negative 
powers  of  x,  because  A  and  B  are  in  their  normal  forins.  Now,  aa 
C""  AB,  we  have 

C(x^)mAB(3fl') 

^A[lg^{p)jr^^\ 

-  2ir^(/>)il(j^+0. 

and  therefore 

2A.0>)«^-  2    2  ^M(p>/4  0*+/>)«'^^ 

As  X  and  >.  are  incapable  of  negative  values,  there  are  no  negative 
values  for  a ;  and  therefore  C  is  in  a  Hormal  form.    Also 

^^^  *•  (p)  -  9.  (p)f.  (p\ 

so  that  ike  indicial  /unction  of  C  is  ike  produfii  of  tke  imHeial 
fuHctione  of  its  component  operators :  and 

A,(p)-  2^^0>)/^(m-I-/)). 

Further,  if  C  be  known  to  possess  a  component  fisctor  Jl  which, 
when  operated  upon  by  A,  produces  C,  then  A  can  be  obtained. 
For,  take  B  and  C  in  their  nonual  forms :  the  equation 

2  k^(p)jf^  2  l9^(p)A{M'^p)^*^ 

#••  #i"S 
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then  holds.  The  values  of  X  are  clearly  0, 1,  •••,  sothat  A  is  then 
in  its  normal  form ;  and  the  suocessire  quantities  fk  are  giren  by 
the  equation 

for  a^Of  I, ...,  p,  the  values  obtained  being  polynomials  in  p, 
because  0  is  known  to  be  composite  of  A  and  A 

Of  course,  this  merely  gives  the  characteristic  function  of  the 
operator ;  but  the  characteristic  function  uniquely  determines  the 
operator.  For  let  /(tc,  p)  be  a  function^  which  is  a  polynomial 
in  p,  and  the  coefficients  of  which  are  functions  of  m:  and  let 
the  degree  of  the  polynomial  be  m.    Then  we  have^ 

/(#,p)-  2  iiiii-iip(p-l)...(p-m-Mi-M)-f «»» 
••■• 

where,  taking  finite  difierences  in  the  form 

A^(«.p)-/(..^  +  l)-/(«./,X 


we  haTe 
Thus 


which  is  the  characteristic  function  of  the  operator 

the  operator  is  determined  by  the  characteristic  function. 


CHABAcJmnnc  Imdiz,  and  Number  of  Riqular  Imtbqraia 

77.    Now  let  the  equation  of  order  m,  taken  in  its  normal 
form,  be 

and  snppoee  that  it  possesses  t  (and  not  more  than  t)  regular 
int^grali^  Hneariy  independent  of  one  another.    These  s  iategimis 


S30  CHAUOTCBUnO  IHDBX  AVO  (TT. 

«n  ft  fiindMiUDU)  ■jrHtem  of  m  eqiution.  of  oidar  a  tad  of  Ftteh»> 

iMi  typ«;  whoD  this  eqiution  u  Ukua  in  ibi  oomwl  form,  lil  ii  ba 

_  -  dfw  il*~'itt  dm  _ 

«(»).- ■^+,,."  j^%...+.„.-2+'.-<>. 

when  ri,  Vt '•  ^"^  htJomurphio  funcUoui  of  x  in  the  neiiiitj 

of  «b(X    Aj  all  the  iotegnld  of  5—0  ore  potwied  bj  JT^O, 
there  exiata  »  difleroDtial  operator  T  of  order  m  —  a,  auch  th«t 

beckuae  JV  uwl  5  ftre  in  their  uoniial  furnia,  T  also  ia  in  iU 
form,  ao  that  we  can  take 


iS==l' 


5+...  +  T* 


where  T|,Tt Ta 

of«-a     If  then 


are  holomurphio  functiuna  of  s  in  the  vicinitj 

the  indicial  function  of  T  ia  the  coefficient  (^  ^  in  tf  (c,  pX  which 
ia  a  polynomial  in  p  and  coutaina  no  negative  powera  of  «.  TOi 
coefficient  may  Im  independent  of  /> ;  in  that  case,  the  ohaiactOT- 
iatio  indei  of  7  ia  ta  —  m.  Ur  it  may  bo  a  polynomial  in  p,  any  at 
degree  Jl  in  ^  where  i  >  0 ;  the  characteriatio  index  of  T  then  !■ 
m—t  —  k. 

BecaUM  iV  -  TS,  the  indicial  function  of  Jf  ia  the  product  of 
the  indicial  functiona  of  T  and  S;  ho  that  lAa  indtcuil  /iiHCtUNi  ^ 
5,  uVii'cA  j^iBM  a/j  tAa  reffutur  itUegruU  o/  N,  i*  a  faelor  vf  tht 
indicial  function  uf  tkt  oriyinal  tqtuttton.  The  degreo  of  Um 
indicial  function  uf  S  ia  etjual  to  t,  tiecitiiati  5  h  (1  ia  an  aqiiatMn  of 
order  i  of  Fuchaiau  type ;  the  degree  of  the  indicial  function  of  If 
ia  in— H,  where  ii  ia  the  chaructcriiitic  index  of  JVaA.     Henoe 

a  +  J:  -  »)  -  n, 
thatia, 

a  -  irt  -  a  —  t 
<  iH  -  « ; 
•0  that  (aiauming  for  the  moment  that  k  may  be  uthar  wra  or 
greater  than  zero)  an  upper   limit  for  tAt  numJur  iff  t 
iHfayrufa  tohicfc  on  tqaatiom  eua  puuteu  ia  gvfw  fcjp 


u 
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where  m  ii  the  order  of  the  equtUion^  and  n  ie  Ue  charaderieHo 
indem  {euppoeed  to  he  greater  than  eero}.  It  is  knowD  that,  when 
fi  »0,  the  number  of  regnlar  integrals  is  equal  to  m. 

Corollary  L  An  equation^  whoee  indieial  fanetion  it  o 
comiant,  eo  that  iti  indieial  equation  hae  no  rooti,  hae  no  regular 
integraU;  tor  ite  characteristic  index  is  equal  to  its  order.  But 
tuch  equations  are  not  the  only  equations  devoid  of  regular 
integrals. 

CoROLLART  II.  When  k  is  equal  to  zero,  then  e  is  equal  to 
m^n,  so  that  the  number  of  regular  integrals  of  the  equation 
is  actually  equal  to  the  degree  of  the  indieial  function.  The 
necessary  and  sufficient  condition  for  this  result  is  that  the 
equation,  which  is  reducible,  must  be  capable  of  expression  in 
the  form 

* 

where  the  indieial  function  of  2*  is  a  coostanVjtnd  the  degree  of 
*  the  indieial  function  of  8  is  equal  to  the  order  of  ^ 

This  result,  which  is  of  the  nature  of  a  descriptive  condition, 
appears  to  have  been  first  given  in  this  form  by  Floquet*.  Other 
forms,  of  a  similar  kind*  had  been  given  earlier  by  Thom^f  and  by 
Frobeniust  (see  $  83,  poet). 

Note.    On  the  basis  of  the  preceding  analysis,  it  is  easy  to 

frame  an  independent  verification  that  the  charaeteristio  index 

is  not  greater  than  m  - 1.     For  in  the  operator  T,  the  quantity 

'^m  §  k  does  not  vanish  when  ««0;  and  all  the  quantities  nt  *Rch 

that 

X<m-t-ifc, 

do  vanish  when  m^o.  Hence,  when  we  take  N  as  expressed  in 
the  form 

the  ooeffieient  of 


e^ 


H^ 


ia  the  fint  (b  the  succession  from  left  to  right)  in  whieh 
oceors;  it  also  contains  f«,  Vit ...,  '^m  $  %  u  r11  of  them  occurring 

•  Jm.  db  rie.  H^m.  Bm^.  t*  Ui^  1  vm  (ISIt),  lnipL,  ppd  «» H 
t  Cirvllt,  I.  urn  (187S),  p.  ISI. 


ISS  VUMUR  or  RIQULAB  IIITBQBALS  [TT. 

lioeMrly.  When  mmO,  all  of  Iheae  exoepi  Ti^  »  »  faoUi,  and 
<*»  J  t  does  not  vanUh ;  and  therefore  jw-t-*  doee  no4  vanish  when 
«aO,    In  the  oof  fficient  of 

■ 

where  ik>»-¥h,  the  quantities  y»,  Ti Xm^  ocour  linearly :  each 

of  these  vanitthee  when  x^Q^  and  therefore  q^^  does  vanish  when 
ff  «  0.  As  this  holds  for  all  values  of  /a,  it  fi>llowi  that  qm  $  h  ia 
the  fint  of  the  quantities  q  which  does  not  vanish. when  «»0; 
hence  the  characteristio  index  of  N  is  vi^M^k^  that  ia,  it  is 
<  w  —  s,  where  s  is  the  uuuibor  of  regular  integrals  possessed  by 
the  equation  N^O. 

Ex,  1.  If  w^Wi  be  ail  iutegral,  regular  sud  ik^aa  ftom  logaritluiMi  of  an 
squstiou  /'•O,  which  in  of  cmier  m  sud  haai  •  regular  integndni  and  if  a  new 
de|iendent  variaUe  u  be  giveu  by    • 

ahew  that  u  aatUfiee  an  equation  (}»0^  which  ia  of  order  ts- 1  sod  baa  s*  1 
regular  integraU ;  and  obtain  the  relation  between  the  chanoteristao  index  of 
P-Oand  thatof  V-a*  (Thoml) 

£r.'S.    The  equation 

haa  HI  -«  integraU,  regular  in  the  vicinity  of  i«iO  indf  linearly  independent  of 
one  another,  and  j-O  ia  a  pole  for  p^  •••,  p^ ;  ahew  that  it  ia  a  pole  (not  an 
eaaential  aiugularity)  for  each  of  the  remaining  coefficienta  p,  (Tbom^) 

Ex.  3.  *  If,  in  the  equation  in  the  preceding  eiampls,  pi p^  an 

arbitrarily  aatiigiied,  nubject  to  the  condition  th^t  jwO  ia  a  pole  or  an 
ordinary  point,  prove  that  the  remaining  ooefficienta  p  can  ba  detamiined 
eo  aa  to  permit  the  equation  to  |)OHaoii»  m^$  arbitrarily  aaaigned  regular 
integraU,  linearly  independent  of  one  another.  (Tbooi^) 

Ex.  4.  Prove  that  the  condition,  uecciuiary  and  aulficient  to  eecura  that, 
an  equation  «VaO,  of  order  m  and  having  an  indioial  funoti<»  of  degraa 
m  -  y,  ahall  have  m  -  y  -  A  linearly  iodo|K)ndont  regular  integraU^  ui  that  JT 
ahall  be  a  pruduct  of  the  form  (^JiiJ),  where  the  indicial  fiinctiona  of  V,  if,  i> 
are  of  dogrecu  d,  0,  m-y-l  ren|H)ctivttly,  and  D  ia  of  order  hi-v-Il  I« 
there  any  limitation  upon  the  onicr  of  Jf  t  (^yla/.) 

Ex.  ft.    Shew  that  an  equation  i^D^O  haa  at  leaat  aa  many  regular 
integraU  aa  />->(!,  and  not  more  than  (/-O and  />— 0  together;  and  that»  if 
all  the  integraU  of  JJmmQ  are  reguUr,  then  Q/)«iO  haa  aa  many  regular 
mtcgndu  aa  ^«iO  and  />»0  iogelVker. 
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Henoe  (or  otberwiM)  shew  that,  if  an  equation  P>iO  hat  all  its  integrals 
regular,  then  P  can  be  reeoWed  into  a  product  of  operators,  each  of  the  first 
order  and  such  that,  equated  to  aero,  it  has  a  regular  integrid.  Is  this 
resolution  unique!  (Frobenius.) 

78.  In  the  two  extreme  cases,  first,  where  the  degree  of  the 
indicial  function  is  equal  to  the  order  of  the  equation,  and  second, 
where  its  degree  is  zero,  the  number  of  regular  integrals  ia  equal 
to  that  degree.  The  preceding  proposition  shews  that,  in  the 
intermediate  cases,  the  degree  merely  gives  an  upper  limit  for  the 
number  of  regular  integrals.  It  is  natural  lo  enquire  whether 
the  number  can  UX\  below  that  upper  limit 

As  a  matter  of  fiict,  it  is  possible*  to  construct  equationSi  the 
number  of  whose  regular  integrals  is  Jess  than  the  degree  of  the 
indicial  function.  Taking  only  the  simplest  case  leading  to  equa* 
tions  of  the  second  order,  consider  the  two  equations 

of  the  first  order ;  and  form  the  equation 

which  manifestly  is  of  the  second  order,  say 


where 


.     \dk  dk    kdK 


If  we  can  arrange  so  that  «  »  0  is  a  pole  of  p  of  order  n,  where 
II  >  t,  then  «  a  0  in  general  will  be  apoleof  fof  order  ii-fl;  And 
the  indicial  function  will  then  be  of  the  first  degree. 

Consider  now  the  equation  of  the  second  order.    Since 
it  can  be  written 


which  is  satisfied  by 

where  A  is  aiqr  arUtraiy  constant 


\ 
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Let  F  be  an  integrml  of  the  equation  of  the  eeoood  oider.    It 
may  be  an  integral  of  V^  0 ;  if  it  ii  not,  then»  when  we  take 

F 

•#  ^  ^  — 

we  have 

that  i%  yi  is  an  integral  of  U^O,  Thup  any  integral  of  the 
equation  of  the  aeoond  order  either  ii  an  iotegml  of  K»  0  or  ia  a 
constant  multiple  of  an  integral  of  U^O,  lU  then«  U^O  and 
K»0  are  inch  that  they  posaeaa  no  regular  integral,  the  differ- 
ential equation  of  the  aeoond  order  can  poHaeae  no  regular  integral ; 
at  the  same  time,  its  indicial  function  is  of  the  first  degree. 
The  equation  F»0  will  not  have  a  regular  integral,  if  «  ^0  is  a 
pole  of  k  of  order  greater  than  unity ;  and  the  equation  17  »  0  will 
then  not  have  a  regular  integral,  if  A  is  a  rational  function  of «. 

Ex.  1.    The  aggregate  of  oonditions  can  ^  be  MtUfied  Muultaueously  in 
niAoj  way«.    For  iunUuioe,  take 

1      . 
then 

* 
The  differential  equation  of  the  aeoond  order  ia 

Its  indieial  aquation  ia  of  the  fimt  degree,  and  it  has  no  regular  inl^grala :  or 
the  number  of  ita  regular  integral*  ia  leaa  than  the  degree  of  ita  indieial 
aquation. 

The  ooncluaioo  can  otherwiae  be  verified ;  lor  It  ia  aaay  to  oUam  two 
linearly  inde|iendent  integrala  in  the  form 

no  linear  combination  of  which  givea  riae  to  a  regular  iategraL 
£s»  S.    8hew  that  the  equation 

haa  no  regular  integrala :  and  verify  the  reault  by  ohlaining  the  Intagmb  af 
the  aguation.  (Thoa4^  Floqwit) 
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DiTCBMIMATIOM  OP  SVCH  RBOULAB  IMTBORAU  A8  EXIST. 

79.  When  the  degree  of  the  indicial  function  of  an  equation 
of  order  m  is  less  than  m,  no  precise  information  is  given  as  to  the 
number  of  regular  integrals  possessed  by  the  equation.  The  further 
conditions,  sufficient  to  ^determine  whether  a  regular  integral 
should  or  should  not  be  associated  with  any  root  of  the  indicial 
equation,  can  be  obtained  in  a  form,  which  is  mainly  descriptive 
for  the  equation  of  general  order  and  can  be  rendered  completely 
explicit  for  any  particular  given  equation. 

Let  the  equation  be 

of  characteristic  index  n.  Let  B{0)  be  the  indicial  function,  and 
let  o"  be  one  of  its  zeros,  so  that 

i?(<r)-0. 

Then,  if  a  regular  integral  is  to  be  associated  with  ^,  it  must  be  of 

the  form 

u  «  «^ (e^  "f  C|ff  4- c^c*  "f ...  +  <^«' -I- •••). 

This  expression,  when  substituted  in  the  equation,  must  satisfy  it 
identically,  so  that,  after  substitution,  the  coefficient  of  «''*''  must 
vanish  for  every  value  of  p :  and  therefore 

where  the  number  of  terms  in  this  difference-relation  depends 

upon  the  actual  forms  of  f«,  ^i,  ••.,  qm.    Of  the  coefficients /«, /^ 

•••ff/v»  the  first  is 

/.(p)-if(4r+p), 

which  is  of  degree  m  —  n  in  p ;  of  the  remainder,  one  at  least,  vis. 
y^,  is  of  degree  m  in  p,  where  g  has  the  same  significance  as  in 
$76. 

The  successive  use  of  this  difference-relation,  together  with  the 
equations  fer  the  earlier  coefficients,  the  first  of  which  is 

leads  tothe  values  of  all  the  quantities  <v  -i-  c^,  for  the  successive 
values  of  ^;  and  thus  a  formal  exprsasion  for  n  is  obtained  thai 
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•atiifies  the  equation*  I(  however,  the  expraeiioii  k  mi  ioAnite 
•eriee,  it  hai  no  functional  significance  when  it  divergee:  that  this 
frequently,  even  generally,  is  the  case,,  may  be  inferred  as  followsi 
For  if  C|i4.i  -»-0|i.  with  indefinite  iucreaMO  of  /a,  tends  to  a  limit  that 
is  not  infinite,  so  also  would  Cn^-t-Cn^i,  c^^-hc^^t  and  so  on; 
and  therefore  * 


for  finite  values  of  a,  akio  would  tend  to  a  limit  that  is  not  infinite. 
Now  a  number  of  the  quantities 

AM 

for  various  values  of  6,  undoubtedly  tend  to  zero  as  ^  increases 
indefinitely ;  some  of  tbem  may  have  .a  finite  limit :  but  one  at 
least  is  infinite,  vis. 

because  the  numerator  is  of  degree  n  higher  than  the  denominator, 
both  of  them  being  polynomials  in'  /a.  Consequently,  the  ex* 
pression 

,Mm)  c^i  .  ./i(M)  ©M+t  .  •     ,  /f  (m) Oim^ 

• 

acquires  an  infinite  value  as  /a  increases  without  limit  The 
difference-relation  requires  the  value  of  the  expression  to  be 
always  -  1,  so  that  the  hypothesis  leading  to  the  wrong  inference 
must  be  untenable.  Therefore  Cf.^i-^c^,  with  indefinite  increase 
of  Ml  does  not  tend  to  a  limit  that  is*  finite,  aiid  therefore  the 
series  diverges^.  There  is  then  no  regular  integral  to  be  asso- 
ciated with  the  root  ^.  *  . 

*  It  U  Dol  incoDoeivable  lluit,  for  tpittiial  values  of  m  and  of  a,  and  for  apaeial 
formt  of  the  ooefficMnta  q,  aa  weU  at  for  a  tpeoial  value  of  tba  Umil  e^^^-t-^tlhs 
iofloiU  part*  of  the  axprcftiMon 

r-l/«0«)    C^ 

might  diiiappear,  aud  Iha  viprvMion  itMlf  ba  equal  to  -1.  In  that  aaas,  Ihs 
■eriea  would  oooverga  :  and  an  eioeption  lo  Iho  general  Iheorem  would  ooeiir.  BqI 
it  is  clear  that  auch  an  eiception  ie  of  a  very  epeoial  eharaeter  i  il  wUI  bs  Ml 
without  further  attempt  to  atate  the  oooditlona  explieitly. 
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As  the  series  thus  generally  diverges  when  it  contains  an  nn* 
limited  number  of  terms,  the  regular  integral  is  thus  generally 
illusoiy.  The  only,  alternative  is  that  the  series  should  contain 
^  limited  number  of  terms :  and  then  the  regular  integral  would 
certainly  exist  Accordingly,  let  it  be  supposed  that  the  series 
contains  it  4- 1  terms,  so  that 


C|       Cb 


Cft 


are  quantities  known  frx>m  the  difference-relation,  and  that 

^i^if   Cft-ffft  •••  ad  inf. 

all  vanish.    If  we  secure  that  ci^i,  ci^«,  ...,  ci^,  all  vanish,  then 

eveiy  succeeding  coefficient  must  vanish  in  virtue  of  the  difference* 

relation ;  and  these  r  relations  will  then  secure  the  existence  of  a 

regular  integral  to  be  associated  with  the  exponent  ^.    Taking 

p^k,  I:— 1,  ...,  I:— T  +  l  in  succession,  we  find  the  r  necessary 

conditions  to  be 

/•(t)c»-0,thatis,/.(ifc)-0. 
and  generally 

2/i(*-r)<?|.^-0, 
'  for  values  r  •  1,  2,  ...,  r  - 1.    The  first  of  these  is 

BO  that  the  indicial  equation,  which  possesses  a  root  ^,  must 
possess  also  a  root  a  "fib,  where  ik  is  a  positive  integer.  (In  the 
special  instance,  when  ik  ■■  0,  no  condition  is  thus  imposed :  in  the 
general  instance,  when  it  is  a  positive  integer  greater  than  sero,  it 
is  easy  to  verify  that  E^v-^k)  is  the  indicial  function  for  «  «  oo .) 

When  the  aggregate  of  conditions,  which  will  not  be  examined 
in  further  detail,  is  satisfied  in  connection  with  a  root  of  the 
indicial  equation,  a  regular  integral  exists,  belonging  to  that  root 
as  its  exponent;  and  there  are  as  many  regular  integrals,  thus 
determined,  as  there  are  sets  of  conditions  satisfied  for  each  root 
of  the  indidal  equation. 

Explicit  expressions  for  the  various  coefficients  c  can  be  derived, 
when  the  explicit  forms  of  the  quantities  q  are  known :  but  the 
general  results  involve  merely  laborious  calculation,  and  wouM 
hardly  be  used  in  any  partieolar  case.    The  results  are  tbersfara^ 


138  MODE  or  onAiMivo  [79l 

MB  alreAdy  remarked,  mainly  deaoriptiTe :  and  eo^  in  any  parlkmlar 
ease,  ii  remaioa  ohieBy  a  matter  for  experimental  trial  (to  be 
completed)  whether  a  regular  integral  ii  neoeeaarily  anodated 
with  a  root  of  the  indicial  equation. 

For  this  purpoee,  and  alifo  for  the  purpgee  of  diacuaeing  the 
regular  integralu  aanociated  with  a  multiple  root  of  the  indicial 
equation,  a  convenient  plan  is  to  adopt  the  process  given  by 
Frobenius  (Chap,  iii)  wheu  all  the  integrab  are  regular.  We 
substitute  an^xpretMion  • 


iu  the  equation  1 

of  characteristic  index  n.    Alter  the  substitution,  the  first  term  ia 

where  E(p)  is  the  indicial  function,  of  degree  m  —  ii ;  and  wo  make 
all  the  succeeding  terms  vanish,  by  chousing  the  relations  among 
the  constants  c  appropriate  for  the  purprtse.     We  thus  have 

N(w)^e.E{p)jf; 
and  the  relations  among  the  constants  c  are  of  the  form 

where  the  constants  a|i,|>-i,  ...,  «,»,•  are  polynomials  in  ^  and, 
when  this  relation  is  the  general  difference-relation  between  the 
coeflScients  c,  one  at  least  of  these  polynomials  a^r  is  of  degree  m 
in  /A.  When  the  difference-relation  is  used  for  successive  valnea 
of /A,  we  obtain  expressions  for  the  successive  coeBScients  c,  which 
give  each  of  them  as  a  multiple  of  c«  by  a  quantity  that  is  a 
rational  function  of  ^  When  these  coefficients  are  used,  we  have 
the  fornittl  expression  of  a  quantity  w  which  satisties  the  equation 

iV.(u;)-c,/;(/>)jf. 

Unfortunately  for  the  establinlunent  of  tlio  regular  integralsi  thia 
formal  expression  does  not  necessarily  (nor  even  generally)  con- 
verge: for,  in  the  difference-relation  among  the  constants  c^  the 
right-hand  side  is  a  polynomial  of  degree  m  in  /a,  while  the  left- 
hand  side  is  a  polynomial  of  degree  m  -  n  in  ft,  so  that  the  aeriea 

would,  BB  in  the  preceding  investigation,  generally  diverge. 


"(^ 
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Bat  while  this  is  the  bet  in  general^  it  may  happen  that  the 

series  woold  converge  when  p  acquires  a  valae  ooonrring  as  a  root 

of  the  sanation 

B(p)^0. 

In  that  case^  the  series  satisfies  the  equation 

J^(w)-0: 

in  other  words,  it  is  a  regular  integral  of  the  differential  equation. 
Further,  if  the  particular  value  of  p  be  a  multiple  root  of  the 
indioial  equation,  it  can  happen  that  the  series 

dw 

converges  for  this  particular  value  of  p ;  and  then 

'^^     l^[cB(p)^] 

-0, 

because  the  value  of  p  is  a  multiple  root  o(  BmO:  in  other  words, 

dw 

7-  is  then  a  regular  integral  of  the  differential  equation.    And  so 

possibly  for  higher  derivatives  with  regard  to  p,  according  to  the 
multiplicity  of  the  root  of  J?»0. 

The  whole  (est  in  this  method  is  therefore  as  to  whether  the 

series 

2c„4f+'» 

converges  for  the  particular  value  (or  values)  of  p  given  as  the 
roots  of  the  indicial  equation.  The  method  of  dealing  with  a 
repeated  root  of  the  indicial  equation  has  been  briefly  indicated. 
Corresponding  considerations  arise,  when  E^O  has  a  group  of 
roots  differing  among  one  another  by  integers.  In  fact,  all  fAs 
proce$$ei  adopted  (in  Ch.  ill)  when  all  the  inteffrale  are  regular^ 
are  applicable  when  only  eome  of  them  are  regular,  presided  the 
varioue  eeriee,  whether  wriginal  or  derived,  are  converging  eeriee. 
The  deficiency,  that  arises  through  the  occurrence  of  diverging 
series,  represents  the  deficiency  in  the  number  of  regular  integrals 
below  fn  —  n.  As  already  stated,  the  tests  necessary  and  sufficient 
to  discriminate  between  the  convergence  and  divergenoe  of  the 
varions  series  are  not  given  in  any  explicit  fonttt  that  admits  of 
immediate  applieatioo. 


SiO  IXAMfLIB  [TS. 

Ma  la    Ooniidw  thA  aouAlioii 

jpV+jy'-(B4-ijr)y-0^ 
oonalnioted  in  {  78|  Kx.  1.    TIm  indkiiil  equation  la 

•0  thai  thera  la  not  mors  than  ooe  regular  integral ;  if  it  axiala^  ii  bdoii^ 
to  ao  axpoDMii  9.    To  datomuiie  the  exutatioeb  wa  aubaliUito 

in  tba  originiil  aquation  ;  that  it  niiij  be  aatiaftedi  wa  uuat  bava 

lor  n«l,  %  ....    Wa  at  once  find 

and  therefore 

c.-|(-l)-(n+8)!. 

The  iierieii  2  c^«*^*  divergea,  and  therefore  the  one  poaaihia  regular  integnl 

dooe  not  exiet ;  that  ia,  the  original  equation  pmiieiniea  no  regular  integrali 
although  the  indicial  equation  in  of  the  fint  degree. 

If  there  were  a  regular  integral,  it  would  aatiafj  an  equation 

where  m  ia  a  holomorphic  function  of  x ;  and  the  original  equation  could  Umq 
be  written 


("£-.)  (-£-.*)-^ 


where  w  ia  eome  holomorphic  function  in  the  vicinitj  of  4r«iOL  It  mij^t  be 
imagined  that,  aa  the  indicial  equation  ia  of  degree  unity  (a  profierty  thai 
doee  not  fi^bid  the  exiateuco  of  a  regular  integralX  it  would  be  pnaaible  to 
obtain  the  regular  integral  through  a  determination  of  «,  and  thai  Iba 
divergence  of  the  aeriea  in  the  preceding  analyaia  ia  due  to  the  operator 

which  Mtnihiktea  oiily  expraiMiooii  that  an  not  kkuUt.  That  thia  ia  Dok  tba 
caaa  majr  eaail/  he  noea.    We  have 

('■i-)('£-')-S«'--"-'^)£-(-£-~)». 

ao  that|  if  the  nsaolution  be  poaaiblei  we  have 

x*^-ra-3-f2jr. 
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SnbtUtnUng  in  the  leoood  of  these  the  Tahie  of  t  giveB  bj  the  flnti  we  find 

as  ea  equetioii  to  detennine  %  etippoeed  *  holomorphio  fbnotlon  of  a    Let 
be  eabetitQted  \  in  order  that  the  equation  for  «  maj  be  eatinfledi  we  have 

andf  for  vahiee  of  n  higher  than  lero^ 

(ii+la,-l)a«,+2(«ia.,.|-|.a,a.,.,+...)-«ii*i-0L 

Henoeii«-S,a|-4,<i|-iS4,and  eoon.   The  reUtion  giting  o^^i,  when  taken 
for  tuooesaive  Valaee  of  n,  ahews  that  all  the  coetBdente  «  are  poaitive ;  henoe 

<V^i>(fi-f8(H-l)<v 

>(ii^6)a., 
thatifli 

a0a,>(ii+4)t, 

and  ao  the  aeriee  for  u  diveigea :  in  other  wordai  there  to  no  Amotion  «|  and 
the  hypothetioal  reaohition  of  the  equation  it  not  poeaible. 

ifofi.    Thto  aigmnent  to  general ;  it  doea  not  depend  npon  the  partieidar 
coelfidenta  ibr  the  apecial  equation  that  haa  been  diaonaeed. 

Kx.  1    Oonaider  the  equation 

which  to  in  the  normal  form.    The  oharacteriatio  indei  to  1 1  the  faMliolal 
equation  to 

that  to, 

ao  that  the  number  of  regular  integrato  cannot  be  greater  than  Iwo^  and  eneh 
aa  eiiit  belong  to  the  eiponent  9. 

To  determine  theae  regular  integrak  (if  anjX  we  adopt  the  FMieniua 
method  of  Ch.  m.    Taking 

we  have 
proTMieQ 

and,  for  tahiea  of  n  greater  than  unity, 

a  foetor  ^-f-n-l  baTinf  bean  ramoted,  beoaaae  It  doae  not  faniab  for  tiMae 
tahieaefa    Lei 

f  .  IT.  .\% 
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•othal 

*.-Oi-t)«i-«^--(p.B)Oi+l)V  / ' 

Alio  thA  diffafunot  onmtion  for  tiM  ooAffioiaDtA  •  hfinomw 

-(-l)^0i-»)0,+l)0.+«)...0i+i.)iV 
-(-l)-0.O)°^tJL)^. 

Htoo^i  wriUng 

in  ih«  feUUon 

(^-|.fi-3)ci,-9r,.,-it^ 

and  aubtiiittiing  Uia  Talua  of  k^^  we  have 

Adding  th«  sides  of  this  equation,  taken  sucoSHsivelj  for  is  a  •  I,  ..i  1^  1^  and 
noting  thai 

we  have 

We  thus  have  a  value  of  jf  in  the  form 
where 

and  this  satisfies  the  relation 

It  is  dear  that  formal  solutions  oi  the  original  difierential  equation  are 
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bMMiw  •  MriM,  in  whkh 

,  5(-jyn{«+»)n(m-i) 
8  n(n)         .      ^ 

is  the  ooefBcient  of^*^',  numifwily  diveigM*. 

It  thus  appeMi  that,  although  the  iodkial  eqnatkiB  for  #»0  to  cf  the 
leoood  d^gree^  the  differential  equation  poeeeeeee  onlj  one  integral  whi^  to 
regular  in  that  Ticinitj ;  and  thto  integnd  ie  a  oonrtant  multiple  of  j*  A 

Thto  regular  integral  aatieflee  the  equation 

eo  that  the  original  equation  muet  he  redudhle.    II  to  9Uj  to  TerUy  that  II 
ean  he  etpreeeed  in  the  form 

Es,  S.  Aa  an  eiample  which  allowa  the  couTergenoe  of  the  avtoa  for  the 
regular  Integrel  to  ooour  in  a  different  way,  oonaider  the  equation 

The  indidal  equation  to 

ao  thai  one  regular  ini^grd  maj  extot    To  determine  whether  thto  to  eo  er 
not,  we  Buhatitttte 

which  (if  it  exiatB)  helongi  to  the  exponent  aero.    Oomparing  coefMent% 
we  find 

and,  for  an  valuee  of  n  that  are  greater  than  unit/f 

(a-»-l)<v^t-(aS-»-n-»-l)a.-Saa^.t-faii.f 
Let 

then 

In  general,  the  valuee  of  •  (and  the  oonaequent  rahiee  of  a)  aa  determined  hj 
the  bat  equation,  lead  to  direrging  aertoe ;  hut  fai  our  partioutor  eaaa^ 

ao  that  €^»0^  <^»0^  and  general)/  €^-0^  that  ia, 

■•••■■•■i-if 

•  The  aerlee  la  ft  to  mted  tiom  difeffgtnee  beoaate.  in  It,  Iheae  eoefBeleBte  are 
araltlplied  Ij  the  foelor  ^  - 1,  whieb  vaatohm  for  Ibe  apedal  talue  of  ^  and  whMi 

te  qmntittoa  thai  eava  the  difwgnee  In  Ibi  aaeond  laltgiaL 


Mi  niCTINOI  Ur 


•0  that  *  f^fuUr  integral  tsisU.    Il  k  a  ooosUnl  muHipte  cf  ^. 

+(ar-i.dt»-|.4«»)y-(B+d»+4^ir-a 

Tb«  ohanoierktio  iodes  la  uniij ;.  heuoa  th«  nambtr  €i  reguUr  iat^gnli  k 
not  graater.  than  Ihrea.  To  deiermiiM  tbemy  if  thej  aikti  w%  taka  an 
•sprMalon 

and  form  i>(yX  cbooaing  relaiionn  among  tha  coeftciauU  a  audi  thai  all 
larma  after  the  flni  in  ibe  quantity />(y)  TaniMh,    WathiiaAnd 

/>(y)-^(/i-l/(p-8)j', 
provided 

and,  for  valuea  of  n  greater  than  unity, 

The  indicial  aquation  ia 

0»-l)>(p-8)-C\ 

of  degree  S  aa  waa  to  be  az|iected  (-i4- 1),  becauee  tha  characteriatio  iadai 
ia  1.  The  roota  form  a  single  group ;  if  a  regular  integral  esiata  balonginf  la 
tha  root  8»  it  will  be  free  fruoi  logarithnui ;  if  two  regular  integnla  astai 
belonging  to  tha  root  1,  one  of  them  m<iy  ur  may  not  be  Irea  from  logarithmic 
and  the  other  will  certainly  involve  logarithiua. 

Consider  the  root  p*3.  Aa  p-^n-Z  then  vaniahea  for  no  one  of  tha 
▼aluoa  of  N,  we  may  remove  it  from  the  difforeiioe-aquation,  eo  that  tha  latter 
beoomea 

-♦•c.-i(p-»-»-3)(p+a-4)(p-f»)-a 
Taking 

we  at  onoe  find 

Wa  require  tha  value  of  k^.    We  havoi  for  f> «  3, 

16e,4-61C|-t-10i^<-^ 
-|(-iy(»+3)l€^5 


aothat 
Now 
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■0  that,  writing 
we  hare 


•od  deari  J 

io  thftl  IIm  teriat 


(n-l-f  )*a,-ii  (n+l)  <i,.,-(ii-|.S)l  Iv 
As  €^  and  Of  are  poeiliTa,  It  foHows  thai  all  the  coeAolenta  a  are  poeltlvt ; 

(ll-H)l|€^ 

diTei^ges ;  and  there  ia  im  regular  integral  belonging  to  the  root  9.  Moreoreri 
the  ooeflkieDt  of  e^,  being  (p4-fi-l)*t  doee  not  Tanish  when  pm^  for  any 
Talne  of  n ;  henoe^  if  two  regular  integrals  exist  belonging  to  Uie  root  nnitj 
of  the  indioial  equation,  one  of  them  will  oertainlj  be  hm  from  togarithna. 

Consider  now  the  repeated  root  p^h  As  p-fn-S  Tanishea  lor  this 
▼alue  of  p  when  fi»f,  the  dilforence<^uaiion  is  then  eraneeoent  for  mm t  and 
H  does  not  detormine  e^.  For  other  ralues  of  n,  the  quantitj  p4-«t  -r  9  does 
not  then  tanish,  so  that  it  may  be  remored.  We  then  have^  for  Tahiee  of 
fi>Si  the  earns  form  of  equation  as  before^  Ti& 

Also 

the  Talus  p*!  not  jet  being  ineerted  beoauss  ws  have  to  diflbmtiats  with 
regard  to  ^    The  difference-equation  for  fi«-SgiTes 

so  that 

For  Taluesof  fi>4|let  ^M^-f,  so  that  the  Talus  of  risS;  takefi-l«iSi| 
so  that  the  Talues  of  m  are  >  t ;  and  write 

then  the  diAfsooe-equation  becomes 

»^(r+si-l)»-».»i„.,(r-l-si-f)((^-».m)«-(^-».si)-3) 

-••»i»-i(r-l-si-S)(r-».si-4)(r-|-si)-a 

Here  r«l»  si>t;  0^»V  ^«&|a-t)^:  so  that  this  equation  is  now 
eiactlj  the  sams  as  in  the  former  case  for  p«  lb  The  series  thence  detsrm* 
inedis 

with  the  earlier  nolatioii ;  it  certainlj  diTergee  unless  6^«a.  If  ^«0^  ereqr 
ooelBcient  Tsnishes,  and  the  eeries  itielf  TanisheSi  As  ws  fsquirs  tegular 
IntegmH  we  shall  therefore  assume  6^-0^  that  ia^  €^-0}  and  then  all  tlii 
isinsliiing  ooeflcieBts  tanish,  so  thai  ws  hate 


/ 


r-<^-»-^+»  fr-DV+^-D  J], 
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Ml  WpiWMiCMI  wlkioh  ii  BUOll  thfti 

▲ooonliDglj, 

ara  inta^rtk  of  Um  aqafttion 

Tbo  former  k  e^jg :  om  regular  integral  thiia  k  . 

Tlielatlerk  # 

another  regular  integral  k 

«f«jH4.xlogx. 

Tbe  original  differential  equation  aooordinglj  baa  two  regular  intagralib 
JEr.  6^   Shew  that  the  equation 

'•(i+')*/'-o+«*+a«*-**)y-a-i-«»+t**+tj^f-o 

hae  one  integral  regular  in  the  ?icinitj  of  x»0;  and  eifirMa  the  equatkMi  in 
a  redttoibk  form. 

£m,  6.    Shew  that  the  equation 

«•  (H-24P4  *«•+ **)y^-l-(l -f  6^-f  «4p«-3**- i*«)y 

-(t^liv-»-l&jr«4-as«-x«)y>(l^ftr-|-8j^-|-4c*4-Ji«)f«0 
hae  two  regular  int^grak  in  the  Ticiiiity  of  4r»0^  in  the  form 

and  obtain  the  integral  that  U  not  regular. 
£x,  7.*  Shew  that  the  cqueiton 

hae  no  integral,  that  k  regular  in  the  vicinity  of  jr»0 ;  eiprefli  the  equntkft 
in  a  reducibk  form,  and  theaoe  obtain  the  integral  by  quadratures    (Oijk|f •) 

Ex.B.    An  equation  P«0  can  be  es|)reiwed  in  the  Ibnn 

where  />«0  hae  no  regular  iutegraU ;  can  P«0  have  an/  regular  Integiekt 
lUuetrate  by  a  ajiocial  caMa. 

£x.  9.    In  the  equation 

the  coefficieota  P  are  polynoniiala  iu  x  of  degree p^  and  j»< n :  aliev  thai  il 
r  n  -  j»  integrak,  which  are  integral  functiona  of  a  (P^incaHL) 
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Existence  of  Irreducible  EquATioira. 

80.  We  have  seen  that  an  eqnation  ia  redncible  when  it  if 
satisfied  by  one  or  mora  of  the  integrals  of  an  eqnation  of  lower 
order,  in  particnlar»  by  the  integral  of  an  equation  of  the  first 
order.  The  main  use  so  far  made  of  this  property  has  been  in 
association  with  the  regular  integrals  of  the  equation:  but  it 
applies  equally  if  the  equation  possesses  non-regular  integrals 
that  satisfy  an  equation  of  .lower  order.  It  is  superfluous  to 
indicate  examples. 

It  must  not  be  assumed,  however,  that  every  equation  is 
reducible  by  another,  if  only  that  other  be  chosen  sufficiently 
general.  On  the  contrary,  it  is  possible  to  construct  an  irre- 
ducible equation  of  any  order  m,  as  follows^. 

We  construct  an  appropriate  characteristic  function  which,  as 
is  known  (|  76),  uniquely  determines  the  equation.  Take  a  poly- 
nomial in  p  of  degree  m,  say 

*(«.p); 

let  the  coefficients  of  the  powers  of  p  be  holomorphic  functions  of 
«,  not  all  vanishing  when  ^^O;  and  let  the  function,  subject  to 
these  limitations,  be  so  chosen  that,  when  arranged  in  powers  of 
m  in  the  form 

*(«.p)-*f(p)+«*i(p)-»-«*t(p)-f -., 

A«  (p)  is  independent  of  p  and  not  zero,  and  A|  (p)  is  of  degree  m  in 
p.  Then  if  J\r«0  is  the  equation  determined  by  k{m^  p)  as  its 
characteristic  function,  JV*  0  is  irreducible. 

Were  If  reducible, an  equation  8^0  ot  lower  order  f  wouM 
exist  such  that  each  of  its  integrals  satisfies  ilT^O;  and  then  an 
operator  Q,  of  order  m  -  i,  could  be  found  such  that 

We  take  Q  and  D  in  their  normal  form ;  and  so  ilT  is  in  its  normal 
form*    Now 

i)(«»)-«»f{;0»)+<,Oi)  +  ««t,0»)  +  ...), 
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[sa 


iht  righi-luMMl  aidei  of  which  aro  polynomiab  in  ^  of  dcgfoai  m*rt 
and  9  retpeciifely.    Then,  m  in  §  76«  we  have 

Ai(p)-r.(p)ifi(p)  +  Ci(p)ift(p  +  U 

Now  A^(^)  it  a  ooD8iaut,  being  independent  of  p;  hence»  owing  io 
the  polynomial  character  of  Q  («^)  and  D  («^)  in  terms  of  ^  the 
two  quantities  t^{p)  and  ii.{p)  are  constants.  Aoooidingly.  f«(p  <f  1) 
is  a  constant ;  and  therefore  the  degree  of 

m 
9 

t.(p)iii(p)  +  tiO>)«i#(/>+i) 

in  p  is  the  degree  of  i|t  (p)  or  Ci  (p)t  whichever  is  the  greater  Bai 
the  degree  of  fjiip)  is  not  greater  than  s,  and  that  of  {i(p)  is  nol 
greater  than  m  -  s ;  so  that,  as  s  >  0,  the  degree  is  certainly  leas 
than  m.  But  the  expres^iiuii  is  equal  to  A|(/>),  which  is  of  degree 
m.  Hence  the  hypothesis  adopted  is  untenable ;  and  the  equation 
if^O,  as  constructed,  is  irreducible. 


Equations  uayinq  Kequlab  iNXEoaAta  ark  BaDUcinuL 

81.  Suppose  now  that,  by  the  preceding  processes  or  by  some 
equivalent  process,  the  regular  integrals  of  the  equation  N^O 
have  been  obtained,  s  in  number,  and  that  the  equation  of  which 
they  constitute  a  fundamental  system  is  iS">0,  of  order  s:  a 
question  arises  as  to  the  other  m  —  s  integrals  of  a  fundamental 
system  of  J\r  ■•  0.     Let 

where  T  and  3  (and  therefore  also  N)  are  taken  in  their  normal 
forms.  The  s  regular  integrals  of  N,  say  yi,  y,,  ....  y«,  all  satisfy 
i&f  v  0 ;  and  no  one  of  the  m  -  s  non-regular  integrals  of  N^  say 
W|,  Wa, ...,  Wu^^,  satisfies  jS  ■■  0,  for  this  equation  has  all  its  integrals 
regular.     Let 

S{wr)^u„  (r-l,  ....m-s); 

then,  as  N  (Wr)  ■■  0,  we  have 

r(iir)-o. 

Now  w,  is  not  a  regular  expression;  hence  ti,  is  not  r^^lar, 
that  is,  it  contains  an  unlimited  number  of  positive  and  n^aiiva 
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exponents  when  it  is  expressed  as  a  power-series.  Aooordingty, 
the  m  — s  quantities  u  are  integrals  of  the  equation 

r(ti)-0, 

which  is  of  order  m — s  and  has  no  regular  integrals ;  and  the  m->f 
non-regular  integrals  of  ikT  «  0  are  given  by 

it  being  sufficient  for  this  purpose  to  take  the  particular  integral 
and  not  the  complete  primitive  of  the  latter  equation. 

The  case  which  is  next  in  simplicity  to  those  already  discussed 
arises  when  «  »  m  —  1»  lo  that  the  original  equation  then  possesses 
only  one  integral  which  is  not  regular.  The  equation  7*0  is 
then  of  the  first  order. 

With  the  limitations  laid  down,  the  normal  form  of  T  is 

d  ^ 

where  q^  and  ^i  do  not  become  infinite  when  #  «  0.  As  the  integral 
of  T{u)mO  is  not  regular,  it  follows  that  ji  does  not  vanish  and 
that  9«  does  vanish  when  #« 0;  so  that,  if 

where  a  is  a  positive  integer  >1  and  Q(#)  is  a  holomoiphio 
function  in  the  vicinity  of  #  •  0,  such  that  Q  (0)  is  not  aeio,  the 
equation  determining  u  is 

Idu       1_    S!l-^o 

say 

where  it  («)  is  a  holomorphio  function  of  #  in  the  vicinity  of  #  «  0. 
This  gives 


♦  t5.|  ♦...-♦• 


where  Pi  is  a  holomorphio  function  of  #  in  the  vicinity  ot  mmQ; 
and  then  to  determine  «ir,  the  non-regular  integral  of  NmO,  we 
need  only  take  the  particular  integral  of' 


tSO  miDUClMLITf  [ai. 

wheiv 

in  whioh  f«»  fi,  ...^'f^^  d6Doie  holomorphio  fandiapa  of  m^  uA  fb 
doM  not  vtthialt    Writing 

the  equation  for  f  takes  the  form 


((*•"•     «•'•'*  <to**"^     jc**"*^*  dg"*"* 


+  ..• 


where  ^,  jh,  /h,  •••,  p^.,  are  holomorphio  funetioiia  of  m^  aoek  thai 
f«  and  jia^i  do  not  Tanish  when  xmQ. 

In  ttome  casen  it  happens  that  a  particular  inlegral  of  this 
equation  exiets,  in  the  form  of  a  converging  power-aeriea  rqpro- 
aented  by  i 

where  P(x)  ia  a  holomorphic  function  of  «:  in  each  such  caae*  the 
non-regular  integral  of  the  original  equation  is 

* 

But,  in  general,  the  particular  integral  of  the  v-equation  is  not  of 
the  same  type  as  the  regular  integraU  of  the  original  equaticNii : 
and  then  the  non-regular  integral  of  the  preceding  equation 
cannot  be  declared  to  be  of  that  type. 

£x.    An  iUiMiimtioD  in  furtiuthed  hj  the  equation  in  Ei.  0»  {  78^  via 

It  hiia  two  reguUr  iutegraU,  viz. 

and  tbe«e  coDMtitute  the  ftiiuUiueiital  sytttem  of 


81.]  THS  AMOIKT  BQUATION  Ul 

Id  Um  iioniMl  Ibrm.    To  hav«  the  glTen  eqoalioii  to  thi  BotOMil  Ibnii  M 
mohipfy  tfarouglioiit  bj  «>;  Mid  then  H  miMl  bo  Uii  mmm  m 

wli«ij»kpfo|ntfydetomiiiied.    We  oMfly  flod  Ihol 
end  eo  tlie  eqpielkm  lor  detenniDing  «,  where 
jf  being  the  noiHrogiikr  totegral,  ie 

Henoe 

1      1        f -t-ir-t-ie* 

""p-i'*' 1-1- «*+!«■+«•• 
eothel 

«- ^3 ^. 

Henoe  the  non-regular  integrel  of  the  origlnel  eqnetlon  erieee  ee  the 
pertiooler  integrel  of 

I 
LetjfMfV*;  the  equetion  for  0  Ie  eeeily  foiind  to  be 


-•'(•4) 


+•— T-JJ Sr i 


eetieAed  bj  e«  1 :  end  therefore  the  non-reguhtf  Integral  Ie 

I 


The  Adjoint  Equation,  and  its  Properties. 

82.  Of  the  properties  characteristic  of  a  linear  equation,  not 
a  few  are  expressed  by  reference  to  the  properties  of  an  associated 
equation,  frequently  called  Lagrange's  a4Joint  equation.  It  ie  a 
consequence  of  the  formal  theory  of  our  subject,  as  distinct  from 
the  fuQCtional  theoij  to  which  the  present  expositioa  is  mainl/ 
limited,  that  LagraAgd's  b  only  one  of  a  number  of  oovariantive 
equations  associated  with  the  original  As  its  properties  have  been 
studied,  while  those  of  the  others  fomim  VaxfjA.^  ^m^vn^n^, 


tSS  rBOPBBTiKH  or  UUIBAVOB'8  [8S. 

thero  may  b#  an  advantage  in  giving  tome  indioaiion  of  a  few 
of  iU  rolationa  io  the  original  linear  equation. 


The  latter  ii  taken  in  the  outtomary  form 

where  w^  in  the  rth  derivative  of  w  with  respect  to  # ;  and  finom 
among  the  various  definitiuns  pf  the  adjoint  equation,  we  chooae 
that  which  defines  it  to  bo  M#  rriation  satisfied  by  a  quantity  f  %ii 
order  that  vP(w)  may  be  a  perfect  differential.'  Now»  on  inte- 
'  grating  by  parts,  we  find 

for  all  the  values  of  r ;  heiico,  writing 


j.„-P._,.-^(.P,^)  +  ...+(-ir-»^(»i*.X 


we  have 

jvP(w)  dimR  (w,  v)>  Jup  (v)  iif. 

and  therefore 

vP(iif)-tiy(i;)-J^lR(iif,v)). 

It  is  clear  that,  in  order  to  make  vP{w)  a  perfect  differential, 
whatever  be  the  value  of  w,  it  is  necessary  and  sufficient  thai  v 
should  satisfy 


•ft 


/•i\-.A 
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a  linear  equation  of  order  n,  oommoDly  called  Lagrang$U 
eqwUion  \  and  fnrther  that,  if  v  ia  regarded  aa  known^  then  a  first 
integral  of  the  equation  P  {w)  «■  0  is  given  by 

m  being  an  arbitrary  constanti  and  R  being  a  function  manifestly 
linear  in  nr  and  its  derivatives. 

Further/ since 

jwp(v)dsm^R{w.v)'¥JvP(w)dM, 

it  is  clear  that  tup  (v)  is  a  perfect  differential  if 

P(tcr)-0. 

shewing  that  the  original  equation  is  the  adjoint  of  the  Lagrangian 
derived  equation :  or  the  two  equations  are  reciprocally  adjoint  to 
one  another. 

At.  Shew  thati  if  Wp  •••,««  boa  ftindamenUl  ^jstem  of  intflgrsis  of  the 
equation  P(w)«0^  then  a  fundamental  oyatem  of  integmli  of  the  adjoint 
equation  j»(v)"*0  is  giTon  by 


1  -/^.* 

It  •••»  V|i"*  B"  * 


•^»-«», 

w^-n. 

..^  »,••"•• 

•,»-^ 

wf'-n, 

..,  »,«•-«» 

<    . 

»t'    . 

•••»  '^ 

•»!         . 

•^     . 

•••»    "W 

Shew  abo  that  the  product  of  the  rwpectivs  determinsnte  of  the  two  sets  of 
ftrndauMntal  integrals  depends  onlj  upon  P^. 


One'  immediate  corollary  can  be  inferred  firom  the  general 
result,  in  the  case  when  the  equation  P(w)mO  is  reducible. 
Suppose  that 

P(is)-P.P.(tcf)-P,(n 

say,  where  W'^Pfiw);  then  we  have 

jwP(w)dM^jvPt(W)dM 

-il,  (If.  v)+JirP.  (•)!«#. 

where  Pi  k  the  acyoint  ^f  Pat  and  il|  ia  of  order  in  W  and  in  v 
one  unit  less  than  P|.    Again,  writing 
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-/l.(K,f)+JirP,(F)iif. 

where  J^  is  the  acyoiiit  of  Pti  <^nd  iZt  >•  of  order  in  Kend  in  v  one 
unit  jest  than  P«.    Combiniog  these  resultej  we  bn? e 

where  H  ia  of  order  one  unit  leas  than  P  in  ii;  and  in  v.  1%  IbUows 
that 

P.?.(»)-0 
is  the  adjoint  of 

P(u;)-P,P.(u;)-0. 

where  Pi,  P|  are  adjoint  to  one  aoother,  and  likewise  Pt,  i^«. 

By  repeated  application  of  this  result,  we  see  that  the  a^joinl 

of 

P(w)-P|P,.,.Pr(ti;)-0 

is  given  by  _  

P,P^i...P.P,(»)-e. 

Hence  ike  adjoini  of  a  composite  equation  ie  catnpounded  of  lAe 
adjointe  of  0ie  factors  taken  in  the  reverse  order.  Manifestly 
an  equation  and  its  adjoint  are  reducible  together,  or  irreducible 
together. 

The  expression  R  (w,  v)  is  linear  in  the  derivatives  of  w,  up  to 
Order  n  —  1  inclusive,  and  also  in  those  of  v,  up  to  the  same  order: 
it  may  be  called  the  biliniar  concomitant^  of  the  two  mutually 
adjoint  equations. 

For  further  formal  developments  in  respect  to  adjoint  equa- 
tions and  the  significance  of  the  bilinear  c<mcomitant,  reference 
may  be  made  to  FroboDiusf.  Halphen^,  Diiii§,  CeU||,  and 
Darboiycf.  * 

*  BegUitemUr  bUineanr  D{firentialau$druck,  with  Frobeniui. 

t  CreUt,  I.  Liiiv  (1S7S),  pp.  185 — 218;  rvfcreocM  ar«  givMk  to  olbtr  wrilon. 

X  LiouvilU't  Journal,  i*  tUr..  t.  i  (1886),  pp.  11--85. 

I  Ahh.  di  Mat..  8*  Bm.,  I.  ii  (18tf9K  pp.  297-834,  16.,  t.  m  (1899),  pp.  ISS^lSa. 

H  Ann,  dt  VAc.  Norm,,  8*  S^r.,  t.  win  (1891),  pp.  841—416. 

f  TMoriii  gihiraU  de$  sur/aees.  t.  u,  pp.  99 — 121. 
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JbR.1.    Phi^Uiat^ifaliMtf  eqii*U<mof  tlieMOoiidoitetoMlf«4i^ 
H  to  Biprawibk  ia  the  ibna 

thai  if  a  UiiMr  eqiiAlioo  of  the  thitd  order,  in  the  form 

to  efltoUfefy  the  eeme  ee  ite  m^tAni  equation,  then 

and  ted  the  ooodiUone  that  a  linear  equatioo  of  the  Inuth  eider  ehooU  lie 
eelf-adtfoint 

JbLl    note  that,  if  the  eqnatione 


aiQoiiit 


/ 


the  eipreeiion  of  tlie  Ulinear  oonoomitani 


(Halphen.) 


Ar.  Sl    Let  i|»  %,  •••,  ^  denote  any  a  arhitrary  IbnotioQa  of  m,  waA  thai 
the  detaradnant 


«- 


doee  not  vaaieh  ktontioallj;  and  enppoee  that  theee  fbnotione  o(  #  are 
lefutor  to  a  giTHi  region  of  the  Tariahle^  ae  well  ae  the  ooefloiente  a  of  the 
eqoaltoa 

Vvther,  hi  a  eel  of  qoantitiee  j»  be  oonetmotcd  aeoordiag  to  the  law 
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Mid  M  tlM  kflt  or  Umh  bt  deootiid  bj  -j;ao  tUittort  ai«»ftnoUoniX 
oorraipoodiiig  to  tbe  ii  luiiciioiM  «.  Siiow  ihU,  if  9(0)  i«  Um  valiM  of  9  ^bon 
Um  iMi  oolttiDQ  o#  tbe  Utter  ie  repleoed  bj  oooetenti  Ci^ ...,  «bi  i'  9(^  ^  ie 
ite  Telue  wbeo  tbe  leet  oolumn  ie  eimilerly  fepleoed  by  tiC^rgX  <t('iX  •••# 
i.  (4r|),  end  if  Q(x,  jti)  ie  ite  velue  wben  tbe  Uet  oolumn  ie  eimiUrij  lepUoed 
by  /i(4Pi),  A(JP|)i  -•  ^.('iX  *bon 

wbere  a  ie  e  Telue  of  «  within  tbe  given  region  end  tbe  oonetente  e  ere 
in  eeaooietion  with  a. 


Indicete  tbe  form  of  this  rernilt  wben  f|,  •••,  #»  ere  e  ftmdementel  eyetem 
of  tbe  equetion,  wbiob  ie  tbe  e^joint  of  tbe  lelt-bend  eide  of  tbe  above 
equation. 

Alio  Mbew  bow,  in  even  tbe  most  genend  ceee^  it  can  be  need  ee  e  IbrmuU 
of  recurrence  to  obtain  an  infinite  converging  eeriee  of  integrate  ee  an 
eipreeision  for  jf.  (DinL) 

83.    Consider  an  expreaeion  P(w)  and  ita  LagraQgian  adjoint 
p(vX  and  let  i{(w,  v)  denote  their  bilinear  concomitant;  then 

a 

rP(«;)-«5p(»)-^|ii(«>.»)), 
which  holds  for  all  valuen  of  *  and  w.    Accordingly,  let 

a 

where  $  ia  any  integer ;  then 


Now  the  left-hand  side  ia  a  seriea  of  powere  of  #»  having  int^feia 
for  indicea;  as  it  ie  equal  to  the  right-hand  aide,  which  ia  the 
firet  decivative  of  a  aimilar  eeriee  of  powers,  the  left-band  aide 
must  be  devoid  of  a  term  in  trK 

Let 

be  the  characteristic  (unction  of  P(io);  then  the  ooeflBoient  of  a** 
in  J'P  (#-^-^0  U  /,  (-  p  -  e  - 1).    Further,  let 

be  the  characteristic  function  of|i(v);  then  the  coeflBcient  of 
'^f  («^)  is  ^«  {p\    Hence 
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/•(p)-*.(-P-«-i); 

be  the  chaiBoteristic  fanotioo  of  a  given  equation,  then 

is  the  characteristic  function  of  the  adjoint  equation. 

When  P{w)  is  in  its  normal  form,  all  the  coefficients  y^(p) 
vanish  for  negative  values  of  ^,  but  /^(p)  is  not  sera  Hence 
y^(— p  — M"-l)  vanishes  for  negative  values  of  /a,  but  not 
/•(— p  —  l);  And  therefore  the  adjoint  expression  p{v)  is  in  its 
normal  form.  Moreover,  their  indicial  functions /t(p),  ^(p)  are 
such  that 

/•(p)-^(-p-l).    ^(p)-/i(-p-l). 

so  that  they  are  of  the  same  degree*,  or  the  characteristic 
indices  are  the  same.  Hence  if  an  equation  ha$  all  iU  iniegraJi 
regtUar  in  the  vicinity  of  a  iingxdarity,  th$  adjoint  equation  aUo 
ha$  all  its  integrate  regular  in  the  vicinity  of  that  singularity ;  for 
the  characteristic  index  is  then  sero  for  the  original  equation,  and 
it  therefore  is  sero  for  the  adjoint  equation.  Similarly,  if  an 
equation  hoe  all  its  integrate  non-regular  in  the  vicinity  of  a 
singularity^  the  adjoint  equation  also  has  all  its  integrals  woii- 
regular  in  the  vicinity  of  that  singularity ;  for  the  characteristic 
index  is  then  equal  to  the  order  of  the  original  equation,  and  it 
therefore  is  equal  to  the  (same)  order  of  the  adjoint  equation. 

On  the  basis  of  these  two  results,  we  can  obtain  a  descriptive 
condition  necessaiy  and  sufficient  to  secure  that,  if  a  differential 
equation  of  order  m  has  an  indicial  function  of  degree  m-^nt  the 
number  of  its  r^^lar  integrals  is  actually  equal  to  m  —  n» 

Let  P « 0  be  the  differential  equation,  with  an  indicial  func- 
tion of  degree  m— n.  Let  /{»0  be  the  differential  equation 
of  Older  m  -  a,  which  has  the  aggregate  of  r^^lar  integrals  of 
PfliO  for  its  fiindainental  system ;  its  indicial  function  is  of  degree 
»— a.    Then  ({  75,  lT)*the  equation  P^O  can  be  expressed  in 

tlielbnn 

P.Qit.O, 

*  Ihsm^  CMIt,  1  Its?  (1071),  y.  lltt  fMtatat,  OnOi^  1  laix  (1871), 

9>  tM. 


F.  !?• 


VI 
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whero  Q  k  a  differentud  operatfNr  of  order  «.  Bacmuiie  tlM  dagwM 
of  the  iodicial  Ainctiooa  of  P  and  it  are  eqoal  to  one  anoUier,  it 
follows  (from  §  76)  that  the  degree  of  the.indicial  fimctioa  of  Q  k 
lero,  that  is,  the  indlcial  functioD  of  Q  is  a  constaat,  aod  therefore 
(§  77«  Cor.  I)  the  equation  Q  ■■  0  has  do  regular  integral. 

Now  ooDstniot  the  equations  which  are  a4Joint  to  P""0,  Q«0, 
/{■■O  respectively;  and  denote  them  by  />"bO,  9">0,  raaO. 
Because  R  and  r  are  adjoint,  and  because  all  the  integrak  of 
it«0  are  regular,  it  follows  that  all  the  integrals  of  r«>0  are 
regular ;  and  conversely.  Similarly,  because  Q  and  q  are  adjointi 
and  because  QvO  has  no  regular  integral,  it  follows  that  9«»0 
has  no  regular  integral ;  and  conversely.  Further,  by  §  82,  we 
have 

so  that  the  equation  adjoint  to  P  »  0  is 

and  this  equation  possesses  all  the  integrals  of  9  >■  0,  an  eqaatioo 
whose  indicial  function  is  a  constant  Henoe  it  is  necessaiy  thai 
the  equation  adjoint  to  P  »  0  should  possess  all  the  integrals  of  an 
equation  of  order  n,  having  a  constant  for  its  indicial  function,  if 
P  ■•  0  is  to  have  m-^n  linearly  independent  regular  integrals. 

But  this  descriptive  condition  is  also  suflScient  to  secure  thia 
result.    For,  as  the  condition  itt  satisfied,  we  have 

where  the  indicial  function  of  9  is  a  constant ;  henoe,  with  the 
preceding  notation,  we  also  have 

and  the  indicial  function  of  Q  is  a  constant.  Accordingly,  aa  the 
indicial  function  of  P  is  of  degree  m  -  n,  it  follows  (§  76)  thai  the 
indicial  function  of  /i  is  of  degree  m  —  a ;  and  therefore  (Ch.  lliX 
as  the  order  of  /{ >■  0  is  m  —  n,  all  its  integrals  are  regular.  But 
p«0  possesses  all  the  integrals  of  ii>*0;  and  therefiire  it  haa 
m-^n  regular  integrals. 

We  therefore  infer  the  theorem  : — 

1%  ard§r  that  an  equation  of  order  m,  hatnng  an  indicial /unction 
«#  m  —  a,  nuiy  posseu  m-^n  regular  integrals^  ii  ie  nccceearf 


88.]  AMOINT  EQUATION  269 

and  Muffieieni  that  ike  adjmni  equation  should  po8$$$$  all  the  tfii#- 
frale  of  an  equoHon  of  order  n,  having  an  indicial /unction  which 
if  a  constanL 

This  resnli  was  first  established  by  Frobenius^;  and  it  may 
be  compared  with  the  corresponding  result  obtained  by  Floquet 
(§  77).  The  special  case,  when  n  « 1,  had  been  preyioosly  discussed 
by  Thoro^t*  ^^^  obtained  the  result  that  an  equation  of  order  m, 
having  an  indieial  function  of  degree  m  —  l^posMftst  m  — 1  regular 
iniegrala,  if  the  adjoint  equation  hae  an  iniegral  of  the  form 


,-G) 


'where  0  [-]  ie  a  polynomial  in  - ,  and  a  tea  conetant 

We  shall  not  pursue  this  part  of  the  formal  theory  of  linear 
differential  equations  further :  we  refer  students  to  the  Mthorities 
already  ($  82)  quoted,  as  well  as  to  Thom^t,  Floquetft  ud 
GrOnfeldll. 

•  CrtlU,  i.  Ltn  (1S7S).  pp.  SSI,  SSS. 

t  Of  Off,  I.  LIST  (187S),  pp.  S7S,  S79l 

t  A  0Biiiiiiarj  of  man  J  ei  Ihs  mtiofas  spoa  Uasir  HMenmML  e^puMeee  Ip 
Thosi*.  poUkbtd  la  OnUs's  Jomsl,  will  U  loeaA  la  CnUe^  1  son  (ISM), 
pp.  ISS— flSL 

I  Jim.  4«  ri^.  Korm.  Ay.,  S*  Sir.,  1  tm  (1S7I),  OepplteMl,  p.  Its. 

I  Of^U,  1  es?  (ISSI),  pp.  tSS-S4i.  A.,  1  ei?n  (lS97k  9h  tm-m^ 
m^tOEin  (ISOQ),  pp. 
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Normal.  Intiobaui  ;  •  Subnorm |4t  Imtroraul 
84.    It  is  DOW  neoettMury  to  coniiider  those  integraU  of  ibo 


differeniud  equRtioD  i||Q  the  vioioity  of  a  siDguUurity^  whieh  are  not 
of  the  regular  type.  Suppoee  that  such  an  integral,  or  a  eet  of 
iuch  iRtegrahi,  is  aaaociated  with  a  root  $  of  the  fundameotal 
equatioQ  (|  18)  of  the  singuUrity  which,  as  in  the  last  chapter, 
will  be  traDBfonned  to  the  origin  by  the  aul^titution  / 

1 

according  as  it  is  in  the  finite  part  of  the  plane,  or  at  infinity. 
Let  p  denote  any  one  of  the  valuen  of  / 

9 

then  it  is  known  that  an  integral  exists  in  the  form 

where  ^  is  a  uniform  function  of  «  in  the  vicinity  of  the  origin. 


As  this  integral  is  not  of  the  regular  type,  the  function  ^ 
contain  an  unlimited  number  of  negative  powers,  so  that  the  origin 
is  an  essential  singularity  of  ^ :  in  the  case  of  the  integrals  con* 
sidered  earlier,  the  origin  was  either  a  pole  or  an  ordinary  point. 
Accordingly,  when  ^'  is  exprussod  as  a  power-series,  it  will  contain 
an  unlimited  number  of  negative  powers:  it  may  contain  an 
unlimited  number  of  positive  powers  also,  and  in  that  case  it  has 

the  form  of  a  Laurent  series. 

•  < 

Classification  of  such  integrals  might  be  effected  in  accordance 
witb  a  ciatisification  of  esseutiaV  %uv^ularities ;  but  the  discrimina- 
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• 

tion  thai  thus  fiir  has  been  effected  among  essential  singularities 
is  of  a  descriptive  type^,  and  has  not  led  to  functions  whose  general 
expressions  are  characteristic  of  various  classes  of  singularities. 
Accordingly,  it  is  possible  to  choose  one  function  after  another 
with  differing  forms  of  essential  singularity,  and  to  construct 
(where  practicable)  the  corresponding  linear  equations  possessing 
integrals  with  the  respective  types  of  singularity :  but  there  is  no 
guarantee  that  such  a  process  will  lead  to  a  complete  enumeration. 

There  is  one  such  function,  however  *  which  is  simpler  than  any 
other,  and  yet  is  general  of  its  class.  It  suflBces  for  the  complete 
integration  of  the  linear  equation  of  the  first  order  when  the  origin 
is  a  pole  of  the  ooeflBcient ;  and  an  indication  has  been  given  ({  81) 
that  it  may  serve  for  the  expression  of  an  integral  of  an  equation 
higher  than  the  first.  The  equation  of  the  first  order  may  be 
taken  to  be 

where  #'*^P  is  a  holomorphic  function,  t  being  some  positive 
integer.    Let 

where  /'  (m)  is  a  holomorphic  function ;  then  we  easily  have 
where  ^(4;)  is  a  holomorphic  (unction  of  4;,  and 


It  is  clear  that  4; « 0  is  an  essential  singularity  of  the  integral ; 
and  also  that  we  thus  have  the  complete  primitive  of  the  equation 
of  the  first  order. 

It  aiqieared,  in  $  81  and  the  example  there  disoossed,  that 
smh  an  expressioQ,  if  not  in  general,  still  in  partkmlar  oases,  can 
be  an  integral  of  an  equation  of  higher  cider. 

As  an  expressions  of  the  form 

•  r.  F.,  I  ee. 


MS  THOMi'S  MOEMAL  [M. 

whert  O  it  ft  polyoomUl  in  - ,  pooaooi  the  aama  generio  tjrpe  of 

esaentiAl  tinguUritjrf  we  proceed  to  the  oooaidenitioii  of  equfttiona 
that  may  poaaeM  integrals  of  thia  form.  .  Such  an  integral  ia 
called^  a  normal  ^Ummdary  integral  or  (where  no  oonfuaion  will 
occur)  simply  narmoL  The  quantity  €^,  through  the  occurrence 
of  which  the  point  «*0  is  an  esseutial  singularity,  is  called  the 
deUmiining /actor  of  the  integral ;  the  other  part  of  the  integral, 
being  s^^(«)  where  ^  is  holoniorphio,  ia  of  the  type  of  a  regular 
integral,  and  so  the  quantity  p  is  called  the  exponent  of  the 
integral. 

m 

% 

(TONaTRUCTlON  OF  NORMAL  InTIXIRALB. 

85.    We  proceed,  in  the   first  place,  to   indicate   Thomtfs 
method  f  of  obtaining  such  normal  integrals  as  the  equation 

may  possess.    (The  method  gives  no  criteria  as  to  the  actual 

existence  of  normal  integrals :  and  therefore,  if  any  criteria  are 

to  be  obtained  for  equations  of  order  higher  than  the  first,  they 

must  be  investigated  otherwise.)    If  a  normal  integral  exists,  ii 

is  of  the  form 

k;»s°U| 

where  f)  is  a  polynomial  in  - ;  and  O  is  determined  so  that,  if 

possible,  the  equation  satisfied  by  u  may  possess  at  least  one 
regular  integral.    Let 

•0  that 

«,-i,  <,-n'.  «^,-<;+nv   (i»-i,s....); 

then 


•  T1mnd4,  Ct9U€,  I.  lov  (1SS8),  p.  76.    Caylaj.  <*.,  I.  o  (1SS7),  p.  SSS. 
lb*  Bam«  $¥ArtpUari  but  Um  daom  aomal  U  thai  whioh  liat  ftnanl^ 
MdopUd* 

/  ^#/Cr,  1  UESfi  (1S7S),  p.  8M. 
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"When  these  qaantitiee,  for  the  etiooeerive  Taluee  of  ii,  are 
iuted  in  the  differential  equation  for  w,  the  determining  (iMstor  i^ 
can  he  removed ;  and  the  diflforential  equation  for  n  then  is 

<f"ii        d^^u  du 


•  •• 


where 

^^  (m-l)l  (m-2)l       ^, 

... -f  (m  -  r  +  l)pr-iti -♦•prii, 
for  r»l,  t, ...,  m. 

If  the  original  equation  poeseases  a  normal  integral,  then,  after 
the  proper  determination  of  <!»  the  differential  equation  for  u  will 
poeaeaa  at  least  one  regular  integral:  ita  characteriatic  indei 
cannot  then  be  greater  than  m  —  1,  which  (after  the  reaulta  in  the 
preceding  chapter)  ia  a  neceaaaiy  but  not  a  auflBcient  condition. 

As  n  ia  a  polynomial  in  ar",  ita  form  and  degree  being  un- 
known, let  ita  degree  be  a  —  1,  ao  that  f  >  2 ;  we  then  have  for  fl' 
an  eipreaaion  of  the  form 

Hence  in  Ik,  the  governing  term  (that  ia,  the  term  with  highest 
negative  eiponent  of  «)  ia  ^ ;  in  (|,  it  ia  ^ ;  and  ao  on,  ao  that,  in 


•*  • 


a.- 


i;i,  it  ia  ^ .    Aa  in  $  78,  let  v«  denote  the  multiplicity  of  «  ■>  0  aa 

a  pole  of  p. ;  then  in  qr,  the  governing  ezponenta  of  ita  reapective 
pMiaare 

Thua  the  governing  eiponenta  in  qr  are,  ao  far  aa  they  go,  leaa  than 
thoae  in  g^f i  by  a,  and  a  >  2.  Hence,  in  forming  the  characteriatio 
index  for  the  equation  in  «,  for  the  purpose  of  determining  whether 
it  may  poasess  a  regular  integral,  the  governing  eiponent  in  q^ 
ia  certainly  greater  by  a  than  that  in  any  other  coeflBcient ;  the 
characteriatio  index  ia  m,  the  indicial  function  ia  a  conatant,  and 
the  equation  has  no  regular  integraL  But^  thua  far,  fi  ia  quite 
arbitnoy;  and  il  may  be  posaible,  by  proper  ehoioe  of  ite  oonatani 


tM  pRBticuuTioif  or  '  [W. 

eoaficMita^  io  aaoura  thai  a  nomber  of  Um  lerms  in  fb  vilk  IIm 
gTMtett  •zponeiiU  of  jT*  shall  diaaf^pear.  If  bj  Uiiia  oliliw^  tha 
got erniiig  eipooeoi  and  tbe  ooosUnU  in  ly,  wa  eao  leeiiia  thai 
the  ehaiaetoriftlio  index  of  tbe  eqoaiion  in  a  is  lets  than  at.  the 
indfffiftl  fiinction  n^in  to  be  a  ounstant  and  the  iki nation  mav 
have  a  regular  integral      . 

In  order  that  the  indicial  function  may  not  be  a  constant,  the 
governing  exponent  of  qm-^i  nust  be  less  than  that  of  q^  by  unity 
at  the  utmost,  or  that  of  f  .^^  must  be^less  than  that  of  q^  by  two 
at  the  utmost,  or  (for  some  value  of  r)  the  governing  exponent  of 
q^t^  must  b^  less  than  that  of  q^  by  r  at  the  utmost ;  whereas  at 
the  pfifsent  moment,  these  idioiinutions  are  s,  2s,  rs  respectively, 
where  s  >  2.  Hence  an  iuitial  necessity  is  that  the  s  —  1  terms  in 
f M  with  the  highest  exponents  of  ar^  shall  vanish.    Now 

The  s  — 1  terms  in  t,,  with  the  highest  exponents  of  ar^  are  the 
same  as  in  (l\  because  of  the  form  of  tl'  and  because 

(but  not  more  than  those  $^l  tenos  are  the  same);  hence  the 
f  —  1  terms  with  the  highest  exponents  ^f  dr^  say  the  first  a  —  1 
terms,  in 

must  vanish. 

86.  To  render  this  result  attainable,  it  is  necessary  that  the 
greatest  exponent  must  not  occur  in  only  a  single  term  of  the 
preceding  expression,  for  then  the  term  could  vanish  only  by 
having  Oj  ■•  0 ;  the  greatest  exponent  must  occur  in  at  least  two 
terms.    Consequently  no  one  of  the  numbers 

m*»  ^i  +  Cw-l)*,  V|<f(m-2)s,  ....  w^, 

may  be  greater  than  all  the  rest,  that  is,  no  one  of  the  numbers 

0.    Vi-S,    V|-2#,    ....    Wm-flM. 

nuiy  be  greater  than  all  the  rest    Of  the  quantities 
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let  jT  be  the  greateet  ETidently  g  is  greater  than  anitjr ;  for  the 
original  differential  equation  has  not  all  its  integrals  regular,  and 
so  Vtt>fi  for  at  least  one  talne  of  n.  Now  t  cannot  be  greater 
than  g\  for  any  such  Talne  wonld  make  all  the  integers  in  the 

0,    W|  — S,    W|— »f,    •••!    Vm  — IllSy 

negative  except  the  first,  that  is,  the  first  woaM  then  be  greater 
than  all  the  rest    Hence  «<jjr:  and  t >2,  firom  the  natnre  of  the 


L  Whm  jT  <  t,  no  va/tis  of  $  U  pouMe;  and  then  there  is  no 
normal  integral  of  the  type  indicated.  Snoh  a  case  arises  for  the 
equation 

• 

when  p  and  q  are  holomorphic  in  the  domain  ot  wmO  and  neither 
Tanishes  when  «  «  0.  The  quantity  g  is  the  greater  of  1,  |,  that 
is,  it  is  less  than  2 ;  so  that  there  is  no  normal  integral.  Moreover, 
as  the  indicial  function  of  the  particular  equation  is  a  constant,  it 
has  no  regular  integral 

n.  When  jT  is  an  integer  (necessarily  greater  than  unityX  we 
manifestly  might  take  $^g.    For  two  at  least  of  the  numbers 

0,  W|  — f,  Wt— Si,  •••,  Wm'^ff^t 

would  then  be  equal  to  the  greatest  among  them,  which  is  tero ; 
and  then  two  at  least  of  the  numbers 


ms,  «,4.(m-l)«,  Wff(m-2)«^   ...,  w»^-ff,  Wg^. 
would  be  equal  to  the  greatest  among  them,  one  of  these  being  ms. 

More  generally,  let  n  be  the  characteristic  index  of  the  original 

equation,  so  that 

Wn-f  m -a  >fr^«f  m -^ 

for  all  values  of  ^  that  are  greater  than  n;  then,  adding  (m-aXs'-l) 
to  each  side  of  the  inequality,  we  have 

where  fk>n.    In  the  case  of  all  these  numbersi  (^— fi)(f  —  1)  is 
certainly  positive ;  so  that  the  first  t-1  terms  in  our  exprsssion 


S66  voBMAi.  maaujdM  [ML 

are  nol  afleetad  bj  Iha  quaniitiet  oonrnpouding  io  «^<f  (fli«»|i)j^ 
and  thaj  oaa  oaqur  only  ihrough  Iba  quaniitiaa  oorreqnodiiig  to    • 

WA  +  (ll|-^X)f. 

for  X« 0,  h  •••!  a,  where  «•  •  0»  aad  a  is  tbe  characterialie  index 
of  the  original  equalion.    We  thua  contider  the  firii  t  —  1  tenna  in 

and  this  hoklii  for  any  value  oft  equal  to  or  greater  than  twa 
Aa  regards  g,  which  ia  the  greatest  among  the  quantities 

fit 

it  occurs  only  among  the  first  n,  in  the  present  circumstances ;  for 
it  certainly  is  greater  than  unity  and  if  any  one  of  tbe«last  m  —  % 

(say  -  V|i  is  the  greatest  of  these  last  m  ^  n),  is  greater  than  unity, 

then  because 

w«+m-n>w^-f  m-/A, 
we  have 

•.•-^>(^-')(;-o- 

that  is, 

n       M 

for  §1  is  greater  than  n.  Thus  g  does  not  occur  in  the  last  m  —  n 
of  the  qoantitios,  if  one  or  more  than  one  of  them  is  greater  than 
unity;  and  it  certainly  does  not  occur  among  them«  if  no  one  of 
them  is  greater  than  unity.  Hence  g  is  the  greatest  among  the 
quantities 

It 

1 

It  may  occur  several  times  in  this  set ;  let  -  v«  be  the  first  occnr* 

rence,  in  passing  from  left  to  right,  and  -  Vr  be  the  last.    Take 

first  s»jjr;  then  we  have 

w.  +  (m  -  If )  #  -  mg,    Wr  -f  ('a  -  r)  «  •  mjf, 
WA<f (m-X)#<fiu^,  ifX<4(,  orifX>r; 
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•o  that  the  highest  tenns  of  all,  being  thoee  with  indei  mg^ 
ooeiir  in 

If  then 

l>#««'*^(Or+rf.« -»-...).  («•-!,  2,.. .X 

the  equation  which  determines  a,,  the  coeflBcient  of  r^  in  fl^  is 

0/4- c.ay'^-f ... -f  Cr  •©. 

The  remaining  g^t  ooeflBcients  in  fi'  are  given  by  equating  to 
sero  the  ooeflBcients  of  the  neit  jr — 2  terms  in 

Each  set  of  values  of  the  coefllicients  determines  a  possible  form 
of  n'  yid  therefore  a  possible  form  of  determining  factor.  The 
number  of  sets,  diflferent  from  one  another,  is  <  r. 

The  preceding  cases  arise  through  $^g\  but  if  g,  being  an 
integer,  is  greater  than  2,  other  values  of  $,  less  than  g^  may  be 
admissible.    They  can  be  selected  as  follows^.    Hark  the  points 

0,  It;  w„  n-1;  «..  ii-2;   ...;  w,,  0; 

in  a  plane  referred  to  two  rectangular  axes;  and  taking  a  line 
through  the  first  of  them  parallel  to  the  aiis  of  c,  make  it  swing 
round  that  point  in  a  clockwise  direction,  until  it  meets  one  or 
iliore  of  the  other  points ;  then  make  it  swing  in  the  same  direc- 
tion round  the  last  of  these,  until  it  meets  one  or  more  of  the 
remaining  points;  and  so  on,  until  the  line  passes  through  the 
last  of  the  points.  There  thus  will  be  obtained  a  broken  linOt 
outside  which  none  of  the  marked  points  can  lie. 

If  a  line  be  drawn  thrbugh  any  of  the  points,  say  v«,  a  —  «» at 
an  inclination  tan"'  ^  to  the.  negative  direction  of  the  axis  of  y,  ita 
distance  from  the  origin  is 

80  thati  kft  a  given  direction  m,  the  distance  is  proportional  to 

••  +  (a-ir)/i. 

It  therefoi^  fellows  that  an  appropriate  value  of  t  is  given  by  any 
portaon  of  the  broken  line,  which  is  inclined  at  an  angle  tan^^  to 


Tht  Mihoi  is  ias  Is  FeiM«X|  SM  r.  Fh  •  M. 
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the  negative  direotioii  of  the  axis  of  jf.  wh^re  j*  if  a  poaitive 
integer,  >  2 :  the  ?alue  of  t  bel 


Aa  many  valuea  of  t  are  admiaaible  as  there  are  poriiotia  of  the 
broken  line  with  inclinations  tan*"^/*,  where  /a  is  a  positive  integer^ 
which  is  >  2. 

For  each  admissible  value  of  s,  arising  from  a  portion  of  the 
broken  line,  the  terms  in 

which  correspond  to  the  points  on  that  portion,  give  the  terms  of 
highest  negative  power  in  x.  If,  for  instance,  a  portion  of  line, 
having  as  its  extremities  the  points  corresponding  to 

Prd'"-^  and  j)| !!'•-*,  {t>r\ 

gives  a  value  g'  (necessarily  an  integer,  as  being  a  value  of  sX  ^^^n 
the  coefficient  a^  satisfies  an  equation 

and  the  remaining  g'  -^t  coefficients  in  d'  are  obtained  in  the 
same  manner  as  before.  Each  set  of  values  of  the  coefficients 
determines  a  form  of  O'  and  therefore  also  a  possible  determining 
fiictor;   and  the  number  of  sets  different  from  one  another  is 

And.  so  on,  with  each  piece  of  broken  line  that  provides  an 
admissible  value  of  #. 

III.     When  the  greatest  of  the  quantities 

is  greater  than  2  but  is  not  an  integer,  we  construct  a  tableau  of 
points  as  in  the  preceding  case,  and  draw  the  corresponding  line. 
Only  such  values  of  $  (if  any)  are  admissible  as  arise  from  portions 
of  the  line,  which  are  iuclided  at  an  angle  tan'*  /a  to  the  negative 
part  of  the  axis  of  y,  /a  being  an  integer  >  2. 

87.     In  every  case,  where  a  possible  form  of  fl'  and  thence  a 
possible  form  of  fl  have  been  obtained,  we  take 
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t 

If  a  normal  integral  of  the  original  equation  eiists,  the  equation 
for  tt  must  possess  a  regular  integral ;  and  each  regular  integral  of 
the  latter  determines  a  normal  integral  of  the  former  having  the 
determining  fiictor  tfi.  An  upper  limit  to  the  number  of  integrals 
thus  obtainable  is  furnished  by  the  degree  of  the  indicial  function 
of  «;  but  the  investigations  of  the  last  chapter  shew  that,  when 
the  degree  of  the  indicial  function  is  less  than  the  order  of  the 
differential  equation,  the  number  of  regular  integrals  may  be  less 
than  the  degree  and  might  indeed  be  sero.  The  simplest  mode  of 
settling  the  matter  is  to  take  a  series  of  the  appropriate  form, 
determined  by  the  indicial  function  of  the  ic-equation,  substitute 
it  in  the  differential  equation,  and  decide  whether  the  eoeflBcients 
thence  determined  make  the  series  conveige.  The  normal 
integral  exists  or  is  illusory,  according  as  the  series  conveiges 
or 


When  the  normal  integral  exists,  we  say  that  it  is  of  grade 
equal  to  the  degree  of  fl  as  a  polynomial  in  r\ 

Subnormal  iNTEORALa 

88.  In  the  preceding  investigation  of  normal  integrals,  it  was 
essential  that  the  number  t  should  be  an  integer  >2:  and 
accordingly,  such  values  of  m*  ^  ^^^  given  by  the  Puiseux 
diagram  and  did  hot  satisfy  the  condition,  were  rejected.  But 
though  they  are  ineligible  for  the  construction  of  normal  integrals^ 
they  may  be  subsidiary  to  the  construction  of  other  integrals. 

Let  ^  denote  such  a  quantity,  given  by  the  Puiseux  diagram 
in  the  form  of  a  positive  magnitude  that  is  not  an  integer:  its 
source  in  the  diagram  makes  it  a  rational  fraction  whioh,  being 
expressed  in  its  lowest  terms,  may  be  denoted  by  h^k  The 
terms  which,  for  this  quantity  as  representing  a  possible  degree 
fior  fy,  have  the  highest  index  of  r~*  in 

t 

are  those  which  correspond  to  points  on  the  portioo  of  the  line 
thai  gives  the  value  of  ^  .  Hence,  taking 


%t(^  WtNOBlUL  [8flL 

««•  M|i4*Muii  i«  atyuMdl  bjr  making  ih«  aggregaie  ooefidaoi  of 
iK«4  Mm*  uf  lugbutti  ardur  disappear ;  the  eqiUiioii  dalerminea  A. 

H^m  tek«  a  mw  iikdepeodent  variable  f  luoh  that 

a4*4l  loake  U  iile  Independent  variable  for  the  differential  eqaatioo ; 

iMi  i»«prMi4utt  for  ^  14 

dn     A 


mi 


that 


4imI  ik^rvftire 


Ykua  fl  ia  iiiAnite  when  m^O,  provided  k>k,  that  ii»  for  valoea  of 
^  ikai  are  greater  than  unity.  Accordingly,  when  we  proceed  to 
ytMil^f  the  differential  equation  with  f  as  the  variable,  values  of 
(t  (if  the  preceding  form  can  be  obtained  by  the  earlier  method : 
III  rN4}t,  we  may  obtain  a  normal  integral  of  the  equation  in  its 
fiifW  form,  the  conditions  being  that  the  equation  for  «,  which 
fssults  from  the  subsititution 

»hall  have  a  regular  integral  or  regular  integrala  When  once  the 
value  of  J?  is  known  and  the  transformation  from  «  to  f  has  been 
efftscted;  the  remainder  of  the  inve»tigation  is  the  same  as  for  the 
c^iiistruction  of  normal  integrals  of  the  untransiformed  equation. 

Examples  will  be  given  later,  shewing  that  such  integrals  do 

1 

eiiitt.     As  they  are  of  a  normal  type  in  a  variable  «^,  where  A  ia  a 

iMisitive  integer,  they  may  bo  called  subnomicU^.    Their  existenoe 

apiieant  to  have  been  indicated  first  by  Fabryf . 
« 
89.     We  have  seen   that,  if  g  denote   the  greatest  of  the 

quantities 

•i»  !••»  i*^i»  •••• 

*  PoincarA,  Acta  Math.,  t  ▼lU,  p.  804,  oUU  them  aitormatM. 
t  .S'lir  '  >ra/M  det  4quaU<mi  d\firtntuHf  Hniairu  S  t^^iaiU  fMomli^ 

(TbiM,  «-ViUArt,  Pam),  Beoiion  if. 
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• 

and  if  the  equation  poaeeaeee  a  normal  or  a  rabnormal  integral  of 
the  form 

■ 

then  ly  is  a  polynomial  in  r**  (or  in  some  root  of  g^)  of  order 
equal  to  or  leas  than  g ;  and  therefore  fl  is  a  polynomial  in  jr^  of 
order  equal  to  or  leas  than  ^  —  1.    Let 

then  R  is  called  the  rank  of  the  diflferential  equation  for  #  «  0. 

When  /{ is  an  integer,  the  grade  of  a  normal  integral  may  be 
equal  to  it :  if  not,  it  is  leas  than  R.  When  It  is  not  an  integer^ 
let  p  denote  the  integer  immediately  leas  than  R ;  the  grade  of  a 
normal  integral  may  be  equal  to  p  or  may  be  leee  than  f».    When 

t  .    . 

jR  is  a  fraction,  equal  to  j  when  in  ite  lowest  terms,  then  a  sub- 
normal integral  may  eiist  having  a  determining  fiM^tor  s^,  where 

fl  is  a  polynomial  of  degree  k  in  #*^  ;  it  will  still  be  said  to  be  of 
grade  j  in  #,  that  is,  of  grade  JZ.    All  subnormal  integrals  ars  of 
grade  R  or  of  grade  less  than  JZ. 
JSa    OhUin  ths  rsok  of  ths  equatiott 


fbr  t«oo  I  the  ooeflkieDts  ji  being  polynomials  in  t. 

90.    The  converse  proposition,  due^  to  PoincarA,  is  trae  as 
fellows : — 


1/  n  normal  or  abnormal  /uneHom  are  of  grade  sguol  to  or 
tea  than  R,  and  have  ike  origin  for  on  eueuMffl  eingutarOg^  tkeg 
eaUify  a  linear  differenHal  ejuation  ef  ordor  n  Md  rank  $iot 
greater  than  R  for  #«0. 

Any  n  functions  satisfy  a  linear  differential  equatkm  of  order 
fi:  in  the  present  case,  let  it  be 


•  Am  MtoK  t  vm  (ISSS),  ^  SOS:  fht  Im  kss  Urn  mstwksl  sMnsI, 
ts  siaH  Iht  iliiSMlDi  sf  nowMl  sai  trtaofSMJ  isHsisli 


ITS 
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[Wk 


Let  the  normal  and  the  iubnorinal  fimotiooa  be  arranged  in  a 
•equenoe  of  detcending  grade :  when  so  arranged^  let  them  be 

•0  that,  if  i^,  iZai  ••••  it«  be  their  respective  grades, 

where  A  is  the  fundameotal  determinant  of  the  n  functions,  vis. 


Now 


d^^Wi     d^hu^ 


d^Hun 


d*~*tt;,     d*~*i«, 


d]r 


and  A«,r  i*  obtained  from  A  by  substituting  the 

order  ii  for  the  derivatives  of  order  a  — r  in  the  rth  row. 

value  of  P,  is 

P  --^' 


of 

The 


In  order  to  obtain  the  degree  of  «  «  0  as  an  infinity  of  P„  it  will 
be  sufficient  to  consider  only  the  governing  terms  in  A  and  lkm.rl 
and  the  degree  is  determii^ed  through  the  difierences  between  the 
two  sets  of  most  important  terms  in  the  rth  rows.    Now  if 


we  have 


where  ^f,,  is  finite  (but  not  zero)  when  # «  0.    We  take  out  of 
the  pth  column  a  factor 

for  each  of  the  n  values  of  p ;  we  take  out  of  the  mth  row  a 
fiEU^tor 

for  each  of  the  n  values  of  m ;  and  then  every  constituent  in  the 
surviving  determinants  A  and  A|^,  is  finite.    The  initial  terms  in 
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t 

these  ooneiitiieDts  are  the  same  for  all  the  rows  eieept  the 
(r  —  l)th :  the  difference  there  is  that  aA  a^*»  •••9  ««*  oooar  in  A\r» 
while  a,*^,  «,•-',  •••,  «,|»-^  occur  in  A',  where  /i\r  mmI  A'  are  the 
modified  determinants,  and  Si.  fl^, ...,  >«  sre  the  eoelBoients  of  the 
goTeming  terms  in  fli,  fl|»  •••,  fl^.    Accordingly,  if 

then 

AV- ^V -»-.•.. 

where  the  other  indices  are  higher  than  9,  and  A,  A'  are  constants; 
and  therefore 

A    ■ijf-**'»-"<^«'«'"s*^#^''A\ 

the  summation  in  the  eiponents  being  for  values  1,  2, ...,  a  of  p. 
Hence 

Now  A,  being  the  fundamental  determinant,  does  not  Tanish 
identically:  and  as  «>»0  is  an  essential  singularity,  and  not 
merely  an  apparent  singularity,  A  does  not  vanish  when  t  >»0; 
thus  A  is  not  zera  It  might  happen  that  A'»»0;  but  in  any 
case,  if  Vr  denote  the  order  of  t  aaO  as  a  pole  of  the  coeflScient  P^i 

we  have  Wr<r{Ri'^l}.    ThuH  the  largest  of  the  numbers  -Wr 

■ 

is  <l2,+  l</t  +  l;  and  therefore,  for  « » 0,  the  rank  of  the 
equation  </{,  which  proves  the  proposition. 

When  all  the  integrals  are  normal,  which  te  the  circumstance 
contemplated  by  Poincar^,  the  quantities  R  are  integers  and  the 
determinants  A',  A'n,r  sre  uniform :  so  that  the  coeflBcients  P  then 
are  uniform  functions  of  t.  The  coeflBcients  P  are  uniform  also 
when  the  aggregate  of  subnormal  integrals  is  retained :  the  proof 
of  this  statement  is  left  as  an  eiercise. 

NOTB.  An  sgualum,  which  hm  a  number  0/  normal  %niegnU§, 
%$  redueSblU;  $0  abo  yt  an  equaHan,  which  ha$  a  number  0/  svfr- 
normal  integrate. 

By  the  preoeding  proposition,  the  aggregate  of  the  normal 
integrals  (or  of  the  subnormal  integrals)  satisfies  a  linear  equa- 
tion with  uniform  coeflBcients,  say  ilTwO,  of  which  they  are  a 
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foncUmeiiUl  sytteiiL  DenoUng  the  original  equation  bj  P  » <K  wa 
can  piO¥6,  azacily  aa  in  §  75,  that  P  can  be  azpreiied  in  tbe  form 

P^QN. 
where  Q  ia  an  appropriate  differential  operator.    In  other  worda, 
P  is  reduoibla 

• 

The  investigation  of  the  detailed  eooditiont,  impoaed  upon 
the  form  of  P  by  the  poBsibility  of  auch  reducibility,  will  not 
be  attempted  here. 

Further,  it  must  not  be  assumed  (and  it  is  not  the  fsct)  that 
reducible  equatious  are  limited  to  equations,  which  have  regular, 
or  normal,  or  subnormal  integrals. 

Ex,  1.    Coimider  the  equstioo 

where  p,  9,  r  are  holomorphio  functipne  of  s  that  do  not  vsniah  wbea  jpaO. 

To  iuveetigate  the  poaniUe  kinds  of  determining  factor,  we  form  the 

tableau  of  points 

0,  3;    a.  «;   5,  1;    7,0; 

and  then  cooiitruct  the  broken  line.  There  are  two  pieoee :  one  gives  §k^%i 
the  other  /a"8  ;  the  former  joinn  the  fimt  two  points ;  the  last  three  lie  on 
the  latter.    The  poaaible  expreiuione  for  O'  are  therefore 

where  a  and  /9  are  uniquely,  determinate,  and  y  ia  the  root  of  a  qoadratie 
equation. 

Of  oouree,  the  actual  exiatenoe  of  normal  integrals  depends  upon  ths- 
actual  fprms  of  p,  9,  r. 

Ex.  1    Shew  that  the  equation 

jr+^Pjr+]iyy+^ry-o 

where  p,  9,  r  are  holomorphio  funotioiia  of  x  that  do  not  vanish  whsa  m^% 
ponecimei  no  normal  integrala  in  the  vicinity  of  4p«0:  but  that  it  may 
potMees  subnormal  integrala. 

Ex,  3.    Consider  the  equation 

which  has  no  regular  integral,  becauae  the  indicial  ftmctiop  is  a  rwHtsnt 
The  numbers  «!,  ar|,  Wi  are  1,  2,  e ;  so  that  g^%  and  we  tbsrefoie  take 


HOBMiL  nmoaiLa  ITS 

We  hBif  to  Bdw  tlM  lini^  (t-l)  higliMl  poww  of  #*'  ▼■BU^  te  IImi 
•sdmmIoii  of 

■^  "*"4P(l+(U»)"^j*(l+6lf»)'^i?(l+ef^ 
in  Mooodiog  powwi  of  4P ;  hinoo 

■0  thai  ska  eabo  root  of  iiiiity«  and 

Aooofdin^,  wo  writo 

allor  redoetkNi,  tlio  oqoatioD  ■atiaflod  bj  «  k  IbuMl  to  bo 

The  iodiolAl  oquatkm  Ibr  4P»0  is 

••(^-l)-0^ 

wfaieh  hM  A  liiiglo  root  ^-bI  ;  so  that  the  v-oquatioo  poooibfy  m^j  povMi  a 
■n^  regulAr  intognJ  whkh,  if  it  oxistsi  will  beloof  to  tlio  oqMNiont  l,  and 
80  will  bo  of  the  form 

At  a  natter,  of  ftictt  tlio  n-oqaation  it  oatiBfiod  bj 

«-<^(*  +  0^*^f 

aa  maj  oadlj  bo  forifiod ;  and  thva  tho  original  oqvatioii  pomtmm  a  normal 
intognJ 

wbare  «  ia  a  cabo-root  of  nnitj.  But  m  maj  bo  anj  ono  of  tlie  three  oobo 
rooto  of  miitj ;  and  therefore  the  original  eqnatioo  in  jf  pQeeemea  the  three 

^(#+J^     #"(4P+«^J*),     «*(#+«9X 

where  m  ia  now  an  imaginary  oobe-root  of  nnitj. 

The  oingolaritiee  of  the  equation  given  hj  I'^^tfimO  are  onlj  apparent 

Em,  4b    Plrofe  that  the  equation 

haa,  fai  the  ^kUlkj  of  #««9  two  Hneartj  independent  noroml  integrala, 
provUed  •  ia  of  the  lotm  ^(p-MX  where>  k  an  integw  >0|  and  obtain 

18-« 


ne 


^,.   P^-U-*^^       ,,.^.a^*-;       ^^0-— - 


«biM« 


I 


^,     tbe  ooadiUoo^  "-Siaa  type.  '^^^^^J'lxpUcit   Corm 
«^*'  *?  Cre  uot  been  -et  o«*  .^.„„,  sufficient  ^^ 
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illustrations  of  the  detailed  process  of  settling  saoh  questions  in 
individaal  instances;  and  the  following  investigation^  gi^M  the 
appropriate  tests  for  a  particular  class  of  equations,  which  aflford 
an  illustration  of  the  general  method  of  proceeding. 

We  consider  the  equation 


s* 


in  which  a  must  be  different  from  zero  (§  86)  if  the  equation  is  to 
possess  a  normal  integral.  For  any  integral  that  occurs,  s  «  0  is 
an  essential  singularity.  For  large  values  of  s ,  the  integrals  are 
regular;  and  a  fundamental  qrstem  for  s « oo  is  composed  of  two 
regular  integrals,  which  belong  to  eiponents  —  pi  and  —  p^  arising 
as  roots  of  (he  quadratic  equation 

These  two  regular  integrals  may  be  denoted  by 


j^P, 


•i^V'-O- 


where  PuP%  are  converging  power-series.  As  the  origin  is  the 
only  other  singularity  of  the  equation  (and  it  is  an  essential 
singularity),  it  follows  that  P,  and  P,  have  s  •  0  for  an  essential 
singularity ;  all  other  points  in  the  plane  are  ordinary  points  for 
Pi  and  P,. 

The  expression  of  a  uniform  (unction  having  only  a  single 
fssential  singularity,  say  the  origin/and  no  accidfanial  singularity, 
is  known  by  Weierstrass's  theorem  f  to  be  of  the  form 


(i)/<:-). 


where  P  f  -  ]  is  a  uniform  function  having  all  the  aeros  of  the 
original  function  (the  simplest  form  of  P  being  admissible^  sod' 
^f-j  is  a  bolomorphio  Amotion  of  -  which  is  finite  everywhere 
except  at  «"»0. 

*  It  is  Sas  Is  BaBiWii«,  Crtltt,  i.  cm  (ISSS),  ff.  SSS— STS. 

t  r.  F.t  I  ss. 
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The  Amotion  g  nay  bo  polynoiuUI  or  it  nay  bo  Ummeondootal ; 
Iho  diieriminatioa  deponda  upon  the  character  of  the  origin  as  an 
eaeential  singularity  for  the  original  function.  Aa  the  present 
apfdication  ii  directed  towards  the  determination  of  normal  inte- 

grak,  the  function  g  f-j  will  be  taken  to  be  a  polynomial  in  -. 


If  the  original  function  has  an  unlimited  number  of  assigned 
leroe  in  the  plane  outside  any  small  circle  round  the  origin.  P 

b  transcendental.    When  the  number  of  seros  is  limited,  F (- j 
b  a  polynomial  in  - ,  which  can  be  taken  in  the  form 


p(}yr-m 


where  J;  b  a  finite  positive  integer,  /  b  a  polynomial  in  s  of  degree 
not  greater  than  ib,  its  degree  being  actually  k  when  s  «  ao  b  not 
a  sera 

The  equations  to  be  considered  are  those  which  have  integrab 

as  above,  one  (or  both)  of  the  functions  Pi  and  F^  having  only  a 
limited  number  of  zeros  outside  any  small  circle  round  the  origin, 
with  the  further  condition  that  the  essential  singularity  at  the 
origin  is  of  the  preceding  type.  Thus  an  integral  b  to  be  of  the 
form 

-s«i^/(s)->u. 

say,  whero  O  b  a  polynomial  in  - ,  the  exponent  sr  b  a  constant^ 

and  /(#)  b  a  polynombl  in  i ;  and  the  differentbl  equation  for  u 
b  to  have  a  regular  integral  which,  except  as  to  a  fiActor  j',  b  to 
be  a  polynomial  in  s.     Let  /    ' 

then  the  equation  for  u  b 


/ 
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After  the  earlier  explanations,  it  is  dear  thai  we  mnsl  lake 

I 

The  equation  for  u  then  is 

«  --r  a  +  ' 5 — t-a«0, 

which  is  to  have  a  regular  iotegrU  of  the  type 

there  being  only  a  limited  number  of  terms  on  the  right-hand 
side.    The  indidal  equation  for  s  ^0  is 

-20^^-1-20-/8-0, 
so  that 

Substituting  the  expression  for  a,  and  equating  ooefficients,  we 
have,  after  a  slight  reduction, 

{(n  +  ^)(n  +  ir-l)-v)c,-{2o(ii  +  ^)  +  /81iWi  ^ 

-2o(ii+1)Cm.i; 
and  therefore 

{n^'a)(n  -f  sr  -l)-^ 

^*» "  2^nTi)      ~  ^• 

It  is  clear  that,  if  the  series  with  the  coefficients  o  were  to  be  an 
infinite  series,  it  would  diverge  and  the  integral  would  be  illusorjr. 
For  this  reason  also,  as  well  as  by  the  initial  condition,  all  the 
ooeflBcients  from  and  after  some  definite  one,  say  after  eft«  must 
▼anish;  and  therefore  we  must  have 

or  substituting  for  ^  its  value,  we  see  that  th$  quadraiie  eqwoHon 


('*-i)('-D-». 


wktr$  o'—a,  mmd  Aovs  a  positive  inieger  {or  ssrs)  ybr  a  rooL 
This  oonditioa  is  suflkient  to  secure  the  significance  of  the  series, 
and  therefofe  sufficient  to  secure  the  existence  of  a  normal  integral 
of  the  equatioo 
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Clearly,  Ihere '  are  two  values  of  a.     If  for  ettber  Talue  Ilia 
ooodiiioo  ia  satiified,  Ihere  ia  a  normal  iolegfal  of  Ilia  form 

where  a  has  the  value  for  which  the  conditum  ia  tatiafied 

Tha  condition  cannot  be  satisfied  for  both  values,  if  the  values 
of  sr  are  different,  and  arise  from  different  values  of  p ;  for  if  il 
could,  we  should  have 

Now pi-k-pt^lt  and  therefore 

which  ia  impossible^  as  neither  ki  nor  k^  is  negative 

'  The  condition  can  be  satisfied  for  both  values  of  a,  if  the 
values  of  a  are  the  same,  that  is.  if 

/9-iO: 

for  then  the  condition,  that  the  equation  (0  4- 1)9 «  7  can  have  a 
positive  integer  as  a  root,  shews  that  the  equation 

w  »    ——-  w 

possesses  two  normal  integrals  of  the  tbrm 

The  condition  can  be  satisfied  lor  both  values  of  o,  if  Iha 
values  of  a  arise  through  the  same  value  of  p,  whether  they  are 
the  same  or  not;  and  the  equation  then  possesses  two  normal 
integrala  The  limitations  on  the  comitants  are  given  in  the 
first  of  the  succeeding  examples. 

£x,  1.     Prove  thAt  the  equation  , 

poiieiiiCT  two  DomuJ  integrals,  if 

a" 

where  q  it  anj  integer,  puititivo,  negiUiv^,  or  sisro,  sod  |»  is  an  iotcfsr  thai 
AM/  not  wauiah,  (UMaboiger.) 
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Em,  t,    ObUin  the  ounditioiis  aafficieiit  to  teoure  thai  tlie  •qmlioo 


111*7  hftTt  %  nomiAl  integnJ  of  tlie  foregoing  t jpa  CSmi  H  lutTe  two  normil 
intflgrabf 

Em.  H    VfVf%  that  the  equation 

!•'+••'+ J  W-0 

two  normal  integrals,  if  a  ia  an  integer  (poaitiTei  negatlTe,  or  mto). 
E*.  4    I¥ofe  that  the  eqoatimi 

a  normal  integral  if  the  qnadmtio  equation 

hae  a  poeitiTe  integer  (or  lero)  for  one  of  ita  toota  for  either  Talue  of  Jm. 
What  happens  (i)  when  both  ita  toota  are  integers  for  the  aame  Talue  of  ^a, 
(ii)  when,  for  eaoh  Tahwof  ^e,, the  equation  hae  a  poaitiTO  integer  for  a  root! 

Ex.  B.    Phrre  that  the  equation 

-lfi(n+l)5+4ii(a+l)5  +  {l,a(n4l)(n+l)(ii-l)-f««}w-a 

where  n  ia  an  integer  and  a  ia  anj  oonetanti  hae  four  normal  int^grala  of  the 
form 

where  ^f-j  ia  a  polynomial  in  J.  (Halphen.) 

9S.    In  no  earlier  paper,  Cayley^  had  prooeeded  in  a  diflRsreiit 
maimer.    If 

where  ^(f)  ii  a  holomorphio  fanctioo  of  $  not  Taniahitig  with  J^ 
we  have 

«erelli.ie(iee7),Pf.lM-iW|  cm  Ifrtfc.  IVym,  fel  an,  fp.  Ill    Ok. 


whera  JR  (f  )  M  ft  holomorphio  fuootim  of  #  in  th%  Tieinily  of  Ibo 
origiiL.  Further,  if 

where  ^(t)  is  m  holomorphio  fiiiictioD  of  m  not  famshing  with  s, 
and  n  is  ft  polyDomisl  in  - ,  we  hftve 


-^+" +5+f+*(A 


say»  where  R($)  is  holomorphio  in  the  vicinity  of  the  origin. 
Cayley  trsosformed  the  equation  by  the  sabstitution 

and  then  proceeded  to  obtain,  from  the  differential  equation  for  jf, 
an  expansion  in  ascending  powers  of  j.  When  once  a  signiBcant 
expression  for  y  has  been  obtained,  the  value  of  w  can  immediately 
be  deduced. 

Applying  this  method  to  the  equation 

w  — ^ — ^  w, 

the  equation  for  y  is  at  once  found  to  be  * 

r 

Hamburger's  investigation  shews  that  the  integrak  of  the  aqua* 
tion  in  Id. are 


«H-^/'.(J).   -.-^/».(j).    ■ 


which  are'  valid  over  the  whole  plane  but  have  s  ap  0  for  an 
tial  singularity.  If  an  integral,  say  i£^|.  has  an  unlimited  number 
of  seros,  the  origin  being  its  only  essential  singularity,  then^ 
any  circle  round  the  origin,  however  small,  contains  an  ^nlj^niti^ 
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number  of  these  ceroe :  so  that  i(  in  the  Tioinity  of  the  origin, 
the  ezpreerion  of  HTg  is 

^  (f )  would  hare  an  unlimited  number  of  ceroe  within  the  email 
eifcle  80  drawn.    The  eipreeeion  for  y  is 


but  the  function  \;  :  has  an  unlimited  number  of  poles  in  the 

immediate  Ticitiity  of  the  origin,  and  so  the  right-hand  side 
oannot  be  changed  into  an  eipression  of  the  form 


«;» 


Ofl  .  p 


where  m  is  a  finite  integer.  Accordingly,  the  assumed  eipansion 
is  not  valid  in  this  case :  and  the  method  does  not  lead  to  signifi* 
cant  results. 

But  when  the  integral  has  only  a  limited  number  of  seros,  so 
that  ^  (f )  is  expressible  in  the  form 

in  the  vicinity  of  t  m  0,  where  g  f  -  ]  is  a  polynomial  in  -  and  /(t ) 

is  a  polynomial  in  s  that  does  not  vanish  with  # ,  then  ^t-t 
be  changed  into  an  expansion 


and  so  the  assumed  expansion  for  y  is  valid  in  this  case.    Ilia 
method  thereibr^  does  then  lead  to  a  significatat  result^. 

Assuming  the  method  applicable,  and  returning  to  the  equa* 


turn 


y+^-5+g+2. 


•  Tto  iiwriisiaalioa  Wlwwa  Ifat 
r,  OrtOt,  t  mn  (16SS),  p.  tISi 


sai  Ifas  stpliastftia,  sis  ias  Is 


Mm^mmmmmmmm^madattm^kammm 


-  C.-Ki-r^  V  * 
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we  Msily  find 
wbere 

2a,a» -f  Oi*  -  a, «  7, 
and,  for  anj  value  n  which  in  greater  than  2, 

If  the  coDstante  in  the  equation  were  uuoonditiooed,  tfie  o^ 
efficieute  thus  deterfniued  would  give  a  diverging  aeriea  for  jfL 
But  we  are  assuming  that  the  method  is  applicable,  so  that  the 
conditions  for  convergence  are  to  be  satisfied ;  and  then,  as 

w      a^     ax 
we  have 

where  the  last  semik  converges.  The  method  does  not,  howev^i 
give  the  tests  for  cunvergence  of  the  series  for  y,  ^t  least  withoai 
elaborate  calculation:  still  less  does  it  indicate  that  the  con- 
vergence of  the  series  for  y  is  bound  up  with  the  polynomial 
character  of  the  series  iu  the  expression  for  w.  It  can  therefore 
be  regarded  only  as  a  descriptive  method,  capable  of  partly 
indicating  the  form  of  integral  when  such  an  integral  exists-: 
manifestly,  it  is  not  so  elective  as  Hamburger'a 

But  the  method,  if  thus  limited  in  utility,  has  the  advantage 
of  indicating  an  entirely  diH'erent  kind  of  integrals  of  the  original 
differential  eiiuation,  which  are  iu  fact  subnormal  integrals,  though 
it  doi*s  not  establish  the  existence  of  such  iutegrals:  for  the  latter 
purpose,  other  processc^s  are  necessary.  It  will  be  sufl^cient  to 
consider  an  equation,  eay  of  the  fourth  order,  in  the  form 


where  the  origin  is  a  pole  of  p^  of  multiplicity  m^^  for  m  "*  !•  2, 8, 4. 


fr..i. 
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w 

80  thai  the  equation  for  y  is 

y^  +  4yy''  +  Sy^  +  6yy  +  y«  +  p,(/'+8ysf'  +  /) 

If  this  equation  is  satisfied  by  an  expression  of  the  form 

y-r^(a,-»-a,j  +  ..,X 

the  ooefBcient  of  the  lowest  power  of  t  must  vanish.    Now  the 
goTeming  exponents  for  the  terms  in  succession  are 

^  iw  "•  8,  •*  2iw  —  2,  •-  Shi  —  *,  ^  otn  —  1|  ^  4tii| 

^  STg  ^  in  —  *,     -"  STi  -"  2ltl  — "  1,     ^  STg  —  Oltly 

—  W|  —  m  -•  1,  —  sTi  —  Zm, 

To  determine  which  groupings  of  terms  will  give  the  lowest  power 
of  f,  we  use  a  Puiseux  diagram^;  and  in  connection  with  each 
quantity  er^  -I-  irm  -I- 1,  for  the  various  values  of  ^,  it,  I,  mark  a  point 
(sTp  -I- 1,  it)  referred  to  two  rectangular  axes  Ox,  Oy.  Through  the 
point  (0,  4)  take  a  line  parallel  to  the  axis  Ox,  and  make  it  swing 
in  a  clockwise  sense  until  it  meets  one  or  more  of  the  points: 
round  the  last  of  the  points  then  lying  in  its  direction,  make  it 
continue  to  swing  until  it  meets  some  other  point  or  points ;  and 
so  on,  until  it  passes  through  the  point  («r«,  0).  A  broken  line 
is  thus  obtained ;  the  inclination  of  any  portion  to  the  negative 
direction  of  the  axis  Oy  being  tan"^  /*,  the  quantity  /i  is  a  possible 
value  of  m,  and  the  terms  giving  rise  to  the  lowest  index  of  «  in 
the  differential  equation  for  y  ture  those  which  correspond  to  the 
points  on  that  portion  of  the  line.  There  are  as  many  possible 
valoes  of  m  thus  suggested  as  there  are  portions  of  the  line. 

Bis  vol*  n  SI  lait  woikf  ml  V| 
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It  M  not,  however,  a  neceauty  of  a  Puiaeaz  diagram  that  only 
integer  valuee  of  m  ahall  thus  be  provided :  and  it  doet»  in  &ct, 
frequently  happen  that  rational  fractional  Taluee  arise.    Let  inch 

an  one  be  - ,  where  ir  and  #  are  prime  to  each  other ;  and  take 

80  that 

When  the  independent  variable  is  changed  from  J  to  {I*,  an  ezprea- 
tion  for  y  of  this  type  can  be  constructed,  and  it  will  be  a  formal 
solution  of  the  equation ;  if  the  series  for  y  converges,  then  such 
an  integral  exists,  expressed  in  the  form  of  a  scries  of  fractional 
powers,  and  a  corresponding  integral  w  will  be  deducibla  Such 
an  integral,  when  it  exists,  is  a  subuoruml  integral. 

It  is  easy  to  verify  that  the  only  points,  which  need  be  marked 
in  the  diagram  for  the  purpose  of  obtainiug  the  possible  values  of 
f/i,  are  those  which  correspond  with  the  quautities 

4m,   V|  -f  3m,   v,  +  2m,   v,  +  m,  W4, 

as  ill  §  86 ;  but  fractional  values  of  m  are  now  admissible  in  every 
case,  instead  of  being  so  only  under  conditions  as  in  the  former 
use  of  the  diagram. 

Ex,  1.  This  indication  of  integrulii  in  s  Msrieii  of  fractional  powen  was 
applied  bj  Cayley  and  Hauiburgor,  in  the  monioirs  already  cited,  lo  the 
equation^ 

which  poMtfwee  neither  a  regular  int^^ral  nor  a  normal  integral  in  the 
vicinity  of  i  »0. 

The  only  point*  to  be  marked  fur  the  Puiaeux  diagram  are  0^  1 ;  S,  O ; 
there  is  one  portion  of  line,  and  it  givee 

Acoordingly,  ws  take 

f-f«; 

and  the  equation  for  w  then  becomes 

or,  wntiog 

*  Thif  tqaaUon  is  umd  only  for  purpoMt  of  iUoetiatioai  Us  laltfials  aie 
nguhw in  ibs  vieJoily  of  f  bod  • 
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wliidi  k  A  qpeoial  form  of  Um  eariiar  equatioo  in  {  91.    It  fmmmm  two 
iBlesnl%  Domial  in  (;  if  the  quadntio 

^(^+l)-4r'+l 
hm  OM  of  Hi  rooto'Mi  intogw,  that  k,  if 

whwe  $  ia  ai^  poaitiTa  integer  (or  lero). 

To  find  Um  integrals,  we  have  meralj  to  adapt  the  aohitloo  in  f  91|  by 
taking 

a.4/l\    9-a    y-V+l-^C^-t-U 

Tlraa  ••■^■■llfl'^i  #»1|  and 

and  ao^  taking  c^->  l»  we  hava 

\-t\     ifiV  al(^-n)r 
aa  a  normal  integnJ  of  the  equation  in  (.    Aooordlnglj,  the  eqnalion 

where  #  ia  a  poaitiTO  integer  or  aero,  and  a  ia  a  oonetant,  haa  an  integral 
llaaifcaUjr,  Um  other  Integral  is  giren  hj 

the  two  oonatitating  a  ftindamental  qratenk    Each  of  them  ia  of  the  type  of 
normal  integral :  bfut  the  aeriea  prooeed  in  fractional  powara  of  the  ?ariabla. 


It  win  be  noted  that  the  two  Talaea  of  #  are  the  aaa%  and  that  only 
one  Tahia  of  ^  ia  need  i  the  relation  ia 

JEft  %    Pkofo  that  the  aquation 
i»b«to  X  it  a  oBMlMt  and  V  k  •»  oJd  laU|»,  pooitlw  omofitlt^ 
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Equations  or  Higukr  O^dxr  luviiia  Normal  ob 

SuBNORkAL  Integrals. 

98.  Thore  is  msDifostly  no  reaiM>u  why  Hsmbufger^s  melhod 
shoaM  be  rentricted  to  equations  of  the  secood  order ;  RDd  he  has 
applied  it  to  obtain  the  ourrcspobdiug  eloss  of  equations  of  geneiml 
order,  the  properties  of  the  iutegprals  defining  the  claas  being 

(i)     the  integrals  are  of  the  regular  type  ih  the  domain  of 

(ii)  the  origin  is  an  essential  singularity  for  each  of  the 
integrals,  and  at  least  one  of  the  integrals  must  be  of 
the  normal  type  in  the  vicinity  of  #  -i  0 ; 

(iii)  all  the  points,  except  i^^O  and  i"go,  are  ordinary 
puiuts  of  the  integralM  and  the  equation; 

(iv)  the  number  of  zeros  of  at  least  one  integral,  which  lie 
outside  auy  small  circle  round  the  origin,  is  limited ; 

the  second  and  the  fourth  of  which  are  not  entirely  independent. 

Let   the  equation  be  of  order  ii,  and   have  its  coefficients, 
rational.    The  first  of  this  set  of  properties  requires  the  equation 
to  be  of  the  form 

^d^w  .    ._,     d'^^w  .  dw  -^ 

^  dz-  •*•  '    ^  di—  "*"•••  "^  '^-'  dJ  ■••'••^  -  *• 

where  pitjh*  ••••  Pn  sro  holomorphic  functions  of  s  for  large  values 
of  M,  and  thus  are  expressible  in  series  of  powen^  of  s  of  the  forai 

* 
The  third  of  the  above  set  of  properties  requires  that  every  value 
of  s,  except  #«"0,  shall  be  an  ordinary  point  for  each  of  the 
coefficients :  and  by  the  second  of  the  properties,  ^  ••  0  is  a  sibgu* 
larity  of  the  equation  and  therefore  of  some  of  the  coefficieuta 
Accordingly,  the  power-s\3ries  for  the  coefficients  p,  which  have 
been  taken  to  be  rational  and  are  limited  so  that  every  poini 
except  s^^O  U  ordinary  (or  ibi^m,  are  polynomials  in  mtK 
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As  the  integrals  are  .regular  in  the  Ticinity  of  s  «  ao ,  one  at 
least  is  of  the  form 


«'-"«(?)• 


where  Q  is  a  series  of  powers  of  jr*,  which  does  not  vanish  when 
s«»  00  and  converges  for  all  values  of  s  outside  an  inBnitesimal 
circle  round  the  origin,  and  where  pish  root  of  the  equation 

^(^- l)...(p-n-|>  1)-|-o,/i(p- 1) ...  (^  -  ft -I- 2) -I- ... 

• 

the  indicial  equation  for  t Mao.  The  eiponents  to  which  the 
integrals  belong,  being  regular  in  the  vicinity  of  s  «  oo ,  are  the 
roots  of  this  equation  with  their  signs  changed ;  and  they  eiist  in 
groups  or  are  isolated,  according  to  the  character  of  the  roots. 
Let  the  above  integral  be  one  which,  under  the  second  of  the  set 
of  properties,  is  a  normal  integral  in  the  vicinity  of  s  «  0,  neces- 
sarily an  essential  singularity ;  in  that  vicinity,  its  expression  is 
of  the  type 

where  It  (s)  is  a  function  of  s ,  which  is  holomorphic  in  the  vicinity 
of  #■■  0  and  does  not  vanish  when  #aiO,  and  where  fl  is  a  poly* 
nomial  in  jr>,  tay 


and  e  is  a  constant    Then,  in  the  vicinity  of  s  »  0,  we  have 

where  T  is  a  polynomial  in  - ,  constituted  by  D'  4-  - »  sad  Ri  is 

the  holomorphic  (unction  of  i  given  by  IT  (t )  -t-  it  (t ).  But  as 
tills  arises  through  a  form  of  the  integral,  postulated  for  the 
▼iebity  of  f  "bO,  while  the  integral  is  actually  known  to  be 


<-)• 


r.  IT. 


\% 
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the  abo¥0  ibria  for  yfjw  nmal  be  dedodble  irou  ihii  aeiiMd  VAlne. 

Thi.  i.  p.«bl«  ooly  if  «(1).  which  hM  ,-0  for  .a  tm^M^X 

•iuguhuiiy,  pobHeaKt  at  the  ulmont  a  limited*  number  of  Beroe 
ouUide  an  infinitesimal  eircle  round  the  origin ;  for  if  it  had  aa 
unlimited  number  of  seroe  in  the  plane,  other  than  # » 0,  any 
circle  round  the  origin,  however  small,  would  include  an  infinite 
number,  and  then 

would  be  incapable  of  such  an  expansion.  The  requirement,  thaft 
thue  arises,  has  been  anticipated  by  the  assignment  of  the  fourth 
among  the  set  of  properties  of  the  integrsls;  and  so  we  may 

sssume  Q[-]  to  have  only  a  limited  number  of  lerus.    Accord- 

1\ 
iugly.  as  in  )  91.  the  form  of  Q(    j  must  bo 


G)-"-'. 


where  t^i")  ^^  polynomial  in  -'having  as  its  roots  all  the 

of  Qf-j,  and  jr(-]  ia  a  holomorphic  function  of  -,  finite  every- 
where except  at  J  *  0. 

Let  k  be  the  number  of  zeros  of  Q ;  then  P  f  -  j  is  a  polynomial 
of  degree  i%  ami  so  it  can  be  represented  in  the  form 

whore  0  (r)  ip  a  polynomial  in  $  of  degree  k.    Thus  the  integral  is 
of  the  form 

The  postulated  form  must  agree  with  this  form;  hence  9y-\ 

is  the  polynomial  (1  of  that  form,  aud  the  holomorphio  fnnctioii 
R  (m)  of  that  form  is  the  polynomial  0  (r) :  also 

a**  p-^k. 
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The  eiprcasion  Ibr  w'fw  in  MoeDding  powers  of  ir  is  thus  TsUd^ 
onder  the  eonditioDs  assigDed,  proTtded  JR  (t )  is  i|  polynomisl  in  s. 
Taking 


80  ibai  P|  is  a  fonotion  of  $,  whieh  is  holomorphio  in  the  tieinity 
of  s«bO  and  is  equal  to  a^  when  #»0,  we  hate 


w 


!• 


Then 


say.    Simihurly, 


fl» 


w 


(P.*  +  fQ.)- 


•f 


say,  and  so  on:  where  all  the  functions  P«,  P|,  ...,  ^,  Q^t  •••  sie 
holomorphio  fonctions  of  #,  and  the  first  m  terms  in  P«  arise  from 
Pi".    Substituting  in  the  equation 


we  ha^e 


P,  +  s-piP^.,  +  J^ftP-,  + ...  +  s— 1»«  -  0. 


whidi  must  be  identically  satisfied.    The  coeflBcients  p  are  poly« 


nomials  in  -;  hence^ 


j^p. 


is  expressible  as  a  polynomial  in  s ,  and  so  the  highest  negatite 
power  in  |>«  is  r^^  at  the  utmost    Accordingly,  let 


l>«-«iii  + 


«..! 


►«.t 


-f-... + 


a«m 


KT  ff  ■■  1|  •  •  • ,  111. 

Now  we  hare 


+ ... + «is"^ + j^- f + s*r, 


*  V  tfdt  wvM  Bol  Iht  eMt,  Um  MrifDrntBl  of  s 
il:  sad  ■>  Iht  ■ewunplinn  reaUj  !•  bo  Umitatloa 
ialisralt  fii. »  siatl  bs  s  Sailt  lalis«. 


?tlst  of  MOOOld 
l^wkkkli 


Mh 


ib^ 
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My,  where  7  is  a  bolomorphio  functioD  of  m  ;  and 

where  7^^  ie  a  holoborphio  function  of  *#;  eo  thai  the  fini  m 
ienne  in  P^  whieh  give  all  the  coefficients  ^i  the  eiponent  of  the 
determining  factor  e^,  are  given  as  tl{e  first  m  terms  of  a  root  of 
the  equAion 

when  the  root  is  expanded  in  ascending  powers  of  r. '  When  the 
first  Hi  terms  in  9  are  obtained,  then  the  determining  fiustor  ia 
known;  for  wb  have 

„./; 

Moreover,  after  this  detcnuination,  the  terms  involving  the  powers 
t^,z\  ...,!■*"'  in 


^vdx. 


have  disappeared,  so  that  this  qutotity  is  divisible  by  s**,  leaving 
a  holomorphic  function  of  #  as  the  quotient. 

94.     Having  obtained  the  determining  factor,  let 

be  substituted  in  the  differential  equation,  which  can  now  be 
taken  in  the  form 


rMII-f« 


'!S\?.{^'"-^'>"'"-"'*''^,^S}-o. 


For  this  purpose,  derivatives  of  tP  are  rei|uired.     We  have 
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and  00  on,  where  v  is  identical  with  the  fint  m  terms  of  P^ 
Wi  is  identical  with  the  first  m  terms  of  P|,  and  generally,  t a  is 
identical  with  the  first  m  terms  of  Pa^i*    Now  . 

with  the  conrention  v« »  v,  v-i  •  1 ;  and  therefore  the  eqaataoa 
for  «,  after  dropping  the  fiictor  «0,  is 


which  can  be  written  in  the  form 

i-tr-tl(«-«)l(»-r)l  •^^"      ^)  ds*^ 

where  JH^I.    The  coefficient  of  «  is 

r-t 

Because  the  first  m  terms  in  Sju-t  are  the  same  as  in  Pxt  the  first, 
m  terms  in  the  preceding  coefficient  are  the  same  as  in 

and  they  are  known  to  ranish,  for  the  coefficients  of  J*,  s*, «.., 
were  made  zero  to  determine  t ;  hence  the  preceding  coefficieni 
divisible  by  s**,  so  that  we  can  take 

••-1  +  t~/>,s»^  + ...  +  J^/Ni  -  ^  (tf. -••  tf|f  +  ...X 
where  tf*  is  a  determinate  constant,  becanse  t  is  known. 

The  coefficient  of  j^"*"*  -j-  is 

The  first  m  terms  here  are  the  same  as  the  first  m  terms  in 

iiP,^  +  (••  -  l)f*/hP«^  + ... -f.  2P,f  •^■•py^ -••  f  •^•^i.,, 
thai  ill  the  same  as  the  first  m  terms  in 


•^TTTmrw™" 
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The  equation  for  v  i« 

and,  in  partioular,  the  equation  detennining  a^^  the  conatani  term 
in  v»  ia 

«••  +  e«»-»  0,,|»  4.  a^'^a^^  +  ..•  +  On^mm  -  0. 

giving  n  valuee  of  Om* 

95.  Let  a»  denote  a  simple  root  of  this  equation,  lometimaa 
called  the  characteruiio  equation :  then  the  quantity 

is  not  lero.    The  coefficient  therefore  of  il^'^*  -^  ,  as  given  above, 
does  not  vanish  when  r  »  0 :  let  it  be 

where  i^t  is  a  determinate  constant,  because  v  is  known. 

It  follows  that  the  equation  for  u,  in  the  form  as  obtained,  ia 
divisible  throughout  by  m^.  Further,  if  it  possesses  (as,  tar  the 
class  of  equations  under  consideration,  it  must  possess)  a  regular 
integral,  and  if  that  regular  integral  belongs  to  the  exponent  9^ 
then  a  is  given  by  the  indicial  equation 

1?,^  +  *•  -  0, 

so  that  a  can  now  be  regarded  as  a  known  constant. 

Further,  we  had 

IT  «  p  -  A-, 

where  I*  is  •  positive  integer  (ur  zero),  and  p  is  »  root  of  the 
equation 

pip-  !)...(/» - B  +  l)  +  />(p -  l)...(p  - «  +  2)Ou 

•f /» (p  - 1). .  .(p  -  II -t- 3)  u«  +  . . .  >  pa»-,,«  +  Om  •■  0, 

«y.of 

/(/»)^0. 
CSonieqiMatljr,  lA.  equation 


l'-^>*- 
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regarded  a$  an  equation  in  it,  mud  Katfe  ai  teoH  one  root  equal  to  a 
poiiUve  integer  or  eero :  if  thieroot  be  denoted  by  ic,  one  condition 
that  u  Jkould  be  of  the  form 

(which  is  the  fcnrm  for  u  required  by  the  earlier  argament)  it 
eatiified. 

But  while  the  condition  is  necessary,  it  is  not  snflBcient  for  the 
purpose.  When  the  ralue  of  fi  is  substituted  in  the  equation,  the 
latter  must  be  identically  satisfied;  and  so  we  have  relations 
among  the  coefficients  c.    The  general  relation  is 

/  (a  4- «)  e. -I- 9i  (a)  C^i  4- 9i  (a)  (^.^  + . . .  4- 9»,i.»  (a)  c.4iMi-«i «  0 ; 

the  relations  for  the  first  few  coefficients  are  of  a  simpler  form. 
When  these  relations  are  solred,  so  as  to  give  successively 
the  ratios  ofci.e^,  ...  to  Ci.a  formal  expression  for  u  is  obtained. 
In  this  formal  expression,  all  the  coefficients  c^i^i,  e^^,  ...  are 
to  vanish ;  that  this  may  be  the  case,  we  must  (as  in  §  79)  have 

/(<r-f  ic)c.«0, 

/(a  4- ic  -  l)c-,  4- sr,(/r- l)c. -0, 

/(ir4-ic-2)c^4-^,(ic-2)<w,4-Jf,(«-2)c.-0, 

and  so  on,  being  m(n  —  1)  relations  in  alL  Of  these,  the  first  is 
known  to  be  satisfied  as  above ;  it  is  the  first  condition  for  the 
existence  of  u  in  the  specified  form.  The  aggregate  of  conditions 
is  sufficient,  as  well  as  necessary :  the  last  of  them  secures  that 
CUfi  vanishes,  the  last  but  one  secures  that  0.4.1  vanishes,  and  so 
on:  the  first  secures  that  Ca4.Mn-«i  vanishes;  and  then,  in  virtue 
of  the  general .  difference-relation  among  the  constants  e,  every 
succeeding  coefficient  vanishes. 

Thus  when  the  m(ii  —  1)  conditions  are  satisfied,  in  assodaiion 
with  a  sample  root  of  the  equation 

««••  +  «■••"*  a,,„„  4- ...  4- <i».iM,,- 0, 

a  normal  integral  of  the  original  equation  exists. 

It  may  happen  that  the  conditions  are  satisfied  for  mors  than 
one  of  the  simple  roots  of  the  equation :  then  there  will  be  a 
eorrssponding  number  of  normal  integrals  of  the  equation* 
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The  eitreme  case  would  be  that  in  whioh  every  loot  of  the 
equation 

ia  airople  and  the  eouditioua  are  aatuified  for  each  of  the  roota : 
there  then  would  be  n  normal  integrala.  Let  the  n  roota  be 
denoted  by  0^  0%, ...»  0m,  so  that,  if 

n— i^+    +^ 

If*  1^  M 

the  normal  integrals  will  be  of  the  fonn 

where  Ur  ia  a  polynomial,  say  of  degree  «r»  in  t.  We  have 
Cf^p-'iCfi  when  these  n  indicen  ar  are  ainociated  with  m 
quantities  />,  it  follows  that 

pf^a^-k-iCf. 

for  tmI,  ...,11.  The  distinct  quantities  ^  are  the  roota  of 
/(p)  »  0,  so  that,  if  they  are  all  ditferent  from  one  another,  we 
have  n  of  them ;  also 

2  (<rr  +  irr)-l»(»-l)-ai.. 

r-l 

a 

The  value  of  £  ^r  cau  theu  be  obtained  as  follows. 


Construct  the  fundamental  determinant 


A»i  u;, 


ds 


I  - 


dwt 
ds 


I  . •••, 


dttv 


which  ia  equal  to 


that  is.  to 


Ae 


-/? 


ds 


whura  il  U  •  constant    Now  if  w,  «1 -t-Cnf-f ...,  walum 

f/Wr 


(/« 


-tf,#^  «•'-«•+»»  «„, 
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where  Mn  i*  *  polTiioiniel  in  t  which  is  equal  to  1  when  iraBO;  eleo 


^--tf,.^i-.-(u.+i),^,. 


where  Upt  ie  *  polynomial  in.t  which  is  equal  to  1  when  8 
and  80  on.    Thus 


-0; 


where 


.  ^-f  ^•l>0.^-l>...-l>Vk-|»(«-l)(»-l>l)4»^^)^ 


♦  (t)- 


1     *^...f      A    "^...f     ••• 

Cr  I     "^  •  •  •  9         C^t      *    *  *  *  t        *  *  * 


As  the  roots  9  are  unequal  to  one  another,  4^  (t)  does  not  vanish 
when  f  »  0 ;  and  it  is  a  pol jnomial.    We  thus  hate 

Aeoordingly  . 

*  III      9^ 

that  ii,  4>  (f)  reduces  to  its  constant  non-Tanishing  term.    Thus 


We  saw  that 


and  therefore 


2  ^r»iM(a-l)(m-f  l)-a,«. 

r-I 


2  (irr  +  «r)-tw(n-l)-aM; 

r-l 


S  irr»  — ima(n  — 1), 

r-l 


which  is  impossible  because  ho  one  of  the  integers  m^  it  negatiTO. 
It  therefore  follows  that  wAen*  <^  oAamderiMb  ejiialioii 


«••+ «ii*^ci,,i« +  •..+«•,••- 0 
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koM  ail  iU  rooii  dutinet  from  on§  anoih$r,  and  wk$m  iks  quamiitjf 
dmwted  by  o'  ka$  n  diHinct  valu§$,  auociaUd  rifp«cliWjf  wiik 
m  di^nci  rooU  of  Hp)»0,  iks  dijbrentud  #giialum 

wker§ 


eannoi  kav$  mar§  tkan.  n  -  1  normal  iniegraU,  linearly  imd€p$mdmU 
of  one  anoiker. 

If,  however,  the  quantity  denoted  by  a  hai  fewer  than  fi 
ditttinct  values,  00  that  it  could  be  the  same  for  more  than  one 
of  the  n  difltinct  quantitieti.  fi,  the  relation 

£   O'r"  |li(M— l)(m-f  1)  — Om 
r-l 

would  iitill  hold,  repetitions  occurring  on  the  left-hand  side.  Bui 
in  that  cose  not  all  the  roots  of  the  equation  /(p)  <-  0  are  specified^ 
for  the  same  value  of  x  could  be  aHiMxsiated  with  the  value  of 
a  couiiaon  to  two  integrals ;  and  the  relation 

no  longer  holds.  The  theorem  then  cannot  be  inferred  as  neoea- 
sarily  true :  and  it  will  appear  from  exaniplea  thai  an  equation  in 
such  a  case  can  have  a  number  of  normal  integrals  equal  to  iia 
order. 

Similarly,  if  a  has  n  distinct  values,  and  if  these  values  are 
not  osHocitttvd  with  n  distinct  roots  of  /(p)«0,  the  preceding 
theorem  is  not  necessarily  true;  the  differential  equation  can 
have  a  number  of  normal  integrals  equal  to  its  order. 

OG.  Next,  let  a^  denote  a  multiple  root  of  the  characteriaiio 
ei|uation 

then  the  quantity  17,  vanishes,  where 

The  indicial  equation  is 

iy.4r  +  tf,-0, 

smd  a  muHt  lie  a  finite  quautily.    1(  0^  in  uot  iiero«  the  laiier 
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condition  is  not  ■atisfied :  and  then  the  original  equation  has  no 
normal  int^fral  to  be  iiseociated  with  that  multiple  root  If  tf«  it 
aero,  the  preceding  indicial  equation  is  evanescent ;  and  so  fiirther 

is  required    The  differential  equation  for  «,  on 
by  f^\  becomes 


+  *-*'(^+^»+...)5-l-..".-0, 
where  the  coefficient  of  .i^  is  of  the  form 

for  r  iB  8,  4,  •  •  •  • 

When  m«B  1,  the  indicial  equation  is 

^i  +  i?i<r4.^<r(d'-l)-0; 
when  m  >  1,  the  indicial  equation  is 

In  either  case,  we  can  have  a  possible  ralue  for  a.  A  regular 
integral  of  the  equation  for  u,  and  a  consequent  normal  integral 
of  the  original  equation,  eiist  if  the  appropriate  conditions, 
corresponding  to  those  for  a  simple  root,  are  satisfied:  it  is 
manifest  that  they  become  complicated  in  their  expression^. 

97.    It  might  happen  that,  in  determining  v,  one  or  more 
roots  of  the  equation 

is  sero,  while  some  of  the  remaining  coefficients  in  v  do  not 
vanish ;  the  implication  is  that  (other  conditions  being  satisfied) 
a  normal  integral  exii^ts,  having  a  determining  factor  of  which 
I  '  the  exponent  is  a  polynomial  with  a  number  of  terms  less  than  m. 
It  might  even  hsppen  that,  with  a  zero  value  of  Sm*  <^II  ^he  associ- 
able  values  of  the  rest  of  the  coefficients  are  sero,  so  that  v  »  0,  and 
the  determining  factor  disappears.  One  possibility  is  the  existence 
of  a  regular  integral,  and  the  possibility  ciin  be  settled  in  the 
particular  case  by  the  method  given  in  Ch.  vi.  If,  however,  the 
oonditions  for  a  regular  integral  are  not  satisfied,  then  there  is  the. 

*  Thtj  SIS  soBiMmd  bj  OSnUicr,  0#1I^,  i  €t  (ISSS),  pf.  1— H  ta^|utfiEn^M^ 
p^  !•  si  mi%0 


iiHikkiftIM 
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puflBibility  of  A  BubnoniuJ  integral  of  the  original  aqontaon:  i% 
ariseai  as  foUowa. 

Let  w^/^u 

be  nubetituted  in  the  equation 

then  the  equation  for  u  it  (by  §  85) 
whoru 

Now  n  ia  to  be  chosen  i»o  as  to  diminish  the  multiplioitjr  of  ir  wO 
as  a  pole  of  q^.  After  the  pn^cediiig  hypotheses,  we  shall  not 
expect  to  have  an  expression  of  the  form 

where  m  is  an  integer;  but  after  the  indications  in  |  92,  U  ia 
possible  that  [V  may  be  a  series  of  fractional  powers.  Aeooid- 
ingly,  assume  that  the  multiplicity  of  #»  0  as  an  infinity  of  fV  ia 
fi,  so  that  i^tl'  is  fiuite  when  ^*-Q:  then  in  ((«,  we  have  a  seriea 
of  terms  with  iufioities  of  oiders 


and 


•  •  • 


n/A                .  (ii-l)/A  +  l        , 

(n-l)/A+   wi  +  1,  (n-2)fi  +  m  +  2, ... 

(n -2)/i-f  2m4  2,  (n- 3)/i  + m-l- S,  ... 

n(tii  +  l). 

Construct  a  Puiseux  tableau  by  marking  points,  referred  to  two 
axes,  and  having  coordinates 

0,    N        ;  1,    n—  1 ;  ... 

Hi  +  1.    n  -  1 ;  HI  +  2,    n  —  2 ;  ... 

2m  +  2»    a -2;  ... 
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(it  18  easily  seen  to  be  necessary  to  mark  only  the  first  in  each 
row),  and  construct  the  broken  line  for  the  tableau,  as  in  $  92. 
If  the  inclination  to  the  negative  direction  of  the  axis  of  y  of  any 
portion  of  the  line  is  tan~*  tf,  then  (?  is  a  possible  ralne  for  ft.  I{0 
be  a  positive  int^^er  >  2,  we  have  a  case  which  has  already  been 
dealt  with.  If  (^ » 1,  there  may  be  a  corresponding  integral ;  but  it 
is  regular,  not  normal  If  (?  be  a  negative  integer,  tV  is  not  infinite 
for  f  »0,  and  the  value  is  to  be  neglected.  If  tf  be  a  positive 
quantity  but  not  an  integer,  it  must  be  greater  than  unity  to  be 
effective ;  for  if  it  were  less  than  unity,  fl  would  not  be  infinite 
for  t«OL  Suppose,  then,  that  0  has  a  value  greater  than  unity; 
as  it  arises  out  of  the  Puiseux  diagram,  it  must  be  commen* 
BuraUe :  when  in  its  lowest  terms,  let  it  be 

P 

where  q  and  p  are  integers  prime  to  one  another,  and  q  >p. 
Then  take 

we  have  an  equation  in  u  and  «,  and  a  possible  determining  factor 
c'  can  be  found  such  that 

and  so 

n  «  4r*^^  (c^ +  €,«••• ...) 

-    "^   +-^-  + 


/ 


a  series  of  fi:actionaI  powers.  The  investigation  of  the  integral  of 
the  new  equation  ii^ii  and  «,  that  may  exist  in  connection  with 
this  quantity  (1,  is  of  the  same  character  ais  the  earlier  investi* 
gationsL 

EquATioKs  or  the  Third  Order  wrrn  Normal  or 

Subnormal  Intbqral8. 

98.  The  preceding  general  theory,  and  the  methods  of  dealing 
with  the  eases  when  the  equation  for  ««  has  equal  roots,  or  has 
aero  roots,  may  be  illustrated  by  the  oonsUkssAMy^  tH  isdl  w;&a>stfs^ 
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of  the  third  order  more  clearly  thaa  by  that  of  an  equation  of  Uin 
•eoond  order,  aa  in  $  91.  Takiug  the  timpleet  value  of  m,  which 
ia  UDity^  the  equation  ia  of  the  form 

fir -f  8-^    ,       w  +-  --     ^         -w 

+  !•  ^       "• 

which,  on  uaing  the  subatitution 
becomes 

jr  + p y +  — ^ — y-0. 

where  the  constants  a  are  simple  combinations  of  the  constabta  k. 
The  substitution  adopted  changes  a  normal  integral  of  the  one 
equation  into  a  normal  integral  of  the  other,  save  tox  the  veij 
special  case  when  it  might  be  ehaoged  into  a  regular  iotegral  of 
the  other:  it  therefore  will  be  sufficient  to  discuss  the  form 
which  is  devoid  of  a  term  in  %^, 

m 

In  the  present  case,  m»l,  we  take 

and  a  is  chosen  so  as  to  make  the  coefficient  of  the  lowest  power 
in  the  coefficient  of  u  equal  to  zero.     We  thus  have 

and  the  equation  for  u  then  is 

of  which  the  indicial  equation  for  j  ■■  0  is 

(a. -f  3a*)  iT  4- a.  -  aa«  -  6a' ->  0. 

It  is  clear  that  Ihiiequation  in  a  will  not  have  a  triple  root :  if  i|    * 
could,  we  should  have  o^  i*  0,  a^mO,  a  >■  0,  the  last  of  whieh 
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Tttlaea  leads  to  the  collapse  of  the  process.  (Account  roost,  of 
ooorse,  be  taken  of  the  possibility  that  a^mOm Oj,,  and  this  will 
be  done  later.)  Meanwhile,  we  assume  that  a  is  either  a  simple 
root  or  a  double  root 

First,  let  a  be  a  nmple  root;  then  a«4-Sa'  is  not  sero,  and 
the  foregoing  indicial  equation  then  gives  a  proper  value  lor  ^. 
If  ~  p  is  the  exponent  to  which  an  integral  in  the  vicinity  of 
f  M  00  belongs,  p  is  a  root  of  the  equation 

The  general  investigation  has  shewn  that  this  must  have  a  root  of 
the  form  p  m  9  -|>  ic,  where  ic  is  a  ixisitive  integer  (or  aeroX  and 
that,  if  this  condition  is  satisfied,  the  form  of  «  is 

»« 1^(0^  +  0114-  ...  +c,f*). 

We  substitute  this  value,  and  compare  coefficients.    If 

yii-(^  +  R)(<r  +  ii-l)(<r  +  ii-2)  +  a«(d'4-R)  +  aii, 

A»--8a(9  +  ii)((r  +  ii  +  l)4-(a»  +  6a)(<r+n  +  l) 

+ dfi  —  aOii  —  6a, 
ft«-(ihi  +  8flt0(ii  +  2), 

then  the  difference-equation  for  the  coefficients  c  is 

for  values  of  n  >  0,  together  with 

I  As  « is  a  simple  root  of  its  equation,  0^  +  3a'  is  not  sero :  thus  all 

the  quantities  it.|,  k^,  Iti,  ...  are  different  from  sero,  and  the  pre- 
ceding  equations  thus  determine  C|,  Ot,  •••  in  succession,  say  in  the 
form 

In  order  that  the  integral  may  not  become  illusoiy,  the  series  is  to 
be  a  terminating  series :  it  would  otherwise  diverge,  on  account  of 
the  form  of  ^n.  Let  the  series  contain  c  -f  1  terms ;  then  all  the 
ooeffidents  c^^i,  c^^t  •••  mtut  vanish.    Now  o^^-i  ▼Roithes  if 

then  0!,4«  vanishes  if 


A. 
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and  iheD  all  the  soooeediDg  ooefficienis  o  Taiiith.  The  Ultar 
Goodition  givet  g^^O  which,  m  g%'»/(9'¥n)  for  all  valoea  of 
n,  is  the  same  as 

/(<r  +  «)-0, 
a  knowD  oondition ;  and  the  other  gives 

which  is  the  new  conditioD.  When  both  conditions  are  satisfied^ 
a  normal  integral  exists  for  the  equation  in  y.  As  thai  equation 
involves  seven  constants,  which  are  ^hus  subject  to  two  oanditions» 
there  are  effectively  five  constants  left  arbitrary,  subject  solely  to 
a  condition  of  inequality  as  regards  the  roots  of  the  equation 

moreover,  k  may  be  any  positive  integer  (or  aeroX 

If  the  corresponding  cunditic jis  hold  for  a  second  simple  ruoi 
of  this  cubic  equation,  the  number  of  independent  constants  ia 
reduced  to  three,  while  there  are  two  integers  such  as  ic\  the 
differential  equation  for  y  then  hiut  two  normal  integrala 

If  all  the  roots  of  the  cubic  equation  are  simple,  and  the 
corresponding  conditions  hold  for  each  of  them,  there  are  three 
integers  Huch  as  /r,  and  there  is  effectively  one  arbitrary  constant : 
the  differential  equation  for  y  would  then  have  three  normal 
integrals.  TIiih,  however,  is  impossible,  if  there  aie  three  different 
values  a,  a\  a"  of  a,  and  three  asmx^iated  integers  /r,  k\  m"^  such 
that  0'4-Ac,  q'-^k',  ^"-k-ic"  are  different  roots  of /(p)»0.  For 
then 

ir  +  «  +  cr'  +  ic'  +  ir"  +  ir"-S. 
Now  we  have 

"^"*" Wi • 

da 
A  ■»  a*  -f  aun  —  Om  s  0 ; 


where 
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henoe,  munmiDg  for  the  three  roots  of  h^  we  have 

<r + if  +  a"  -  6 + S  22azlgj±l2s> 

-6. 

by  •  well  known  theorem  in  the  theory  of  equationt.  We  then 
■hoald  have  the  equation 

«  +  «'+«"-- 8. 

which  18  iinpof»ible  as  no  one  of  the  integers  «,  ji/,  i^*  can  be 
negative  Hence,  when  the  equation  ci^-f  aa«  — OMaaO  has  three 
distinct  roots,  and  when  there  are  three  different  ralnes  e,  ^,  a^ 
of  d",  associated  with  three  integers  tc,  tc\  ii\  such  that  d*  +  «»  d^+  ji^ 
d^+  li*  are  different  roots  otf{p)  «  0,  then  the  differential  equation 

cannot  have  more  than  two  normal  integrals.  But,  if  the  values  of 
9  are  fewer  than  three  in  number,  or  if  the  quantities  9^m  are 
not  different  from  one  another,  then  the  differential  equation  (the 
other  conditions  being  satisfied)  can  have  three  normal  int^gralsi 

Next,  let «  be  a  double  root  of  the  equation 

A  "■  d" -f  aan  — a^aBO, 

so  that  we  have  ^*^^ 

SaP-fOn-iO: 

in  order  that  this  may  be  the  case,  the  relation 

must  be  satisfied.    The  quantity  9^  given  by 

(8c^ -I- On)  d"  +  a«  -  ooa  -  6a*  •  0, 

is  infinite,  unless  a«  ^  ooa  —  6ci^  vanishes :  if  this  condition  is  not 
satisfied,  then  the  regular  integral  for  the  n-equation,  and  eonse- 
quently  the  associated  normal  integral  for  the  jf-equation^  eannol 
exist.  Hence  a  fiirther  condition  for  the  exbtenoe  of  the  normal 
integral  is,  that  the  equation 

be  satisfied,  where  a  is  the  double  root:  that  is, 

400*  -  8(iB<hi -f  tOaCNi  ■>  0. 

telV.  10 
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AiNumiDg  thu  to  be  •atisfted,  the  equatioo  for  m  now  m 


\    —  ^u   -I-  ^  u  -r  ^  »     IP. 


Now 

a«-«(a«  +  6)-a«-^(o,i  +  6)-c«,  say; 
«o  that  the  equation  for  u  U 

The  indioial  equation  for  ««  0  is 

Subatituting 

in  the  equation,  we  have 

provided 

for  all  values  of  n  >  0,  where 

iF^-(tf-|.ii)(tf+H-l)(tf  +  ii-2)-l-a,(tf4-ii)  +  o,, 

First,  lot  the  roots  of  the  iudicial  eiiuation  be  unequal,  aaj  X 
and  /A»  so  that  . 

Then  the  value  of  u,  when '  9  =>  X,  gives  an  expression  which 
formally  satisfies  the  e({uution ;  but  it  has  no  functional  significanoa 
unless  the  series  converges.  That  this  may  happen,  g^  must  vanish 
for  some  value  of  n,  say  «!,  wheH  0  »  X ;  that  is,  one  root  of 

must  be 

/)  ai  X.  4>  jr. 
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where  «i  ia  a  positive  integer  or  zero.  If  that  condition  is 
satisfied,  then  a  regular  integral  of  the  u-eqnation  and  an  asso- 
ciated normal  integral  of  the  y-equation  exist 

Similarly,  if  /(/»)»  0  has  another  root 

where  iCt  is  a  positive  integer,  then  the  ralne  of  «,  when  9^p^  has 
significance.  It  is  a  iregular  integral  of  the  ii-equation;  and  a 
corresponding  normal  integral  of  the  original  equation  then  exists. 

Let  fi  denote  the  root  of  the  cubic  that  is  simple :  then  the 
earlier  investigation  shews  that  a  corresponding  normal  integral 
may  exist  If  ^  be  the  exponent  to  which  the  regular  n-integral 
belongs  and  if  jc^-f  1  be  the  number  of  terms  it  contains,  then  the 
equation  I{p)  m  0  has  a  root  ^ 

But  the  three  normal  integrals,  each  one  of  which  is  possible, 
cannot  coexist,  if  X-|-/ri,  M'^'^t  ^'  +  irt  are  different  roots  of 
I{p)  >■  0,  supposed  not  to  have  equal  roots.  If  they  oould,  we 
should  have 

Now 

Also  • 

•'(*i8»  +  ci«)+cNi-/9a«-e^-0, 
and 

/9-l-2a-iO, 

for  «, «,  /9  are  the  tools  of  the  equation 

••  +  «a«-a»-0; 
so  that 

a»  +  Sochi  —  lift* 


0^^^ 


an  +  12a> 


on  reduction,  after  using  the  value  of  a  and  the  relation 

Hence 

X  +  /»-l-^-5, 
and  theielbn 

ilk +  «^+ «•*-*• 
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whioh  ia  impoiittUo,  aa  no  one  of  the  integera  »  can  be  B^;aii?e. 
Hence,  when  the  roota  of  the  indicuU  equation 

CifO- (or— l)+ Cad" +C«  ■■  0 

are  unequal,  and  when  /  (p)  ■>  0  has  not  equal  roots,  the  original 
equation  cannot  have  more  than  two  normal  integrals,  aniens  (in 
the  preceding  notation)  there  are  equalities  among  thd  qumntitiea 
X-f  iTi,  ik-k-ict.  ^'-f  iTf  If  it  poBscttscii  the  two  normal  integnda 
associated  with  X  and  /a,  it  ia  easy  to  see,  from  the  expression  for 
Ami  that,  if  X  — ^  be  a  positive  integer,  it  must  be  greater  than 
ir,-f  1 :  and  that,  if  /a  —  X  be  a  posutive  integer,  it  must  be  greater 
than  iTi  -f  1. 

Next,  let  each  of  the  rooti  of  the  iudicial  equation  for  d*  be 

equal  to  r:  so  that 

Du«c,c„#*(tf-T)«. 

Thus  the  two  quantities 

are  expreusions  that  formally  satisfy  the  equation :  they  have  do 
significance  unlcbs  the  series  converge.  That  this  may  happen,  g^ 
must  vanish  for  some  value  of  ti,  say  tc\  when  6^r\  that  is,  one 
root  of  the  equation 

^(py^pip-  1)(P  -  2)  +a«iP  -I-  flit-O 
must  be  p  ■■  t  +  «',  * 

where  ir'  is  a  positive  integer  or  zero.  (The  quantity  k^^  never 
vanishes  in  this  case  and  so  imposes  no  condition.)  On  dropping 
the  coefficient  Ct,  the  expression  for  u  in  general  is  equal  to 

*•(»-?-'  +  ?-?-*'-••+(-»)•■  A-f^T^'^l. 
(         h^         At/I,  A,A|...As«.|      ) 

so  that  the  two  integrals  are  of  the  form  • 

»,    «logi-»-«i, 

where  «  «■  [u]t.,,  and  V|  is  an  expression  similar  to  «  with  diflTareni 
numerical  coefficients,  vis.  the  coefficient  of  (•  1/j^^  in  9|  is 

[Miz^grr-i  f V  (1  ^»     i  ?*.All 
The  corresponding  normal  integraki  are 

«*«,  •■  (« log  i-k-vxy. 
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A  third  normal  integral  can  ooezirt  with  these  two  in  the  preeent 

case  in  the  form 

■  h 

where  u  belongs  to  the  exponent  d^^  >■  -^  «f  4,  provided  I(p)  >■  0 

has  a  root  of  the  form  ^  +  iCt,  where  ict  is  a  positi?e  integer  (or 
aero).  The  reason  why  three  can  coexist  in  this  case  is  that 
only  two  quantities  r  and  ^  arise,  and  only  two  roolsi  not  three 
roots,  of  /(/»)  as 0  are  assigned 

Km,  L  ProfS  thati  if  the  equatioo 
poMSMSi  a  normsl  integral  of  the  form 
the  cootlante  A  •,  r  are  giren  by  the  rvlaikms 

sod  the  equation 

p(p-l)(p-«)+P«M-f««-0 

mutt  hsfe  ooe  root  equal  to  r<fff,  where  «  ie  a  positife  integer  (or  nro). 
Obtain  the  relationi  sulBoieot  to  eeenre  that  the  series  c^-f-e^t4-..«  shall 
oootain  only  s<M  terms. 

Anuming  that  three  Taluee  of  r,  distinct  from  ooe  another,  correepood  to 
three  eete  of  Tihieo  of  m  sod  A  prove  that  their  eum  ie  0 :  sod  heooe  ehew 
that,  in  this  case^  the  differential  equation  cannot  hate  more  than  two  normal 
integrala. 

In  what  droumatanoes  can  the  differential  equation  poeeees  three  normal 
lategralst 

Sx.  S.  Obtain  the  oonetanta,  and  the  conditions  of  existence^  of  the 
normal  integrala  of  the  equation  in  the  preceding  exampK  when  0,1  Tafiiahes 
and  On  doea  not  Taniah.  How  mai^  normal  integrab  can  the  equatkm  then 
hsfet 

99.  We  now  have  to  consider  (i),  the  case  in  which  one  ssro 
root  for  a  occurs,  so  that  aa»0;  and  (iiX  the  case  in  which  all  the 
roots  a  are  sero^  so  that  a«»0,  aa»Q. 

Taking  Oa  «  0,  the  equation  is 
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Two  ium«i6io  rooU  mo  given  by 

••  +  a,-0; 

A  normal  integiml  may  eiiat  in  oonneotion  with  oaoh  of  Ibeai. 
The  indicial  equation  for  t »  0  ia 

in  connection  with  thia  ezpouent,  a  regular  integral  may  esiai. 
The  investigation  of  the  respective  oonditiona  ia  aimilar  to  pre* 
ceding  investigations. 

Now  substitute  in  the  equation 
the  equation  for  u  is 


^  a«-faHH-a»A^Q, 


and  by  proper  choice  of  fl,  the  multiplicity  of  «  "bO  as  a  pole  of  u 
is  to  bo  diminished.  Assume  tliat  j^'^O'  is  finite  (but  not  aero) 
when  M  "  i\  and  form  the  tableau  of  points,  in  a  Puiseuz  diagram 
corresponding  to     .         • 

8/i,    2/4+1,    /i  +  ?.    /4  +  4,    5, 

that  is,  insert  the  points 

0,9;    1,2;    2,1;    4.1;    6,0. 

The  broken  line  consists  of  two  portions :  one  of  them  gives  ^  ■•  2» 
the  other  gives  /i  m  1.  The  former  gives  the  possibility  of  two 
normal  integrals :  the  latter  gives  the  possibility  of  one  .rqpilar 
integral  as  above. 

But  now  let  OaaO,  as  well  as  a««>0.    The  equation  for  m 
becomes 

a»-0, 

ao  that  the  method  gives  no  normal  integral.  When  we  proceed 
to  the  equation  for  u,  the  cooflScient  of  u  is 

a^+  saa' +[r^  g!L±g^f  a + ^»  "*"  ^"["^  ^''^. 


\ 
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We  fbrm  the  tableaa  of  pointi  in  a  Pniseat  diagimm  eone* 
■ponding  to 

tbat  is»  we  insert  the  points 

0,8;    l,t;    2,1;    8,1;    6,a 

There  is  only  a  single  portion  of  line ;  it  girei 

Accordingly,  we  change  the  independent  Tariable  by  the  rdatioii 

»-- •;     , 

the  form  offi^is 

that  is, 

da     8a'     M'     fi     a 

say.    The  differential  equation 

with  the  sabstitution  y  ■■  imb^,  becomes 

« 

«P»     9a,-f«*(9a„-8)  <(« 

>  3  (S7iia -f  (S7a«  +  18a«)  «• -I- (S7ab  4  18<t« + 8)  «^)  •  0. 
If  a  detenniiuiig  fiustor  exista,  then  (Ex.  1,  \  98)  it  is  of  th«  ibim 

when 

/fl»  +  t7«»-0, 

•  .3/9*  +  9a«|9«0, 
thrti% 

SoWtitotiiig 
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and  using  these  values  of  m  and  fi,  we  find  the  eqnalion  fDm  in 
the  form 

If  the  equation  in  v  is  to  have  a  normal  integral,  this  equation  in 
u  must  have  a  regular  integral  bolunging  to  an  exponent  c^  where 
it  is  easy  to  see  that 

The  regular  integral  fur  u  is  of  the  form 

w  «  2  Cn  jr*"*"*. 

If 

/.-(n  +  3)(ii+^n  +  l)  +  (9a,-8)(n+8)  +  J7a»+18a.  +  8. 
gn  -  3a(n  +  i)  (»  +  S)  -6a(fi  +  4)  +  a;  {9an  -  »)•    ' 
A«-8/9(ii  +  5)(n  +  4)  +  (3ft«-9/9)(iH.6)+(12a,i  +  4)^-6«». 
i-ici^-f  63an-f  27an, 

the  difference-relation  for  the  coefficients  o  is 

together  with 

ic,  +  /-iC| «  0. 

The  conditions,  necessary  and  sufficient  to  ensure  that  the  leriaa 
for  u  teniiinates  with  (say)  the  (« -f  l)th  term,  which  is  the 
geuerally  effective  manner  of  securing  the  conveigenoe  of  the 
series,  «  being  some  positive  integer  or  sero,  are 

ibfir  oonditions  in  all. 


1 

1 
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AflBamiDg  these  satisfied,  we  have 
and  therefore 

a  sabnonnal  integral. 

If  the  conditions  are  satisfied  for  more  than  one  of  the  cube 
roots  of  a«,  then  there  is  more  than  one  integral  of  subnormal  type. 
Horeover,  the  value  of  d^  is  the  same  for  all  three  cube  roots,  and 
only  one  value  of  «  is  required :  so  there  may  be  even  three  sab* 
normal  integrals,  each  containing  the  same  number  of  fractional 
powers. 

In  order  that  this  analysis  may  lead  to  eflTeotive  results,  it  is 
manifest  that  Oai  should  not  vanish. 

Ex.  1.    Prove  that  the  eqiiAUoo 

pOMSMSi  thres  tabnormsl  integrak. 

Sa  S.    Diaonas  the  iotegrals  of  the  equation 

Normal  Intborals  or  Equations  wtth  Rational 

CoErnciENTs. 

100.  In  the  discussion  al  the  beginning  of  this  chapter,  the 
only  requirement  exacted  from  the  ooefiicients  was  as  regards 
their  character  in  the  vicinity  of  the  singularity  considered :  and 
a  special  limitation  was  imposed  upon  them,  so  as  to  constitute 
Hamburger^s  class  of  equations  in  §§  91 — 99.  More  generally, 
we  may  take  thoee  equations  in  which  the  ooefiicients  are  rational 
ftmctions  of  f,  not  so  restricted  that  the  equations  shall  be  of 
Fuohaaai  type;  we  then  have 
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wheif  p^tPg»  ••uPm'^*^  poljnomiaU  in  m,  of  degreat  ««,  «t»  •••»  w» 
retpeoUvely.  The  ningularities  of  the  eqiiatioo  are,  of  ooone,  tha 
rooU  of  |ib>"0  and  poMibly  «"bqo;  owing  to  tbe  form  of  all 
the  other  coefBcienta,  it  ia  natural  to  consider^  the  intq^rala 
for  large  values  of  \$\. 


It  will  be  assumed  that  the  integrals  are  not  r^^lar  in  the 
vicinity  of  «  «■  oo .  When  a  normal  integn^l  exists  in  that  vicinity, 
it  is  of  the  form 

where  ^  is  a  uniform  (unction  of  jr'  that  does  not  vanish  when 
#  ■■  00 ,  and  (1  is  a  polynomial  in  m  of  degree  (say)  m,  so  that  the 
integral  can  be  regarded  as  of  grade  m.  As  in  §§  85 — 87»  the 
value  of  n,'  is  obtained,  by  making  the  m  highest  powers  in  the 
expression 

acquire  vanishing  coefficients:  and  a  Puiseux  diagram  at  once 
indicates  whether  a  quantity  tV  of  such  an  order  can  be  con- 
structed. The  value  of  tii  —  1  is  the  greatest  among  the 
magnitudes 

provided  two  at  least  of  them  have  that  greatest  value,  which  maj 
bo  denoted  by  A.    Then  fur  such  normal  integrals  as  exist,  we  have 

m  - 1<  A, 
wheu  A  is  an  integer,  and 

m-l<[A], 

where  [A]  is  the  integral  part  of  A,  wheu  A  is  not  an  integer.  The 
integrals  are  of  grade  <  A  -»- 1,  or  <  [A]  -I- 1,  in  the  respective  cases ; 
and  the  equation  is  of  rank  A  -¥  1. 

Take  the  simplest  general  case,  when  the  equation  is  of  rank 

unity,  and  when,  in  the  vicinity  of  i»  oo ,  it  may  possess  n  normal 

,  integraU  which,  accordingly,  must  be  of  grado  unity.    No  one  of 

the  poIynpmiaU  /hi  ••••  i>n  is  of  degree  higher  than  p^;  assume  the 

degree  of  p^  to  he  k,  and  let 

Pr -  UrZ*  +  6r  J*"*  +  ...  +  ^r. 
•  Bee  Poinoar^,  Amer,  Journ,  Math.,  t.  ?u  (1SS5),  pp.  SOS— 36S;  Acta  Mmik.. 
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where  eome  (but  not  all)  of  the  coefficients  a  may  be  tero  and,  in 
particular,  where  it  will  be  assumed  that  a,  aQda«  differ  finom  sero. 
The  determining  factor  for  any  normal  integraTll  of  the  form  i^ : 
9  satisfies  the  equation 

The  preceding  theory  then  shews  that,  if  the  roots  of  this  equation 
are  unequal  and  are  denoted  by  9i,  9^  •••»  'm  the  normal  integrals 
are  of  the  form 

the  qnantities  ^r  i^re  given  by  the  equations 

^r^*+l7;(tf,)-0,  (r-l n\ 

where 


and  ^,  ^,  •••,  ^ sre  uniform  functions  of  jr\  which  do  not 
or  become  infinite  when  i  ■■  oo  •  Special  relations  among  coefficients 
are  necessary  in  order  to  secure  the  conveigence  of  the  infinite 
series  ^;  unless  these  conditions  are  satisfied,  the  foregoing 
expressions  only  formally  satisfy  the  differential  equation  and, 
as  integrals,  they  are  illusory. 

Eg.  1.    Prove  that  the  equatloo 


three  nomud  integrels  in  the  vidnity  of  #««D|  when  a  is  a  poslti?e 
iateger  not  diTinUe  by  S ;  and  obtain  theoL 

Kg.  %.    Prore  that  the  eqnatieo 
powMsei  three  subnormal  integrale  in  the  Tidnity  ciMmm^  when 

,..(.-1). 

a  being  an  Integer  not  divieiUe  1^  S ;  sod  obtain  theuL  (Halpbea.) 

Eg.  I.    Shew  that  the  equation 

hss  twe  Dotmsl  integrsk  fai  the  iMaHj  of  #•« ;  end,  by  obtaining  thes*^ 
wify  thai  the  points  #ail,  #-  -1  U9  only  ansMO^  lioEiicsdwMMk^ 
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.  Ma.  4.    8b«w  that  th*  MiiuUon 


oiM  Intognd,  which  U  a  puljrtiomUl  io  jr^  And  two  oUmt  iaUgral^ 

Domwl'iii  UMTioiuiijof  jr«ao.  (ffatphwi.) 

I 

JEr.  ft.    Pkt>vt  thAt,  if  Domud  integralii  exist  for  the  eqiuUioo 

Um  oomiUiit  a  muni  be  the  product  of  two  oooiieouttve  iDtegeni      (Halphea) 

Ex,  d.    Prove  that|  if  all  the  ningularitiee  for  finilb  Teliiee  of  »  which  MW 
poMemiod  bj  the  iiitegraU  of  the  equation 

(f*if        (f*~'if 

*re  |)ole«,  aud  if  p^^  p^^  ...,  ;>«  be  |Kilyuomtabi  io  i  eucfar  that  the  degree  of  ^  . 
ie  not  leiM  than  the  greatc«t  aiuong  the  degrees  of  pi,  ...,  jb^,  then  tho 
primitive  of  the  equation  can  be  obuined  in  the  form 

where  the  coiMtauta  a|, ...,  o«  are  dutermiiuite,  and  all  the  Amctiona  ^,  ..^ 
^  are  rational  lUnctioua  of  i.  (Halpban.) 

Air.  7.    Applj  the  precwliiig  theorem  in  Ex.  6  to  obtain  the  primitive  of 
the  equation 

t 

where  n  ie  an  integer ;  also  the  primitive  of  the  equation 

whw«  N  ia  sn  'uteiter  prinM  to  S.  (H alphii ,) 

« 

£x,  8,    Similarlj  obtain  the  primitive  of  the  equation 
inthelum 

(lUth.  Trip.,  Pari  n,  18Mw) 
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Poincar£'s  Development  op  Laplace's  DEnNiTE-lNTEORAL 

Solution. 

101.  Several  instances,  both  general  and  particular,  have 
occurred  in  the  preceding  investigations  in  which  formal  solutions, 
expressed  as  power-series,  have  been  obtained  for  linear  differen- 
tial equations  and  have  been  rejected  because  the  power-series 
diverged.  These*  instances  have  occurred,  either  directly,  in 
association  with  an  original  equation,  or  indirectly,  in  association 
with  a  subsidiary  equation,  when  an  attempt  was  made  to  obtain 
r^^lar  integrals  of  an  equation,  some  at  least  of  whose  integrals 
were  not  regular;  and  they  have  arisen  when  an  attempt  has 
been  made  to  obtain  normal  integrals  of  an  equation,  which  is  of 
the  requisite  form  but  the  coefficients  of  which  do  not  satisfy  the 
latent  appropriate  conditions. 

In  such  instances,  the  expressions  obtained  for  formal  solutions 
do  not  possess  functional  significance.  But  Poincar^  has  shewn 
that  it  is  possible  to  assign  a  different  kind  of  significance  to  such 
solutions  in  a  number  of  cases.  In  particular,  there  is  a  theorem*, 
due  to  Laplace,  according  to  which  a  solution  of  the  given  differ* 
ential  equation  with  rational  coefficients  can  be  obtained  in  the 
form  of  a  definite  integral ;' this  solution  has  been  associatedf  by 
Poincar^  with  the  preceding  results  in  { 100  relating  to  nmrmal 
integrals.    For  this  purpose,  let 


/• 


e*»rcft, 


where  the  contour  of  the  integral  (taken  to  be  independent  of  f ) 
will  subeequently  be  settled,  and  T  is  a  function  of  I  the  form  of 
which  is  to  be  obtained  If  this  is  to  be  a  solution  of  our  eqaatioui 
we  must  have 


or,  if 


*  8m  aj  XWsKm  m  DifeftniUd  ffiMltoiit,  1 140. 

t  la  Hm  BMOioin  qeotsd  fa  lbs  Ibotoolt  on  p.  114.  Tht  foDowiaf  sipodtion 
ii  tattd  fivilj  spaa  Ihstt  nMiein,  psHfy  apoii  PtesWTs  Omti  #JssHpn,  1  nit 
A.  XIV. 
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the  neoesMTj  coodiiion  is 

[(U.J* -I- l7,j*-»  +  •..  +  l/i)  •••rA  -  a 


/< 


Let 

for  r«il,  t, ...,  i^    Then 

for  each  of  the  k  values  of  r ;  and  the  value  of  [#**  K,]  dejpenda 
upon  the  contour  of  the  definite  integral.  Using  this  result^  the 
above  condition  beoomea 

ri«"r,]+J«"{rtr»-^(rt/^»_,)+...+(.i)»^(r^A-Oi 

which  will  be  satisfied,  if  T  be  a  solution  of  the  equation 

and  if  the  contour  of  the  integral  bo  such  that 
The  equation  for  T  Lb 

SO  that  its  singularities  are  the  roots  of  U^  «■  0,  that  is»  are  the 
pointA  01,  6tf  •••»  ^ii>  <^d  posMibly  infinity.  Writing  the  eqnaiioo 
in  the  form 

d&  ^  ^'  Ht^  **■  ^*  A*-  +  -  -  ^• 

the  value  of  P|  when  I  is  infinite  is  —  -  *.  that  of  P.  itf  —  .  and  ao 

on.     Further,'the  quantity   X  V,  involves  derivatives  of  7  up  to 

r-l 

order  i  —  1  inclusive.     . 

This  equation  for  T  has  its  integrals  regular  in  the  vicinity  of 
each  of  its  singularities  ^i.  ^t.  ••••  6^-  their  actual  form  will  bo 
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considered  later.  Let  %  denote  the  rooet  general  integral  of  the 
equation  for  T  in  the  vicinity  of  0^;  then,  aBsuming  that  the 
conditions  connected  with  the  limits  of  the  definite  integral  cm 
be  satisfied,  we  have  an  integral  of  the  original  differential 
equation  in  the  form 

and  this  result  is  true  for  t ■■  1,  2, ...,  n.  .  Now  %  is  certainly 
significant,  because  it  is  a  linear  combination  of  k  regular  integrals 
of  the  equation  for  T;  hence  we  have  a  system  of  n  integrals  of 
the  original  differential  equation. 

102.  This  system  of  n  significant  integrals  can  be  transformed 
into  the  system  of  n  normal  integrals,  when  the  latter  exist 
They  can  be  associated  with  the  formal  ezpressioii  of  the  n 
normal  integrals,  when  the  latter  are  illusory. 

A  preliminary  proposition,  relating  to  the  given  differential 
equation,  must  first  be  established*.  In  the  first  place,  let  it  be 
assumed  that  all  the  constants  in  the  equation  for  T  are  real,  and 
that  T  and  I  are  restricted  to  real  values.  That  equation  can  be 
replaced  by  the  system 


When  we  substitute 

r,-e,ir^,  (r-0,1,  ...,*-!). 

with  the  conventions  that  7««i  7and  6^»6,  the  modified  iqrstem 

IS 

^-xe+e.. 


3S0  turauNorr^fl  [lOt. 

Henoe 

Take  a  real  quaoiity  ^,  amaller  than  the  least  real  root  of  ITt^O; 
as  t  raogea  along  the  axis  of  real  quantitiea  between  —  oo  and  4, 
all  the  quantitiea  Pi,  Pti'-«-»  P*  remain  finite.  Hence,  by  taking 
a  aufBciently  large  value  of  V,  the  quadr^tio  form  on  the  right- 
hand  aide  can  be  made  poaitivo  for  that  range  of  values  of  I;  and 
therefore,  as' I  increases  from  —  oo  to  i;,  the  quantity  • 


«»  +  «,■  + -..  +  6 


it 


*-i 


steadily  increases  in  value.    Consequently,  when  t  decreases  fitom 
(;  to  *  00 ,  the  quantity 


€^-fe,«4....  +  e« 


Ir-l 


steadily  decreases  in  value.  As  ^  is  not  a  singularity  of  the 
equation,  the  values  of  H,  B|,  ....  B^|  fur  any  integral  that  exists 
at  U  ^^  finite  there ;  their  initial  values  are  finite,  and  therefore 
each  of  the  quantities  \H\,  |B,|,  ...,  |B^||  remains  finite  and 
decreuiies  steadily,  as  t  decreases  from  I,  to  —  oq  .  Hence  the 
quantities 

all  remain  finite  within  that  range,  that  is,  no  one  of  them  caa 
become  infinite,  for  a  value  of  X  sufficiently  large^  to  make  the 
quadratic  form  positive. 

Next,  suppose  that  the  constants  are  complex,  so  that  7,  Ti, ... 
can  have  complex  values ;  but  let  t  still  be  rc^.    Then  we  write 

•  For  the  t«tti,  h—  WiUiftniMD'a  D{fereniial  CuIcmIim,  8rd  •d.,  f .  408.    bi  the 
OMcof  fta4,  the  eondiiiona  sr« : 

X>0, 

X«-i>0, 

X(X«-4)>0, 

X(x«-4)(x-i'|)-ix«|(i-pj«+p,«+p,«)-iXP,(i.p,-pj+Aa--Pt^i'«f'-0j 

■o  Ibal  it  U  tafficicot  to  lake  X  gremtcr  than  th«  gre^tMl  poMtifs  fstos  wblsk 
makes  th«  Wft-band  aid*  in  tha  laat  ineqnality 


8S1 


fiir  aU  values  of  r,  when  ^  Mid  ^,  an.  teal;  the  qrstem  of 
eqoatiooa  takes  the  form 


r*tt 


(r-0.1,  ...,*-» 


|H*»-i  +  9if»-i-JH^  +  ?tlK-i-"--M+«»*  r 


dt 


-|H?^»-»  -  }i#>-i  —  Fi?^t-i  -  fi^»-i  —  •  •• -Fi+.— flft^ 


irhere  ^i"^.  ^••■?^i  ^nd  i*««"jH-f  ^l^     W«  now   hava  tt 
eqaattone;  on  sabetitating 

Umj  give  the  modified  eet 


Hence 


-  qt^t-i  -  Oh  -  X)  *»-i  + ...  -  qk^~Pt9 


A  /ft-1  *-l        \ 


»-* 


-X  S  («r*  +  ^r*) ■»-(>■ -Pi) (4^-1  •l-'iVi) -I- bilinear  termfc 


Ai  before^  by  chooring  a  saflSciently  large  fdue  of  X,  the  rigfat- 
hand  ride  caa  be  made  always  poritive.  Then,  by  taking  a  Taloe 
1^  emaller  than  the  least  real  root  of  U^^O^  and  by  niaking  t 
decrease  from  1^  to  —  ao ,  so  that  all  the  qoantities  p  and  q  are 
finite,  it  follows  that»  for  sach  a  Tariation  of  i; 


steadily  decreases,  and  therefore  that  eaeh  of  the  magnitudes 

remains  finite  within  the  range  from  i;  to  —  od  .    Hence  eaeh  of 
the  quantities  . 

T^.  Tt^.  ....  T^i^ 
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remaint  finite  within  the  range  of  i  from  i;  to  —  ao .  for  a  T^oa 
of  X  suflBoiently  large  to  make  the  quadratic  fiinn  poiitife. 

Lastly,  let  the  conatanu  be  complex,  so  that  T,  7|, ...  can  hafo 
complex  valuet ;  and  now  let  i  be  complex  in  cuch  a  way  thati  in 
the  variation  from  U  towardt  —  ao ,  where 

m  remains  unaltered.  The  independent  variable  now  ia  r,  a  real 
quantity,  varying  from  0  to  —  ao ;  and  the  preceding  argument 
applies.  A  finite  number  X  can  be  found  such .  that  each  of  the 
quantities 

IV^  ^|S*^  ....  t^i§^^ 

remains  finite  within  the  range  of  t.    But 

hence  a  finite  quantity  X'  can  be  chosen,  so  that  each  of  the 
quantities 

remains  finite  within  the  range  of  t  from  U  towards  —  oo  • 
In  the  first  and  the  socund  caacs,  lot 

M-X-l-sr, 

where  a  is  any  real  positive  quantity  that  is  not  infinitesimal ;  and 
in  the  third  case,  let 

where  sr  is  any  real  positive  quantity  that  is  not  infinitesimal. 

Then,  because 

€^'^^    and    s<^-^'*« 

in  the  respective  cases  tend  to  sennas  i  becomes  infinite  in  ita 
assigned  range,  it  follows  that  a  quantity  /a  of  finite  modulus  can 
be  obtained,  such  that 

all  become  sero  when  i  becomes  infinite  in  its  aasigned  range. 

This  is  true,  a  fortiori,  when  ^  is  replaced  by  another  quantitj 
i^ihe  same  argument  and  greater  modulus. 


lot.] 
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II  also  is  trae  when  any  one  (or  any  number)  of  the  quantities 
T  should  happen  to  be  multiplied  by  a  polynomial  in  t  For  all 
that  is  necessary  is  to  take  a  value  m  "^P*  where  p  has  the  same 
argument  as  /* ;  then 

where  P  is  a  polynomial  in  t,  is  sero  in  the  limits  when  t  is  infinite 
in  its  assigned  range.    Thus  a  quantity  ^  can  be  chosen  so  that 

where  P,  Pu  •••»  Pt-i  are  polynomials,  all  become  lero  when  t 
becomes  infinite  in  its  assigned  range  finom  1^,  which  is  not  a 
singularity  of  the  equation,  to  —  oo ; 

lOS.  This  result  is  now  to  be  applied  to  the  equation  which 
determines  T.  Let  %^9f  be  any  one  of  the  roots  of  U%mQ.  and 
eonsider  a  fundamental  system  of  integrals  in  that  Tidnity.    If 


dt 


-*+(*.  I)- 


the  indicial  equation  for  9r  is 


9t 


-h 


i«#p 


^(^-l)...(^-ft  +  2)(^-p)-0. 

Suppose  that  p  is  not  an  integer.  The  integrals  which  belong  to 
the  exponents  0,  1,  •••,  lr->  2  are  holomorphic  functions  of  <  -  tfr 
in  the  vicinity  of  0r  (Ex*  12,  §  40);  and  the  integer  which  belongs 
to  p  is  of  the  form 

«-tf,)^P«-tf,), 

where  P  is  a  holomorphic  function  of  its  aigument. 

The  contour  of  integration  has  yet  to  be  settled.  In  con* 
nection  with  the  value  0r,  we  draw  a  straight  line  from  that  point 
towards  —  oo,  either  parallel  to  the  axis  of  real  quantities  by 
preference,  or  not  deviating  far  from  that  parallel,  choosing  the 
direction  so  that  the  line  does  not  pass  through,  or  infinitesimally 
near,  any  of  the  other  roots  of  (T^^^O;  and  we  draw  a  circle  with 
0r  as  centre,  of  such  a  radius  that  no  one  of  those  other  roots  lies 
within  or  upon  the  circumference.  The  path  of  t  is  made  to  be 
(i)  in  the  Hm  from  ^  od  towards  f„  aa  te  ea  Vba  tia»am\Mc««!^  A 


it 


3M  Diacuasiov  or  [108. 

the  cirde,  (ii)  then  the  complete  oircumlbreiioe  of  the  eirde, 
defloribed  positively,  (iii)  then  in  the  line  Iran  the  oireuinfereDco 
back  towards  —  ao .  So  far  as  conceros  the  conditions  imposed 
upon  3"  by  the  relation 

at  the  limits,  we  have  only  to  take  the  values  at  the  two  eztremi- 
ties  I «  —  00 .  Now  VriBm  linear  function  of  7,  2*1, ...,  7^.|,  the 
coeflScionts  of  those  quantities  in  that  linear  function  being  poly* 
nomials  in  m  and  t ;  hence,  taking  i  as  et^ual  to  the  quantity  fi  of 
the  precediug  investigutioD,  or  as  equal  to  any  other  quantity  of 
the  same  aigumcnt  as  ^  siid  with  a  greater  modulus,  we  have 

r--l 

at  each  of  the  two  infinities  for  t\  and  so  the  conditions  at  the 
limits  are  satisfied. 

In  theiie  circumstances,  the  complete  primitive  of  the  equation 
for  7  is 

where  Q  is  a  holouiorphic  function  of  I  —  0^9  involving  n  —  1 
arbitrary  constants  linearly.  The  corresponding  integral  of  the 
original  equation  then  arises  in  the  form 


/' 


taken  round  the  chosen  contour. 

104.  We  proceed  to  dibcuss  this  integral  for  large  values 
of  \i\.  Let  a  be  the  radius  of  the  circle  in  the  contour,  so  that  ' 
the  series  P  and  Q  converge  for  values  of  t  such  that  \t  —  0r|  <  a* 
For  simplicity  of  statement,  we  shall  assume*  that  the  duplicated 
rectilinear  part  of  the  contour  passes  parallel  to  the  axis  of  teal 
quantities  from  tm$^^a  to  Ib^oo.  From  the  nature  of  the 
integral  T,  we  know  that  a  finite  positive  quantity  X  exists,  such 
that  the  value  of 

*  Tht  alternAliv*  would  b«  merely  to  Ukt 
with  s  luiUbU  conetant  valiM  of  a,  tod  tbeo  make  f  vary  frooa  -  a  to  -  •  •  I 
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remmiiiB  finite,  m  t  decreases  from  0r — o  to  —  oo  •    Let  i  denote 
the  mAiimnm  Teloe  within  this  range ;  then 

for  all  the  falnes  of  I,  and  then 


/^JVr*<«/^J' 


<t 


LttxJ..  • 


Let  1  have  the  same  argument^  as  X,  and  have  a  modulus  greater 
than  |X|,  that  is,  with  the  present  hypothesis,  let  m  be  positive; 
then  the  part  corresponding  to  the  lower  limit  is  lero,  and  we 
have 


r: 


J  — X 


for  Talnes  of  m  that  have  the  same  aigument  as  X  and  have  a 
modulus  greater  than  |X| ;  and  2  is  a  finite  quantity. 

Similarly,  if,  after  t  has  dewribed  the  circle,  V  denote  the 
maiimum  value  of  ^T  for  0r-o><>  — oo,  then  the  second 
description  of  the  linear  part  of  the  contour  gives  an  integral, 
such  that 


/: 


for  similar  values  of  i ;  and  fi'  is  a  finite  quantity. 

I(  then,  these  two  parts  of  the  integral  be  denoted  by  I'  and 
I^  respectively,  we  have  ' 


ft 


where  a  is  a  positive  quantity ;  hence  for  any  constant  quantity  f , 
however  large,  we  have 

limit  (^r^n  -  0, 

•  .• 

when  M  tends  to  an  infinitely  large  positive  valne.    Similariy,  in 
the  same  dienmstances,  we  have 

Limit  (jtr^/'^)-0. 
•  ThliiBM  of  itilMBil  fa  wdna  alw  fat  !>•  fstkHoa  si  t  JaJtouM  ta  ttn 
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Now  ooDtider  the  integrai  round  the  cirouUr  pwi  of  Iho 
oootour.  An  Q  (I  —  tfr)  ui  *  holomorpbic  fiincUoa  over  tbo  whole 
of  the  circle,  we  have 

taken  round  the  circle ;  and  therefore  the  portion  of  the  integral 
jt^Tdi  contributed  by  this  part  i«  /",  where 

on  taking  il«l.  The  function  P  is  holomorphic  ei^erywliere 
within  and  on  the  circumference,  00  that  we  may  take 

where  j/Cl  can  be  made  an  itmall  as  we  please  by  euflBcienUj 
increasing  m;  for  if  jf  be  the  radius  of  convergence  of  P(l  — tf,)^ 
so  that  g>a,  and  if  it  denote  the  greatest  value  of  |P(I  —  0,)\ 
within  or  on  the  circumference  of  a  circle  of  radius  0,  where 

g>c>a, 
then^ 

and 


<M 


for  values  of  t  such  that 

\t-dA<a<c. 


The  value  of  the  integral  taken  round  the  drcumfereneo 
be  obtained  as  follows.  Draw  an  infinitesimal  circle  with  0^  aa 
centre,  and  make  a  section  in  the  plane  from  the  circumference  of 
this  circle  to  that  of  the  outer  cii-clu  of  radius  a  along  the  linear 
direction  in  which  t  decreases  towards  *  00 .  The  subject  of  into* 
gratioo  is  holomorphic  over  the  area  of  this  slit  ring:  and  there- 
fore  the  integral  taken  round  the  complete  boundary  is  sero.     Let 

•  T.  t\,  I  82. 
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/'  denote  the  valae  along  the  upper  ride  of  the  slit,  J'*  the  vilne 
along  the  lower  tide,  K  the  valae  roand  the  small  eirole  whieh  is 
described  negatiTely ;  so  that 


/"  mj'''*r*^  (t  -  0,y  ^P  (f  -  e,)  dt 


and,  if  tiie  real  part  of  p  be  greater  than  - 1,  then^ 

JT-O. 


Hence,  beginning  at  the  point  on  the  outer  eiroumference  which 
is  on  the  lower  edge  of  the  slit,  we  have 

that  i% 

Let «  denote  the  integral 

and  consider  the  value  of  u  for  large  values  of  a    Let 

«-tfr--T-v«^; 
then 

Taking  real  poritive  values  of  «,  write 

SO  that»  as  #  is  to  have  very  large  values,  the  upper  limil  for  m 
with  the  new  variable  is  effectively  +  oo ;  thus 


LAVLAOtfU  SOLUnOV  [lOi. 

AbOi  if  9  denote  the  integral 


L 


then 

Further^ 

e 

e 

which,  when  the  real  part  ot  p-k-  1  is  positive,  can  be  made 
than  any  aasigned  finite  quantity  as  m  increaaea  withont  limit, 
because  a  <  c. 

Using  these  resultSi  we  have 

-  (-  lye^g-^^  5  (-  lyr-^c  r(p  -f  a  -f  1), 

when  m  is  made  as  large  as  we  please,  and  the  real  part  of  p  ia 
greater  than  —  1.  Hence  I"  is  a  constant  multiple  of  this 
quantity. 

105.     If  now  Wr  denote  the  integral  of  the  original  equation, 
we  have 

-/'  +  /"  +  /'", 

For  very  large  values  of  «,  the  first  term  on  the  right-hand  aide 
tends  to  the  value  soro ;  so  also  does  the  second  term.  The  third 
is  a  constant  multiple  of 

i  (-l)*i-*c.r(p+o  +  lX 


Tt-1  rV    "f     • ■>.a^^^^^.-.^.^j^JllMi«--ifc.iiyM^jfc^^i*a 
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Henoe,  droppiiig  the  oonstaiit  &ctor,  we  have 

w,  -  a*'*-^  2  (- l)"r^fl.  r (p  +  «  + 1), 


••>• 


finr  Terjr  laige  ndoee  of  $.  If  the  coefficients,  of  which  cw  r(p-f  e-f  1) 
is  the  type,  conttitate  a  oonverging  eeries,  then  this  eipreesion 
has  a  ftmctional  rignificaDce.  If  they  conetitote  a  divergiog 
•eriee,  the  result  is  illusory  from  the  ftmctiooal  point  of  view. 

Now  we  have 

// 

and  theiefere  the  preceding  integral,  when  it  eiists,  is  of  the 
form 

Wr  »  s^f^'  S  (-  l)rr^e^  r («  -  ar). 

When  the  series  converges,  this  expression  agrees  with  the  form 
in  $  100,  which  is 

where  ^  is  a  holomorphic  function  of  tr*  for  large  values  of  t . 

It  thus  appears  that,  when  Laplace's  solution  of  the  equation, 
originally  obtained  as  a  definite  integral,  can  be  expressed  ex- 
plicitly  as  a  function  of  jt,  which  is  valid  for  large  values  of  $,  it 
^  ^  becomes  a  normal  integral  of  the  equation. 

'^  This  normal  integral  has  arisen  through  the  consideration  of 

the  root  0r  of  the  equation  U^  ■■  0.  When  the  corresponding  con- 
ditions are  satisfied  for  any  other  root  of  that  equation,  there  is  a 
normal  integral  associated  with  that  root  Hence,  when  fi  normal 
integrals  exist,  they  can  be  associated  with  the  roots  of  the 
equation  (7« «  0,  which  comprise  all  the  finite  singularities  of  the 
equation  in  T. 

Noie.  It  has  been  assumed  that  p  is  not  an  integer.  When 
p  is  an  integer,  logarithms  may  enter  into  the  expression  of  the 
primitive  of  the  equation  for  T,  and  they  must  enter  if  p  has  any 
one  of  the  values  0, 1,  •••,  Ir  - 1  There  is  a  oorrespondin^  wi^ihr 
tigataon,  which  leads  from  the  deftniia  VaV^s^  Xa  ^%  «i.^^ 
as|iy«MiM  as  a  normal  integral   Whellkl\i«tMmn■XVD^ACCl^^'>^'^^ 
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it'oao  always  be  obtained  by  the  proceia  in  §  10(1  If  kfarithma 
enter  into  the  expression  of  s^u,  they  enter  into  the  expression  of 
u  in  the  nsual  mode  of  oonstructing  the  regular  integrals  of  ^hm 
equation  satisfied  by  t«. 

Ex.  1.  The  preoedins  method  of  obtainius  the  nonnid  intasrsl  fires  a 
twt  M  to  the  oonyergenoe  oC  the  wries  iu  iU  ei|MeMion.  If  the  infinite 
serie* 

•*t 

oonvergM,  which  mu«t  be  the  oaw  if  the  ex|>raMioa  for  the  deraloped  definita 

integral  is  not  to  prove  illuAory,  iU  nidiOM  of  ounvergenoe  r  is  given  by  the 

roUtioD* 

1 

Lim|c.rOi-»-e-fl)r--. 

But,  from  Stirling'e  theorem  fur  the  approxiiuation  to  the  value  of  r(a)p 

wheu  II  in  infiuitely  Urge,  we  have 

1 

Lim|rOi+o-H)|*-«D; 

henoe 

1 

Lim|eJ*a>a 
ThuN  the  Mriee 

must  converge  over  the  whole  of  the  i-pUue ;  and  thersforp  the  integral  f,  is 
of  the  form 

where  <^(l)  Li  holomorphio  over  the  whole  pkne :  a  reeult  due  to  Foinoari 

£x,  8.    Prove  that,  if  the  condition  in  Ex.  1  Li  estiefled,  a  normal  integral 

certainly  exinU. 


£x.  S.    Conaider  Beaael*a  equation 

for  Urgb  values  of  ljr|.  The  intograla  in  the  vicinity  of  4P«oo  may  ba 
normal— thoy  are  not  regular— «ud,  if  normal,  muat  be  of  grade  unity. 
AccorJiuglyi  let 

then  the  equation  for  iTilh 

-jV-|-(jp-|-«Ar»)  a'-l- {jF«(l  ■f.^j+dr- n«)  a-a 
WeUke 
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uA  Umo  Mok  for  *  reguUr  intognl  (if  anj)  of  the  •quAtloo 

«V -f  (#-1- S^4^  iftXAr  -  fi^  ii«0. 
If  an  intosiml,  rogukr  in  the  Tiehiitj  of  jr-oo,  oui  Mialy  it  ii  oCttie  form 

BobsUUiting,  mm!  maldfig  the  ooeffldenii  in  the  rwiiltiiif  oqiMilloii  vaniAi 

•imI«  for  an  TahiM  of  M, 

^{(^-11 •)«-n«J+A!.M(lM-«-»-»)-«. 
TIm  former  giTM 

ud  the  Uttar  than  gi«w 

Htnoe,  taking  «^— 1,  and  #-*A  ■  fonnal  aolaUoo  of  the  original  aquatioD  ia 
___.!/•  -  {(ai-i)»-n«)...{(t)'- "T <(»'-«')      1     , 

^  .^  ml  («««r 

and  taking  #•■  —  <^  c^«>  1,  another  formal  aolntion  ia 

^  mlt  "•!  (-tor' 

If  tfi  it  an  odd  integer,  poeitiTO  or  negntive,  both  aeriea  terminato ;  and  the 
formal  oohttioiia  oonetituto  two  normal  integrals  of  the  equation.  It  ii  not 
difRcnlt  to  obtain  an  aipreaeion  giren  bj  Lommel^  for  /«» In  a  form  thai 
b  the  eqniTalent  of 

If  til  b  not  an  odd  integer,  both  aeriee  dtTerge ;  and  the  formal  iolntlona  are 
then  illnaofy  aa  fonotkxial  aolutiona. 

When  Lapkoe^s  method  of  aoliitionia  adopted,  ao  aaio  gltt  in  integral  of 
theform 

tha  equation  for  P  ii 

•••r-^(ir)+ J{(r«+i)  rj-o^ 

thatli^ 

(<•+!)  r'+air +(i-nO*'-OL 

Onwritliw 

l-i-ttr, 

wba«  f  la  a  new  independent  ^rariaUe,  the  equation  for  P  ii 

f(l-t)^+(|.3e)jr.(l.iii)f-a 
*  M^K  Am.,  t  I?  (im),  p.  Hi. 
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This  b  Um  diflaraiiUl  •qiMtioo  of*  hjpoigMMnatiio  IkmoUoo,  wlii>(Qam«iMi) 
•UmenU  am  giTeo  by 

The  ooDiour  ol  the  integral  oohauiU  of  (i)  a  oirda  round  i  tm  otntra  with 
ndiut  IcM  than  9  («o  m  to  exolude  -s  the  other  finite  eingularity  of  tba 
equation  in  T\  and  then  (ii)  a  du|ilicated  tline  from  a  point  in  the  drcuia* 
fereuce  paasing  in  the  direction  of  a  diameter  continued  towarda  -  «o .  Tha 
argument  of  I  and  the  argument  of  x  muiit  be  such  that  the  real  pait  of  jf 
in  negative.  In  order  to  construct  the  integral,  we  need  the  oompU^  primi- 
tive of  the  r-equaiion  in  the  vicinitj  of  y»0:  it  in 

where  A  and  B  are  arbitrary  conntante.  The  part  multiplying  A^  being  a 
holuworiihic  function,  merely  contributes  a  seru  term  to  w;  and  we  need 
therefore  auUttitute  only  the  other  port  Manifestly,  wa  may  write  B^l. 
Now 

/•(•-y+l,/8-y  +  l,«-y,i»)-/'(a-i,/J-l,l,») 

-•   2  c^r*, 


where 


But 
also 

aothat 


M *-\"*^*-n(m+i)^n(-i); 


^  win(iin-J)  "i-f>- 

Taking  thia  value  of  o.,  we  substitute 

r-t"*  2  c^if^ 

in  the  definite  integral    In  the  preceding  notation,  we  have 

n(m-0-n(fii+J); 
ao  that,  when  the  eolution 

w-[s*-(r-»  2  e^f^)di, 

where  l-*i-ti>,  is  expanded  into  explicit  form,  it  tMwi?fMii  a 
multiple  of 


^,-»^i^{(-i)-,-^_';^.n(*+t)}. 
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^       <wn(-4t)-«*>'-'''>«t)'-«|>-(^"»-|)'-'")n(-|), 

■0  tbftt,  after  •obsUtating  for  ««  and  ri(jecting  the  oonsUnt  flMlor  II(-|X 
Iht  integral  beoomes  a  oonsUni  multipla  of 

wfakh  agrees  fermallj  with  the  eipreeeiop  earlier  obteined. 

TIm  oorreeponding  integral,  aeeociated  with  the  prlmitlfe  of  the  f -equation 
fai  the  ncinity  of  l«  - 1  as  a  aingnkritj,  ean  U  eimihurlj  dednoed^. 

Em.  i.    Shew  that  the  equation 

*3r+(a,#+6,)y4(«,*+N)jr-C^ 
where  af^ia^k  not  aero,  can  be  tranaformed  te 

Aeeuming  X|,  X,,  X|-l-X,  not  te  be  integera,  |>roTe  that  the  latter  equation  is 
•atiafled  bj 

for  an  appropriate  oontoor  independent  of  x ;  and  dedooe  the  normal  eeriee 
which  formaUj  aatiafy  the  equation.  (Horn.) 

Double-loop  Inteobalb. 

106.  Before  proceeding  further  with  the  inyestigation  in 
§1 101 — 105,  which  is  concerned  partly  with  the  precise  determ« 
ination  of  a  definite  integral  satisfying  the  linear  diflTerential 
equation,  we  shall  iutemipt  the  argument,  in  order  to  mention 
another  application  of  definite  integrals  to  the  solution  of  certain 
classes  of  linear  equations.  It  is  due  to  Jordanf  and  to  Pooh- 
hammer^,  who  appear  to  have  devised  it  independently  of  one 


*  la  eooaeotioB  with  Iha  ■olatioa  of  BMwTt  eqeatlott  bgr  MtaDi  of  definite 
integrala,  papen  hj  Haokel,  MmtK  Ann.,  %.  i  (1869),  pp.  467—001;  Wtber,  II., 
t.  ixxm  (1890),  pp.  401-416 ;  Maedonald,  Froe.  Land.  MniK  Boe.,  t.  tm  (1696), 
pp.  110—116,  a.,  i.  US  (1699),  pp.  166—179;  and  Iha  tnatist  1^  Otaf  a.  Oablar, 
EinUihmf  in  4i§  Tkenii  itr  BeueUehen  FMManM,  (Ben),  1 1  (1696),  t  n  (1900) ; 
aMj  ba  aoomltod. 

t  Coart  d'Jna^,  6*  4d.,  t  m  (1696),  ppi  140-676;  H  had  apptani  te  the 
•atlier  aditioa  of  thli  work. 

t  JfacJb.  ilaa^  t.  nv  (1690),  ppi  470-404,  466-6i6\  O^  V  vaem^^Mv^ 
ppi  600-41L 
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another.  A  brief  iketoh  is  all  that  will  be  given  here :  tat  deUila 
and  for  applioaUons,  reference  may  be  made  to  the  eouieee  just 
quoted,  and  to  a  memoir  .by  Hobtion^,  who  givee  an  extensive 
application  of  the  method  to  harmonio  analysisr 

As  indicated  by  Jordan,  the  method  is  most  directly  useful  in 
connection  with  an  equation  of  the  form 

A(w)-0(j)^-aQ'(i)^-^::,  +->_^_'gr  (,)^^_.«... 

where  Q  (f )  and  mR  (j)  are  polynomials,  one  of  degree  n,  the  other 
.    of  degree  <  n  in  #,  H(s)  also  being  a  polynomial     For  simplicity, 
we  shall  assume  Q(i)  to  be  of  degree  n. 

Consider  an  inte^^ral 

where  7  is  a  function  of  I  alone :  this  function  of  i  has  to  be 
determined,  as  well  as  the  path-  of  iutegn^tiou.    We  have 

A»K  +  (-l)»(a  +  n-l)(a  +  ii-2)...(o-l-l) 


-  /[« (<  -  &"  Q  (0  +  (<-*)•/«  (01  Tdt. 


the  summation  being  possible  because  Q  and  R  are  polynomials 
of  the  specified  degrees.  The  integral  will  be  capable  of  simplifi* 
cation,  if  the  integrand  is  a  perfect  differential;  accordingly, 
we  choose  T  so  that 

rij(o-~irQ(o). 

which  gives 

«       1      r^'^  di 

Q(0 

«  Phil  TrsM.,  ISM  (k\,  p^  448-SSl. 


/• 


/ 


I 
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The  preeediog  integnl  then  becomes 

\dr. 


I' 


tM(t)  „ 

Hence  the  original  diffensntial  equation  will  be  satisfied  if 

Jdr-0; 

and  this  will  be  the  case,  if  the  path  of  integration  is  either 

(i)    a  closed  contour  such  that  the  initial  and  the  final  ralues 
of  F  are  the  same :  or 

(ii)  a  line»  not  a  closed  contour,  itich  that  V  tanishes  at  each 
extremity*. 

Each  such  distinct  path  of  integration  gires  an  integral  It  is 
proTed  by  Jordan  that  there  is  a  path  of  the  first  kind,  for  each 
root  of  Q ;  and  that,  when  there  is  a  multiple  root  of  Q,  paths  of 
the  second  kind  are  to  be  used 

Again,  restrictiiig  Q{m)  for  the  sake  of  simplicity,  we  assume 
that  each  of  its  n  seros  is  simple ;  let  them  be  Hi,  0|,  ••., !!«.  As 
the  polynomial  R  {$)  is  of  degree  less  than  a,  we  hare 

Q{t)     rtii-ir' 
where  7^,  ••••711  are  constants;  and  then 

To  obtain  the  paths  desired,  take  any  initial  point  in  the  plane ; 
from  it,  draw  loopsf  round  the  points  Oi, ...,  On,  «,  and  denote 
these  by  ^t,  ^1, ...,  A^  E*    Take  any  determination  of 

•  A  IIM  ^MiWUty  liosM  sffK  if  llM  path  «M  a  lias  siib  Ibil  r  iM  te 
SMM  fshM  el  its  silraallfast  Wl  this  siM  li  of  f«7  istMslsl 

tr.F.,lts. 
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thai  is,  of 

which  is  the  subjeol  of  integration  in  IT,  ss  an  initial  Tahia ;  and 
let  the  values  of  W\  for  the  various  loops  Ai, ...,  A^^  E  wilh  this 
as  the  initial  value,  be  denoted  by  W(a^  •••,  W{a^  ^(') 
respectively. 

An  integral  of  the. original  differential  equation  will  be  ob- 
tained, if  the  path  of  integration  gives  to  K  a  final  value  the 
same  as  its  initial  value.  Such  a  path  can  be  made  up  of 
AfA^Ai'^Af^^  that  is,  first  the  loop  Af^  then  the  loop  A^»  then 
the  loop  Af  reversed,  then  the  loop  A^  reversed.  Let  W{a^^  a^) 
denote  the  value  of  the  integral  for  this  path;  then  W(ar»  a«)  is 
a  solution  of  the  differential  equation.  Taking  the  above  initial 
value  (say  I^)  for  /,  we  have 

If  (ar,  o.)  -  W(ar)  +  e'%  W(a.)  -  s»^n  W^a^)  -  W(a.) 

-  (l  -  s-'^l  IT  (a,)  -  {1  -  s^r|  IT  (a.); 

for  after  the  description  of  Af,  the  initial  value  of  /  is  t^^wl^ 
for  the  dcHcription  of  At\  it  is  ^'<Vr'*'V^/«  for  the  description  of 
Af"^,  and  it  is  s^Vi/,  for  the  description^of  il«~'. 

It  is  clear  that 

and  therefore  all  thcHC  values  of  the  integrals,  for  the  various 
appropriate  paths,  can  be  expressed  linearly  in  terms  of  any  fi  of 
the  quantities  W{ar,  a«),  in  particular,  in  terms  of 

Each  such  quantity  is  an  integral  of  the  original  equation ;  and 
we  therefore  have  n  integrals  of  that  equation. 

Nott.  For  the  •pecial  camm  when  a  or  auy  of  the  conatanti  y  ia  an 
integer ;  fur  the  caeee  when  Q  (I)  hae  multiple  ruotii ;  and  for  the  csaes  wbsa 
if  (I)  i«  of  degree  ii  - 1,  while  Q  (I)  U  of  degree  \em  than  »  - 1 ;  refecsnoe  may 
be  made  to  the  authoritice  proviuualy  cited.  Am  alniady  stated,  all  thaS  k 
given  here  ia  merely  a  brief  indication  of  the  method  of  doubla-loop  Intsgrala 


106.]  BXAMPLIS  .  8ST 

Km.!.    Oonkkr  Um  •quAlimi  of  the  qotfter^ariod  in  clttplfo 


▼ii. 


HerewohftTV 


thus 


«(f)-f(f.lX 

•  --I,     M-t, 


Mthat 


0(f)  f^r-T* 


Afloordinf^ ji  wo  hftfi 

ir-|r»(r-l)-»(i-f)-»rfi, 

and  the  palh  of  faitofratk»  hM  to  bo  eeitled. 
WehoTO 

W{\)wm%rdW, 

m 

where  a  nmtkM  the  faiitiel  point  of  the  loops.    Hence 

If  (ft  \)^%W(0)'%W(\)^4P  dW, 

ir(a,  •)-2ir(0)-2fr(f)-4prfiri 

end 'thus  two  integnde  of  the  equation  are  given  by 

CdW,   I'dw. 

The  oompariaon  with  the  known  resolta  ia  immediate. 
Km.  1    Integrate  in  the  tame  waj  the  equation 

where  «  and  h  are  oonatanta.    (This  ia  another  form  of  the  equation 

(l-«^S^-t(fii^.l)ij-Kii.m)(iH.iiH.l)w-0^ 
diipumid  bj  Hobaon  (Le.)  for  nnrettriotad  ▼ala«  of  the  oonatanta  m  and  ••) 

r.  IT.  .  ^P^ 


SS8 


AftTlfPIOTlO 


[10& 


Ea  S.    Pkove  Ui*t  whin  the  efiuiiou 


whard  A  is  ft  ooiuiUiii,  is  Mibjected  to  the  tnuMfuniuilioii  *    . 

the  tnuuifiiniMMi  aquaiion  (which  U  uf  Fuchnun  ijpa^  §  M)  ouii 

oerUiu  condiiiuu,  be  treAteti  hy  the  foreKoiiig  method :  and  aiiuining  the 

oouditioa  to  be  vetiiifled,  obuiii  the  UitegmL 


^.  4.    A|>|ilj  the  method  to  the  eqimtioa 


epply  it  elwi  tu  the  equetioii  of  the  hyperxeometrio 

(Jordeu;  Pdnhhemmer.) 
Ex.  &i    A|>|ily  the  uiethoil  tu  moIvo  the  equAtiuo 

fat  real  valuen  of  i  rnich  that  -%!<«<  1.    Show  that  the  equatioa  ie  timne* 
formed  into  ibielf  bj  the  reUtioiia    - 

(i-.i)(ir-i)-4,  •r(*+i)**ir(jr+i)*; 

» 

and  deduce  the  wilution  for  real  valueH  of  i  auch  that  1  < t<  • . 

•  (Math.  Tnpi,  ?ti  il,  ISOa) 


PoIN0AR£*8  AhYMPTOTIC    RKFUEH£NTAT10Nii  Of   AN   InTBOEAL.    • 

107.  After  thin  digreaaion,  we  reauine  the  coDaideration  of 
the  inveatigatioiiH  in  §§  101 — 105. 

In  th'oae  caMca  whoa  the  iDtinitc  aoriea  iu  a. normal  integral 
divergea,  the  normal  integral  han  been  rejected  aa  illuaofy  from 
the  functional  point  of  view.  There  are,  however,  caaea  belonging 
to  a  general  claaa  which,  while  certainly  illuaory  aa  fiinciioiia  of 
the  variable,  are  atill  of  couiiiderable  use  in  another  aapect :  ihey 
are  asymptotic  repreaentations  of  the  integral,  to  uae  Poincaitfa 
phraae*. 

A  diverging  aeriea  of  the  fonn 

C, -f  - +^-f  ...  4- ~  -f  .... 
*  Acta  Math.,  t  vin,  |^  9M.   • 
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it  Mkid  to  represent  a  fenetion  J{a)  asymptotically  when,  if  8% 
denote  the  sum  of  the  first  n  -f  1  terms,  the  quantity 

tends  towards  sero^hen  m  increases  indefinitely :  so  that,  when  m 
is  suflSciently  large,  we  haye  «"(/(«)  — fifn)  <  t,  where  (fj  is  a 
small  quantity.  The  error,  committed  in  taking  8n  as  the  Yalue 
of  «r,  is  less  than 

1 
which  is  much  smaller  than 

that  is,  the  error  in  taking  £f«  as  the  value  is  much  smaller  than 
in  taking  fif».|.  (The  definition,  though  stated  only  for  large 
values  of  #,  applies  also  to  the  vicinity  of  any  point  in  the  finite 
part  of  the  plane,  mutati$  muUindia.) 

The  asymptotic  representation  is,  however,  not  effective 
for  all  values  of  the  argument  of  the  independent  variable.  If 
ic"  {/(x)  —  Sn]  tended  uniformly  to  zero  for  all  infinitely  large 
values  of  x,  the  function  J(a)  would  be  holomorphic,  and  the 
series  would  converge :  the  permissible  values  of  the  argument 
.  of  the  independent  variable  are  therefore  restricted.  It  is  manifest 
from  the  nature  of  the  case  that,  when  such  a  series  is  an 
asymptotic  representation  of  a  function,  the  series  can  be  used 
for  the  numerical  calculation  of  the  approximate  value  of  the 
function  for  large  values  of  tp  with  a  permissible  argument :  the 
error  at  any  stage  is  much  less  than  the  magnitude  of  the  term 
last  included.  Without  entering  upon  any  discussion  of  the 
question  why  a  diverging  seriiss,  which  is  functionally  invalid, 
can  yet,  when  it  is  an  asymptotic  representation  of  a  function, 
be  of  utility  for  the  numerical  calculation  of  the  function,  it  is 
proper  to  mention  one  conspicuous  example  of  the  use  of  such 
series,  as  found  in  their  application  to  dynamical  astronomy^. 

The  normal  series,  derived  firom  the  solution  of  the  equation 
as  represented  accurately  by  the  definite  integrals,  are  proved  bj 
Poinear^  to  give  this  type  of  asymptotic  representation  of  the 

*  Is  fiitisBlsrt  SM  PiofaMSf4i  MessAfU  CdMUs, 
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■olutioiL    For,  deiiotiDg  the  aoliition  by  w^  and  the  aum  of  tlie 
linit  m  4- 1  termii  of  the 


by  Sm,  we  have 
Now 


ii.  -  .V.  <*  "i-r- 


where 

|l  -  tf,|  <  a  <  c, 
and  ^^^ 

Thou,  M  before,  we  have 


which  is  a  multiple  of 


0 

by  a  quaotity  independent  of  #.     When  we  take 

10  that,  as  f  in  to  have  large  valuee,  the  limiu  of  y  effeotiTelj 
0  to  -f  00  f  the  laiii  definite  integral  iti  a  multiple  ot 

0 

Thin  definite  integral  is  finite.     Denoting  its  value  by  /»  we  have 

where  a  in  a  quantity  independent  of  $,  and  /  ia  finite.     Henoe 
when  M  is  suflSciently  large,  we  have 
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where  |  c  |  is  a  small  quantity ;  and  so  we  can  say  that  8m  asym- 
ptotically represents  w€r^'i^*\  or  we  can  say  that  the  normal  series 
is  an  asymptotic  representation  of  the  actual  integral,  the  repre- 
sentation  being  valid  (on  the  hypotheses  adopted  earlier)  for  large 
positive  real  values  of  s. 

NoU,  For  further  discussion  of  these  asymptotic  eipansions 
in  connection  with  linear  differential  equations,  reference  may  be 
made  to  Poincar^'s  memoir*,  which  initiated  the  idea.  Among 
other  memoirs,  in  which  the  subject  is  developed  and  new  applica- 
tions are  made,  special  mention  should  be  made  of  tbosef  by 
Kneser,  and  those  ||  by  Horn.  Picard's  chapter  J  on  the  subject 
may  also  be  consulted  with  advantage :  and  a  corresponding  dis- 
cussion on  integration  by  definite  integrals  is  given  by  Jordan^ 


Ex.  1.    Shew  that  the  complete  primitive  of  the  diil^rential  equation 
in  the  vicinity  of  ««oo ,  can  be  Mymptoticiilly  represented  by 


whers 


(••+5 + iJ+ ••)  "^ -^'+ (''•-'■5  ■»"  S+ ••)  ■*» -^' 


(Kneser.) 


jra*<ijr-f-)-'logjr, 
and  «|,  /3|  are  arbitrary  conntanta. 

Ex,  %,    In  the  differential  eqtiation 

I*  is  an  arbitrary  parameter,  it,  i9,  C  ate  real  functions  of  m  and  (with  their 
derivatives)  are  holomorphic  whMi  a  <  x  ^  6 ;  moreover,  A  and  B  are  positive. 
Prove  that  an  integral  of  the  equation,  determined  by  initial  values  that  ars 
independent  of  1^  is  a  holomorphic  transcendental  ftmction  of  k ;  and  shew 
that,  for  large  values  of  I*,  its  aaymptotic  expansion  is  of  the  form 


y-(**+]pf-f...)oos«-».(^  +  ]^+...^slnih», 
where  ^,  ^,  ^, ...,  w  are  f^mctions  of  4P. 


(Horn.) 


•  Aftm  MmtK,  i.  vm  (ISSS),  pp.  t95— S44. 

t  CrtUe,  %.  etn  (1S96),  pp.  ITS— SIS;  it.,  I.  oxvn  (1S97),  pp.'Tt— 108;  <k» 
i  eta  (1899),  pp.  967— S7f ;  ITaft.  Ann.,  i.  xux  (1997),  p^  SSS— SH. 

I  ir«lt«  Jas.,  I.  SUM  (1097),  pp.  459—479, 479—496;  It.,  I.  L  (1996),  p^ 
916;  ft.,  I.  u  (1S99),  p^  94^-968;  It.,  I.  in  (1899),  pp.  971—999, 940-969. 

t  Cmtn  d^AmUffe,  I.  m,  eh.  itv« 

I  tfmn  #if  asllret,  i  in,  elL  il,  |  iv. 
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Jkl    Bhav  tut  Um  oqiMtioa 

2+<*»-i,«i«ir)jr-o 
hiM  a  aoltttiou  of  iba  form 

whart  *4«,  ii«  M«  nUioiM]  lunciioiui  of  i,  mud  iluu  it  has  mi  aayniilolio 
■6lutioa  of  ilia  furni 

and  iudicata  tbe  roUtioii  of  the  nulutaoiin  to  oiie  auothar.      (Foincai^ :  Uom.) 


Equationm  of  Rank  Qtt£AT£R  than  Unity  rkplacbd  bt 

Equatiunh  of  Rank  Unity. 

108.     When  the  differeutial  e4uatioii 

d'Hu         cf*~*ui  ^ 

puHteaseii,  in  the  vicinity  of  x»  oo»  normal  integrala  which  are  of 
grade  m,  then»  denoting  the  degree  of  the  polynomial  p^  by  Vt«  it 
followii  (as  in  §85)  that  the  degree  Wf  of  the  polynomial  jv  i*  ouoh 
that 

the  sign  of  equality  holding  for  some  at  least  of  the  degreea. 
AImo,  if  «^  be  the  determining  factor  of  any  auch  integral,  then 
n'  ia  the  aggregate  of  the  tin^t  m  termt»  in  the  eipansion,  in 
descending  powers  of  x,  of  a  rout  of  the  equation 

The  eiiatence  of  the  normal  integral  then  depends  upon  the 
poasession  of  regular  integrals  by  the  linear  equation  in  u,  where 

In  the  caae  where  m>»l,  the  method  of  Laplace  certainly  givea 
the  integrals  of  the  differential  equation,  even  when  the  normal 
seriea  diverge ;  but  it  ia  not  applicable,  when  m  is  greater  Uum 
unity.  Poincar^,  however,  devised  a  method  by  which  the  given 
equation  is  associated  with  an  equation  of  grade  unity :  Laplace'a 
method  is  applicable  to  the  new  et^uation,  so  that  its  primitive  ia 
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known:   tnd   firom  ihb  primittTe»  an   integral  of  the  original 

equation  can  be  obtained  by  means  of  one  quadrature.    The  new 

equation  is  of  order  n**;    and   the  inrestigation  leads  to  an 

expression  for 

Idw 

wdg' 

which,  when  it  exists,  can  be  obtained  more  directly  by  Cayley's 
process  (§  92X 

Poincartf s  method  is  as  follows.  Let  the  given  equation  be 
supposed  to  possess  n  normal  integrals  of  grade  m,  say,  in  the 
form 

«o.»^(i),  s»««"^(s),  .-..  *^«*^(s); 

let  these  be  denoted  by  /i(iX  /t(^)t  •••»/«(')> 


Let  a  denote  a  primitiTe  mth  root  of  unity,  say  s^  ; 
consider,  in  connection  with  any  integral  /(g)  of  the  original 
equation,  a  product 

Then  y  satisfies  an  equation  of  order  n**,  which  possesses  a" 
normal  integrals 

M')M^M)MeM)  ...M^r^M). 

where  a,  h,  e,  ...,  k  are  the  numbers  1,  2,  •••,  n  or  some  of  them, 
any  number  of  repetitions  being  permitted;  and  these  normal 
integrals  are  of  grade  m.    Let 

and  let  the  equation  for  y  be 

where,  if  Qjr  be  of  degree  $  in  i,  then  the  degree  of  Q,^  in 
general  is  equal  to  0-f  r(m  — 1),  because  of  the  grade  of  the 
normal  integrals.  Owing  to  the  source  of  the  quantity  y,  which 
clearly  is  not  changed  if  s  be  replaced  by  Mf,  $  being  any  integer, 
it  follows  that  the  equation  for  y  must  remain  substantially 
unchanged,  when  this  change  of  variable  is  made ;  hence 

where  X  is  independent  of  r. 


/ 


I 
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Nov  lei  the  variable  be  changed  from  Mtcm,  where 
then,  because 

for  all  valuee  of  «,  the  oooflScieuta  o««  being  numerical*  the  equation 
for  If  takes  the  form 

where  / 

r-t 

The  degree  of  R^^  in  i.  as  it  is  determiued  by  the  highest  terms 
in  Qjy-f  •  is 

which  ia  independeDt  ot  q\  so  that  the  degree*  of  all  the 
coefficients  R  is  the  mtine.     Further,  we  have 

for  the  power  of  a  is 

m 

-<a"y'"^-«'»l; 
thus 

Hence  the  equation  is  sulMtiiulially  unaltered,  when  s  is  replaoad 
by  /a*  in  the  coefficients  It ;  houce,  multiplying  by  a  power  of  m^ 
say  j«,  where 

/{  becomes  a  uniform  function  of  x,  when  we  substitute 

—  ^BB  jr. 
Hi 

*  8os«  minht  hAT«  vMiiihijig  ooellleieuU  in  pftriicnUr  cum;  lbs 
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The  new  equatioo  is  therefore  an  equation  in  the  independent 
▼ariable  »  such  that  all  its  coefficients  are  nniform.  They  all  are 
of  the  same  degree,  so  that  it  is  of  rank  unity ;  it  has  normal 
integrals,  and  some  of  its  integrals  may  be  subnormal.  Laplace's 
method  can  be  applied  to  this  equation;  and  we  then  have  a 
solution  in  the  form  of  a  definite  integral. 

• 

The  way  in  which  this  definite  integral  is  used»  in  order  to 
bring  us  nearer  a  solution  of  the  original  equation,  is  as  follows. 

Let 

w, -/(«!•),  (f-0, 1, ....  m-l), 

and  let 

This  has  to  be  differentiated  N(^n^)  times,  derivatiTes  of  «9,, 
«*ii  ••••  Wi»-i  of  order  n  being  replaced,  whenever  they  occur,  by 
their  values  in  terms  of  derivatives  of  lower  order,  as  given  by 
the  differential  equations  which  they  satisfy;  and,  from  the  N-i-l 

equations  involf  ing  Sf>  j^  i  •  •  •  •  ^^  >  ^^  ^  products 

d^'  d^ df^ 

where  a,  6, ...,  I;  each  can  have  the  values  0,  1,  •..,  m  — 1,  are 
eliminated.    Tlie  result  is  the  equation  for  y.    The  N  equations 

involving  y,  ^»  ...,  ^-jrii  can  be  regarded  as  giving  these  N 

products  of  the  type 

.  •  • 

each  in  terms  of  derivatives  of  y  and  the  variables.    Let  two 

such  be 

ir.w,  ...  w^u  -y. 

<ftr« 
then 

«t  3f  *  y ' 

Assuming  y  known,  as  an  integral  of  its  own  €K\na.U<Q(«k^\k.^*W^% 
of  «fv  is  deriraMe  by  a  qnadraltura*    It  i|«  InA  ^X^saxa^  ^^  ^ 


-jj^  fCF,  ...w^u  -♦; 


IS  aanft  iMt 

into  a^uafluaaliy  Mia. 

•I.     <'Vl 


J  unii»af  X    The  es|ioiieai 
.  4K  «L  lunfii.  Mring  u*  tkt 


^   ▼  •  •  • » 

f«lid  noniid 
with  the 


integml 
Lr  AHihnNiii:  ab 

,^      ^    ma*  jiidicmted  in 

t^Tmptotic 


may 
A  %  mtmoir  by 
linear 


if  imaka, 


-  -    .  * 


1 
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then  A  Tariable;3f»  where 

geoereUj  eetieflee  Ml  eqaaikm  of  the  fourth  oitler,  and  thAt-n-  ie  eipreeeible 
oniquelj  in  terme  of  y. 

U  howerer,  the  inTwienli  of  the  two  equatiooi  ere  eqilelt  eo  that  _ 

ahew  thai y  aetieflea  an  equation  of  the  third  order,  and  thai  -^  ia  the  root 

of  a  quadratio  equation,  the  ooefAdenta  of  wbioh  are  eaprMiible  in  tema 
of  jr.  (Honk) 

Km,  1    Diiioiiaa  the  equation 

for  laige  Taloea  of  «.  (Mnoaid.) 

Kg.t.    Shew  that,  in  the  vik)initjof#»«,  the  equation 

jr-(ji»-f«)y 
a  normal  hitegral  of  the  aeoond  grade^  when  «  k  att  odd  porftl?a 


inlefer. 

JSr.  4.    Obtain  the  nonnal  integrab  of  the  eqnaUona 

(I)    «y-(*«-t-|)j!^ 

(ii)   ay-t#(Ufcr)|r-«J«-»W.lfcr-|)ji^ 

in  the  vicinity  of  jpM  •  ^ 


CHAPTER  VIII. 

Infinite  Detkrhinants,  and  their  Application  to  the 

Solution  or  Linear  Equations. 

# 

100.  In  the  inveHtigatioiu  of  the  preseDt  chapteri  infinite 
detennioaDtii  occur.  Theao  are  not  dLaciuiaed,  as  a  rule,  in  books 
on  determinants ;  a  hrief  exposition  of  their  properties  will  there- 
fore be  given  hero,  but  only  to  the  eitent  required  for  the 
purposes  of  this  chapter.  Their  first  occurrence  in  connection 
with  linear  differential  equations  is  in  a  memoir*  by  Q.  W.  Hill : 
the'  convergence  of  Hill's,  determinant  was  first  establishedf  by 
Poincar6.  Later,  von  Koch  shewed^  that  the  characteristic  method 
in  Hill's  work  is  applicable  to  linear  differential  equations  generally; 
with  this  aim,  he  ex|K>unded  the  principal  properties  of  infinite 
determinants§.  The  following  account  is  based  upon  von  Koch's 
memoirs  just  quoted,  and  upon  a  memoir  j|  by  Cazzaniga^ 

Let  a  doubly-infinite  aggregate  of  quantities  be  denoted  by 

where  t,  k  acquire  all  integer  values  between  —  ao  and  -I-  ao ;  the 
quantities  may  be  real  or  complex,  and  they  may  be  uniform 
functioi^  of  a  real  or  a  complex  variable:    They  are  set  in  an 

^  Firiii  publUhud  in  1H77;  republuliea  .Ida  Slatk.,  t.  vui  (18S6),  pp.  1— S6. 

t  HmIL  de  U  Soe,  Malk.  de  prance,  t.  siv  (1SS6),  pp.  77—90. 

t  Acta  Math,,  t.  xv  (IMUI),  pp.  63—03;  i6.,  i.  svi  (lSU*i>-8),  pp.  *il7— SU5. 

I  For  further  dUcuMiou  of  th«ir  prupcrtien  and  their  applieationt  to  Uncar 
difl«reutial  •quatiooi,  m«  a  memoir  bj  the  tame  writer,  Acta  Math,,  U  xxiv  (1901), 
pp.  S9— 19:1. 

i  AmmaH  di  }iat$matica,  Ber.  9»,  t  ix?i  (1897).  pp.  143- 91S.  Othar  mamoiia 
kf  CsiMaigs,  dealing  with  tha  tame  subject,  are  |o  be  found  in  that  joamal, 
Str.  a>.  i  I  (lim),  pp.  S3-94.  aar.  S»,  t.  u  (1S90),  pp.  9*i»-23S. 
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nmj,  80  that  all  the  quantities  with  their  first  suffix  the  same 
occur  in  a  line,  the  values  of  I;  increasing  from  left  to  right,  and 
all  the  quantities  with  their  second  suffix  the  same  occur  in  a 
column,  the  values  of  i  increasing  from  top  to  bottom.  We  then 
have  an  infinite  determinant,  which  may  be  represented  in  the 
form 

Construct  the  determinant  Dm,ii»  where 


D^n'ioi.,]  ;}_;;•}; 


then  if,  as  m  and  n  increase  indefinitely  and  without  limit,  D^^n 
tends  to  a  unique  definite  value  D,  we  regard  the  infinite  determ- 
inant as  converging  to  the  value  D.  In  all  other  cases,  the 
infinite  determinant  diverges.  To  secure  this  convergence  to  a 
unique  definite  value  X>,  it  is  sufficient  that,  when  any  arbitrary 
small  quantity  i  has  been  assigned,  positive  integers  M  and  N  can 
be  found,  such  that 

for  all  values  of  m  greater  than  Af  ,  for  all  values  of  n  greater  than 
y,  and  for  all  positive  integers  p  and  g. 

The  aggregate  of  all  the  quantities  for  which  i »  k,  that  is,  of  the 
quantities  ...,  a.i,.|,  (i,,t,  a,,i,  as  they  occur  in  their  place  in  the 
determinant,  is  called  the  principal  diagonal^  sometimes  briefly 
the  diagwMl\  and  a  constituent  of  reference  in  the  diagonal, 

naturally  chosen  in  the  first  instance  to  be  iit,t,  is  called  the 

>  _  • 

ori^if. 

Let 
then  the  infinite  determinant  converges,  if  the  doubly-infinite 


converges,  all  values  of  i  and  I;  between  —  oo  and  -f  oo  ooeurring  in 
the  summation.    To  prove  this,  let  . 

P«,a-n  jl+2ilu).     i»«,a-n  jl-»-2Jiiol|i 


850  OOMVBBOlNUft  w. 

and  coniider 


i>...-K.i  ;}.:}. 


Lei  Pai,ii  be  eipaoded ;  by  omittiiig  suitable  tenne  aiid  changing 
the  tiguB  of  others,  we  obtain  Dm,m-  Hence,  taking  Dm.m»  making 
all  the  terms  positive,  and  adding  certain  other  positive  terms, 
we  obtain  Pm,m*  Similarly,  we  dan  pass  from  D»f^»^  to 
J^m^p.m^r  Now  Uke  X>«^j^»^,- D«.«;  make  all  the  terms 
positive,  and  add  certain  other  positive  terms,  and  we  have 
fm^p.n^i-  Pm,m\  hence 

But,  because  of  the  convergence  of  the  series 

the  product  Pm,n  converges  when  m  and  n  increase  withoni  limit; 
hence,  assuming  any  arbitrary  pmitive  quantity  i,  however  small, 
integers  M  and  N  can  be  determined  such  that 

for  all  values  of  m  greater  than  Af,  for  all  values  of  »  greater  than 
Nt  and  for  all  positive  integers  p  and  y.  Consequently,  lor  the 
same  integers,  we  have 

and  therefore  the  infinite  detonninaut  converges. 

Such  a  determinant  is  said*  to  be  of  the  normal  form.  All 
the  dotenninants  with  which  we  have  to  deal  are  of  this  type. 

Next,  the  origin  uuiy  be  changed  in  the  diagoiuU  unikout 
affecting  the  value  of  the  detenninant.  Ail  the  conditions  lor 
the  convergence  of  the  determinant  with  the  new  origin  are 
satisfied ;  let  its  value  be  />',  and  let  D  be  the  value  with  the 
old  origin.  Then  taking  any  small  positive  quantity  t,  we  can 
determine  integers  J/  and  N  such  that 

|/)-D«..l<«,  \iy-jy^,»,\<i. 


*  von  Koch,  AeUk  Maik.,  t.  iti,  p.  SSI. 
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for  all  Talaes  of  m  greater  than  M  and  i^l  Talues  of  n  greater  than 
N^  the  determinant  /Xm^n,  being  the  same  as  />«,«>  00  that»  if  Of^t 
be  the  new  origin,  mi  ■■  m  —  tf,  ii| » 11  -f  tf.  Manifestly*  Dm,m  can 
be  chosen  so  as  to  include  the  new  origin.     Hence 

iD-/y|-|D-o«.,-(Z)'-/y«,.OI 

so  that,  in  the  limit  when  i  is  made  infinitesimal, 

D-zy. 

Similarly,  the  Talue  of  the  determinant  changes  its  sign  when 
two  lines  are  interchanged,  and  also  when  two  columns  are  inter- 
changed :  so  that,  if  two  lines  be  the  same,  or  if  two  columns  be 
the  same,  the  determinant  vanishes.  Further,  if  the  determinant 
be  changed,  so  that  the  lines  (in  their  proper  order)  become 
columns  and  the  columns  (in  their  proper  order)  become  lines, 
the  principal  diagonal  being  unchanged,  the  value  of  the  determ- 
inant remains  unaltered.  If,  in  any  line  in  a  determinant  of 
normal  form,  each  of  the  constituents  be  multiplied  by  any 
quantity  fi,  the  value  of  the  determinant  is  multiplied  by  ^ ; 
likewise  for  any  column,  and  for  any  number  of  lines  and 
columns,  provided  that  the  product  of  all  the  tacton  (when 
unlimited  in  number)  converges. 

Further,  if  all  the  constituents  in  any  line  of  a  converging 
normal  determinant  be  replaced  by  a  set  of  quantities  of  modulus 
not  greater  than  any  assigned  finite  quantity,  the  new  determinant 
converges.  In  the  determinant  D,  let  the  line  a^^  (the  constita* 
ents  occurring  for  values  of  k)  be  changed,  so  that  c^a  is  replaced 
by  «i,  where 


A  being  finite;  and  let  tf,  /Xm,«  for  the  new  determinant 
correspond  to  D,  Dm.m*  For  comparison  with  /X«,«,  oonstntoi 
a  product  Pm^mf  wnefs 


i^«.,Jir{i+2iiii.A!}. 


•  having  all  values  from  — •  to  -f  m»  escepi  tfliO.    Then,  whan 
I/m^n  ii  axpaodedt  there  ooenn  in  Pm.n  •  tens  oorrespofidi 


85S 


FBOP&irriBS  or  oonvbboiko 


[lOS. 


•vaiy  term  in  D'^.a.  the  .Utter  having  some  one  fiioior  m,  thai 
doen  not  occur  in  Pw^mi  heuoe 

Iterm  in  IX^^l  <  ^  |term  in  Pm,mU 

Now  lonie  of  the  terms  in  I/m^m  <^ra  negative,  while  all  tha  terms 
in  Pm,m  Aro  pueitive;  and  terms  arise  in  /^Hi,ai.the  terms  corre- 
sponding to  which  do  not  occur  in  //«.»•     Hence 

Similarly. 

where  t  can  be  chusen  as  small  as  we  please,  becaimu 

is  a  converging  prutluct. 

The  result,  which  is  due  to  PuincanS,  is  thus  established. 


PrOPERTIICM  of  CoNVEttUlNQ   InFINITB  DKTERllIlfAMTH. 

110.    The  devel(»pment  of  an   inKuite  determinant  can   be 
deduced  from  the  precodiug  properties.     We  have 


/)-..•- 


«-.- 


•  tt— i»,-Hi-fi    I 


•  ••I  a. 


<i-»-fi,-iii  tf-.ii^i,.ii^i»   ..••  a-114.1,1 


■St  (a.||,.»tt.|i^i,.»^i .;.  a^mi,) 


M.lli 


say.    In  this  expanded  form,  let 

and  let  every  term  in  the  new  expression  be  changed,  so  m  la 
have  a  positive  sign  and  so  that  each  factor  is  replaced  by  its 
modulus.  The  resulting  expression  is  greater  than  |S»,»|;  and 
every  term  that  occurs  in  it  is  contained  in  P^n»  where 
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Also,  Pm.m  contains  other  terms,  all  of  which  are  positi?e ;  thus 

Similarly, 

for  all  positive  integers  p  and  q.  But  Pm,nt  with  indefinite 
uicrease  of  m  and  n,  is  a  converging  product;  hence  Sa^•,  in 
the  same  limiting  circumstances,  oonveiffes  absolutely.  Thus  the 
usual  method  of  development  of  a  finite  determinant  holds  in  the 
case  of  an  infinite  eonveiging  determinant  of  the  nontel  fcrm,  and 
we  have 

the  sum  being  extended  over  all  the  permutations 

•••»  Pit  Pit  Pit  Ji»  Jii  ••• 

•  ••,   ■"  *,  ^  1,  M,    A,   Z,    •••• 

for  all  values  of  %  and  k,  we  at  once  have  the  expansion 


of  the  integers 
Writing 


D-l4S4ii4S 


+X 


^<.«»  ^«.i»  -^u 

^i.«»   ^hh   -^i.» 
-^i,«f   4i,|»   ^i,* 


▼  •••! 


the  summations  being  for  all  ihteger  values  from  ->  oo  to  -f  oo  such 

that 

t<j<l:<.... 

111.  It  follows  finom  the  preceding  expansion  of  a  converging 
determinant  D  of  normal  form  that,  when  a  constituent  o^*  enters 
into  any  term  of  the  expanded  form,*  no  other  constituent  fhim 
the  line  %  or  firom  the  column  k  enters  into  that  term.  Taking 
the  aggregate  of  terms  (each  with  its  proper  sign)  into  which  o^s 
enters,  their  sum  maybe  denoted  by  o^fta^t;  and  the  determinant 
may  be  repteaented  in  the  form 


f •  tv. 


^ 
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or  in  the  ibnii 


M1II0B8 


[111. 


/)«  JE   «<.*«<.*. 


The  quantity  «^^  i«  called  the  minor  of  a<.i»  and  ■ometimei  it  ia 
denoted  by 

(i)- 

• 

It  can  be  derived  from  D  by  tuppreiMung  the  line  %  and  the 

column  k^  or,  what  in  the  equivalent  in  value,  by  replacing  a<,a 

by  1,  and  every  other  coostitueiit  in  the  line  %  or  in  the  column  k 

or  in  both  by  0.  and  then  multiplying  by  (-^  iy~*.     Manifestly,  we 

have 

/•\      dD 


^i.* 


It  ia  an  immediate  corollary  that 


0-2    ttj,»ei,», 


0-2    a«.»«j,», 


(•• + J) 


for  the  right-hand  side  iu  the  firat  ii  equivalent  to  D  with  the 
line  I  replaced  by  the  line  j,  tio  that  the  latter  ia  duplicated ;  and 
in  the  Hooond,  the  right-hand  side  ia  equivalent  to  D  with  the 
line  j  replaced  by  the  line  i,  m>  that  the  Utter  ia  duplicated. 

More  generally,  if,  in  the  linea 


aod  in  the  columiia 


■i»   •!»    •••!   "r* 
Hit  Ht%  ••••  Hr» 


wo  replace  all  the  terms  by  0,  except  a.^,^,,  a«^#.,  ••••  A«r.#r*  ^^1^ 
of  %yhicli  we  replace  by  1,  and  then  multiply  by 

the  reault  ia  the  coefficient  of 
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in  D.    It  manifestly  is  a  minor  of  order  r ;  and  it  is  denoted  bjr 

(•ii    ••>  •••»    ■rN 
fit  9  fit%  •••»  fit! 

Clearly  all  the  minors  of  any  finite  order  are  determinante  of 
normal  form,  conrerging  absolutely. 

If  D  is  not  sero»  some  at  least  of  the  minors  of  constituents  in 
any  line  must  be  different  from  xero,  and  some  of  the  minors  of 
constituents  in  any  column  also  must  be  different  from  sera 
Similar  results,  when  D  is  not  sero,  hold  for  the  minors  of  •any 
order  r  of  finite  determinants,  which  are  constructed  out  of  r 
selected  linos  and  any  r  columns,  or  out  of  r  selected  columns 
and  any  r  lines. 

Further,  the  minor 


/-r,  -r  +  1,  ...,  0,  1,  ...,  t\ 
\-r,  -r+1,  ...,  0,  1,  ..•,  #/ 


tends  to  the  value  unity,  as  r  and  s  increase.    To  prove  this,  let 

0...-n|i  +  2|ii„l}. 

where  the  product  is  for  all  the  values  of  p,  and  the  summation 
is  for  all  the  values  off,  that  are  excluded  from  the  ranges 

ps  — r  to -f-f,    9«»-rto4s. 

Expanding  the  minor,  and  changing  every  term  so  that  its  sign  is 
positive  and  each  factor  in  the  term  is  repkced  by  its  modulus, 
we  have  a  new  expression  every  term  of  which  is  contained  in  the 
expanded  form  of  0^,^;  RRd  Q^r  contains  other  terms.  Further, 
the  expanded  minor  contains  the  temi  -f- 1  as  does  Q^f ,  and  all 
other  terms  involve  the  quantities  A ;  hence 

|\-r,  -r  +  1 f/       I     ^' 


But  the  product 


n{i+i|ii„l} 


conveiges ;  and  therefore,  when  any  small  positive  quantity  t  is 
assigned,  integers  -  r  and  •  can  be  determined  such  that 


SM  BXPAM8I0II  or  pit* 

Taking  iheie  ts  ihe  iotegen  defining  the  minor,  we  have 


•otbai 


lUr,  ^r-hl J     M      • 


<l-ft. 


Moreover,  m  integers  $\  r'  aro  choeen,  greater  than  t  and  r  and 
gradually  increasing,  the  quiiutity 

decreases ;  and  thus  the  minor  tends  to  the  value  unity  as  r  and  # 
increase. 

One  or  two  properties  of  minors  may  be  noted.    We  have 

U  J"""U  //"""U  *)"(/!  a)' 

for  the  changes  from  one  of  these  expressions  to  another  are 
equivalent  to  an  interchange  of  two  lines  or  an  interchange  of 
two  columns,  each  of  which  chaoge^i  the  sign  of  the  determinants 
Similarly  for  minors  of  any  order. 

Again,  expanding  a^*  by  reference  to  constituents  of  a  colimm. 
we  have 

a)-"-f"(ii)' 

and  expanding  it  by  reference  to  constituents  of  a  line,  we  have 


Bimikrly, 


Further 


when  q  is  neither  k  nor  l^  because  it  is  a  minor  of  the  fiial  order 
with  two  columns  the  same ;  also 


J...  (•;{)-•.■ 
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when  h  is  neither  i  nor  j,  becaase  it  is  a  minor  of  the  first  order 
with  two  lines  the  same ;  and 


.s.-  a.  ^ 


0, 


where  h  is  neither  t  nor  j\  and  q  is  neither  k  nor  I,  because  it  is  a 
minor  of  the  first  order  with  two  columns  the  same  and  two  lines 
the  same.    Similarly  for  minors  of  higher  order. 

The  similarity  in  properties  between  finite  determinante  and 
conTerging  infinite  determinants  of  normal  form  is  not  exhausted 
by  the  preceding  set :  in  particular,  infinite  determinants  can  be 
multiplied,  and  determinants  framed  finom  minors  of  an  infinite 
determinant  are  connected  with  their  complementary  in  the 
original,  exactly  as  for  finite  determinants.  The  simpler  of  these 
properties  are  contained  in  the  following  examples. 


Km.  I.    If 


il-(««.J,    «-(^il. 


»-:}■ 


sie  eonfstfing  dslsrminants  of  Bormsl  typs^  and  if 


i- 


y     Im*  sO  Tshns  of  <  and  1^  Ibso 

I 
te  a  OQBfsmiag  dsl«minsnt  of  normal  type,  and 

AB^C. 
Km.%.    Ifi^tdsnolsthemhiorofat^iinthsdstsmdnsnt 


8-:} 


ti}' 


%s,»    ••••   \h> 


\»lt  ^t*  •••!  •r/ 


with  the  prsosdiag  nolalion  fbr  ttioois  of  older  r. 
M».X    la  ooMMOliM  with  Um  datenniiMat 


iUlV 


SS8 


IlinMlTS  MCTSMlIllAMn  A» 


(111. 


(Oa:i)*a)(t?)*(00:^)-(U:»'" 

and,  mora  geiiMmll/,  UmI 

» ^'^Yf**    * *■    *****  *'    ^-f^*  **'  ^*'"* ^^^ 

whei%  in  the  typical  term,  ^«,i.^,,  it. ^ I, ...,  it..|  prenenra  tha  aunt  ^foUcal 
araar  aa  k^t  k^^  k^^  ••4,  kf. 

In  the  flnt  of  theee,  the  right-haud  aide  vauiithea  if  il  ia  equal  to  i|  or  i|  s 
in  the  aecoud,  it  vaniahea  if  i  ia  equal  to  t|  or  4 ;  in  the  thiid,  it  vaniahca  if 
k^  ia  equal  to  aojr  one  of  the  quantitiea  k^^  i>,,  ...,  k,, ;  and  ao  in  other 


112.  The  infinite  detenuinanta  which  ari^e  in  the  diacuaiiioii 
of  linear  differential  equations  have,  aa  their  constituenta,  fiinctiooa 
of  a  parameter  p.  The '  preceding  reaulta  are  still  valid,  if  the 
oondition  that 

ia  an  absolutely  converging  scries  is  satisfied ;  in  particular,  the 
determinant  converges  absolutely,  and  its  value  may  be  denoted 
by  Difi},  The  parameter  may  be  made  to  vary;  and  then  it  ia 
important  that  the  convergence  of  D(p)  should  be  not  merely 
absolute,  but  also  uniform,  in  order  that  it  may  be  differentiated. 
Suppose  that,  in  any  region  in  the  />-plane,  all  the  functiona 
A(j(p)  are  regular  functions  of  p,  such  that  the  aeries 

S  %Aijip) 


oonverges  uniformly  and  absolutely.  For  all  values  of  p  within 
that  region,  any  small  quantity  £  can  be  assigned,  and  Uien 
integers  At  and  N  exist,  such  that  for  all  integers  m>A/,  and 
integers  — *  w  <  —  iV, 

l'iAi^jip)\<6. 

By  analysis  that  follows  the  earlier  analysis  practically  step  by 
step,  we  then  infer  that,  for  all  integers  m  >  if,  n  >  i\r,  and  Ibr  all 
positive  integers  p  and  y,  and  for  all  values  of  p  within  the  region 
indicated,  we  have 


kmmmm^ammtmtummk 
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00  thai  D{p)  ooQTerges  uniformly.     Hence,  within  the  domain 
eoniridered,  D(p)  is  a  regular  analytic  function  of  ^ 

The  ezpanmons  of  D  (p)  in  terms  of  its  constituents  have  been 
proved  to  conTeife  absolutely,  by  comparison  with  the  eipansions 
of  Pm,nf  where 

i^«,,-n{i  +  £|iiMl|. 

As  the  series 


•    • 


2  lA,,t(p) 

converges  uniformly  and  absolutely,  Pm,n  is  9^  product  that  con* 
verges  uniformly  with  indefinite  increase  of  m  and  n.  The 
corresponding  modifications  in  the  investigation  lead  to  the 
conclusion,  that  the  expanded  form  of  D{p)  converges  uniformly 
as  well  as  absolutely. 

Moreover^,  this  expanded  form  can  be  differentiated,  and  its 
derivatives  are  the  derivatives  of  D  (p).    In  particular,  we  have 

31)  ^y-  dp  aayi 
dp  80|,|  dp 

Thus  if  D  vanish  for  a  value  p'  of  p,  and  if  all  the  first  minors  of 
D  vanish  for  that  value,  we  have 

while  -^  is  not  infinite ;  the  first  derivative  of  the  uniform 
dp 

function  D  vanishes,  and  therefore  p'  is  at  least  a  double  aero  of 

D.    In  that  case,  we  have 

—  ^TJLm     ?!?L» 4.  !£V VX ??!.» ?l!!i» ?2L« 

a^-^*^»-^-^^-^^3a,,-^  dp 


-»«(;;  {)%-'^'- 


Hence,  if  all  the  second  minors  of  D  vanish  for  thai  value  of  p^ 
we  have 

*  TW  srsof  it  tteflsr  Is  Ibott  sNta  lor  attstdias  stsaorfUsas  f  sis  fsa  % 
ilcts  Hit  A.,  1 XVI,  p.  S4S. 


MO  IWrilflTE  8T8TBIUI  [lli. 

•ad  flB  /  it  ftl  leMt  a  triple  lero  of  D.  And  genemlly,  if  all 
BiiaaB  flf  all  oiders  up  to  r  — 1  inclusive  vanish,  but  not  all 
Buwn  4/anler  r,  when  p  ■■  p,  then  p'  in  a  roo^  ot  Din  multiplicity 
r ;  aad  D  it  then  said  to  be  of  ckaracUriMHo  r.  The  quantity  r 
eanuia  iacreaee  indefiuitely,  for  we  have  teen  that  minon  of 
high  order  tend  to  the  value  unity,  to  that  the  general 
of  all  minora  of  the  tame  order  it  pottible  only  for  finite 


Bat  it  need  hardly  be  pointed  out  that  the  convenes  of  these 
lu  are  not  neceKsarily  true:  thus  p^p'  might  be  a  double 
of  A  while  not  all  the  Hrst  miuora  of  D  would  vanish. 


113.    The  purpose,  for  which  iufinite  determinants  are  to  be 
in  this  place,  is  in  cuouection  with  the  solution  of  an  un- 
fiauced  number  of  equations,  linear  in  an  unlimited  number  of 
Ui 


and  suppose  that  the  infinite  determinant  A  where 

converges  uniformly ;   it  is  required  to  find  the  ratios  of  the 
quantities  «  to  one  another  which  satisfy  the  equations 

n<-0,  (t»- 90  to -ft- 00), 

the  quantities  x  being  themselves  finite,  so  that  we  have 

where  X  is  finite. 
We  know  that 


fa) 


fli.J 


converges  absolutely ;  its  value  is  D  when  j  m  k,  and  is  0  whan  j 
is  different  frum  k.     Moreover,  the  series  So^*  is  an  absolutely 

ounvcrging  series,  and  hence  for  values  of  «  considered,  we  have 
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where  U  is  finile.    Hence,  by  one  of  the  propositioDe  alieedy 
established,  the  qaantity  9,  defined,  by  the  eqnstim 


«-??(i) 


also  converges  absolutely,  so  that 

for  all  the  other  terms  giro  a  lero  eoeCBcient  for  «.    Hence,  if 

Ui^Q  for  all  values  of  t,  and  if  we  are  to  have  valaes of  «si different 

from  sero,  then 

D-0, 

which  is  a  necessary  condition.    We  shall  assoille^  this  condition 
*  tobe 


If  some  at  least  of  the  first  minors  are  different  from  lerOf 
then  the  eqaation 

shews  that  any  one  of  the  quantities  «,  which  it  contains,  is  then 
linearly  eipressible  in  terms  of  the  others,  and  so  the  correspond* 
ing  equation  »  » 0  is  not  an  independent  equation.  Let  Hi  then 
be  omitted  on  this  ground ;  we  have 


?a?)"-?fa?)-"- 


where  on  each  side  the  summation  is  for  all  values  of  i  eioept 
t  IB  0.    The  coeflkient  of  m^  on  the  right-hand  side  is 

This  is  sero^  if  f  is  different  fitmi  both  h  and  f ;  it  is 
iff  «4;  and  it  is 


S6« 

• 

itqmk.    Thua 


INriNITB  8T8TI1I8 


[iia. 


We  thus  have 


But  ell  the  quentitiea  Ui  veniiih ;  heuoe 

for  all  values  of  {;  and  f  is  any  6nite  quantity,  for  only  the 
ratios  of  the  quantities  x  are  determinate. 

Siroikrly,  if  D  be  of  characteristic  r,  so  that  the  minors  of 
lowest  order  which  do  not  all  vanish  are  of  order  r»  let 

V^ii  A.  ••••  0r/ 

I 

be  such  a  minor  different  from  sero.     We  then  have 

I 

Thus  the  coeiiicicnt  of  x^  is  ,  / 


Y  /flu  ...,   P^n-ii     11*1    •m-i.  ••••    «r\ 
m  VPii  ••••  Ha-l*  Pm  H«-t-li  ••••  Pr' 


«imr 


When  f  is  equal  to  any  one  of  the  integers  A,  A,  ..^^fiw  Uiis 
coefficient  is  equal  to  a  minor  of  order  t^—  1  and  so  vanishesi 

«  _  _ 

When  q  is  not  equal  to  any  one  of  those  integers^  the  eoeffident 
is  equal  to  a  determinant  with  two  columns  the  same,  and  it  is 
therefore  evanescent.     Hence 

and  therefore 

/•!»••••     •rX  ae  _  T' /*■•  *••*     ••-It      ••*»     ••-Mi  ••••    ^ |  n 

\fii9  ...»  fir'  \fil»  ••••  Pn-if  Alt  Pa-fi*  •••!  Pr' 

• 

where,  on  the  right-liand  side,  in  must  not  be  equal  to  any  one  of 

the  integers  a, a,-     It  thus  appears  that  there  are  r  relatieos 

mmoog  the  quantities  ti;   and  that»  in  particuhur,  each  of  the 
ginuitJties  ii...  u...  •.-  ^  \ft  \\»««A>j  tdrjwx^WA  in  terms  of  the 
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remaining  quantities  «.    Accordingly,  we  aaminie  these  r  qnanti- 
iiee  u  omitted  from  consideration. 

Denoting  by  a  any  integer  other  than  §k»  ••••  ^»  Mid  by  0  any 
integer  other  than  A,  ...9  fir,  we  hate 

•  VA  Mil  •••»  A'  •  f  VPt  Ai  •••#  Pr' 

VA»At«»«»^r/  \fiffi%f.»ffir/      '       \fiufi%  •••%fiff 

•         __  /ai»  «••  ••••  "rN 

\fiufitf  *••»  fi / 

in  the  same  way  as  for  the  simpler  case ;  hence,  as  all  the  qoanii* 
ties  tt«  vanish,  we  have 

/•i»  ••»  •••»  •'N-  ^  J  /••»  ••»  •••»  •»-i»  ••»  •m-i*  •••»  *'\-^ 

\A»At*-»»Mr/  nm\\fiif  fitt  •••*  fi»^U  fi  »  fin4-t»  •••$  firJ 

SO  that  all  the  quantities  ff^  are  linearly  expressible  in  terms  of  r 
such  quantities. 

For  further  properties  of  infinite  determinants,  reference  may 
be  made  to  the  memoirs  quoted  at  the  beginning  of  {  109. 


AppucATtON  TO  DirrERBirruL  EquATiom. 

114.     When  the  differential  equation  is  given  in  the  form 

**^4.0*^'^4.     4.0     ^^+oir-o 

the  substitution 

leads  to  an  equation  of  order  n'in  w,  which  is  devoid-  of  the  term 

involving   i^  ,  •  The  coefficients  of  the  new  equation  are  linearly 

expressible  in  terms  of  Q,,  Q^,  ••«,  Q#.|,  Q^,  and  the  expressions 
involve  derivatives  of  ^  up  to  order  fi  —  1  inclusive  and  integral 
powers  of  ^.  We  may  therefore  take  the  diflferential  equation  in 
Ihelbrm 


364  IMriWITB  DKTERMINAirra  APrUBD  TO  [114. 

• 

We  astume  thati  in  the  vicinity  ot  $mO,  it  pcmemoe  no  qrneetie 
integral*  no  regular  integral,  no  normal  integral,  and  no  aabnonnal 
integral.  The  point  «  «  0  is  then  a  aingularity  of  the  coefficienia ; 
and,  if  it  be  only  an  accidental  singularity  (of  order  higher  than  • 
for  Pt,  in  the  case  of  some  value  or  values  of  «),  the  conditions  tot 
•  the  existence  of  a  normal  integral  or  a  suboormal  integral  are 
not  satisfied.  We  assume  the  coefficients  P  still  to  be  uniform 
fuDctioiis  of  f,  and  we  shall  suppose  that  their  singularities  are 
isolated  points.     Let  an  aunulus,  given  by 

r<\m\<r:. 

be  such  that  its  area  is  free  from  singularities,  no  assumption 
being  made  us  to  the  behaviour  of  the  coefficients  P  within  the 
circle  of  radius  R;  then  it  is  known*  that  each  such  coefficient 
can  be  expanded  in  a  Laurent  series 

P,-lc,,^f^  (r-2.8.  .-..nX 

which  converges  uniformly  and  uucooditionally  within  the  annulua. 
Without  loss  of  generality,  it  may  be  assumed  that 

R<\<R: 

for,  otherwise,  we  should  take  a  new  variable  Z mg(RB^,  and 

the  limitiDg  radii  it  and  R^  of  the  aunulus  for  Z  then  aatiafy 
the  conditions 

B<i<ir. 

Further,  owing  to  the  character  of  the  convergence  of  P„  wa 
have 

dPr     5 

and  so  on ;  all  these  series  converge  uniformly  and  nnoonditionally 
within  the  annulus.     Hence  also 


114.] 
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rimilarly  eoiiTerges  within  the  annalnB,  where  ii  (^)  is  any  poly- 
nomial in  ^;  and  therefore,  taking  the  circle  |'|  ""It  every  point 
of  which  lies  within  the  annulus,  the  series 


2  \R(M)Cr,^\ 


converges. 


115.    From  the  general  investigations  in  Chapter  il,  it  follows 
that  the  equation  certainly  possesses  an  integral  of  the  form 

where  p  is  any  one  of  the  values  of  o^Aogm,  the  quantity  m 

being  a  root  of  the  fundamental  equation  associated  with  an 
irreducible  (but  otherwise  simple)  closed  circuit  in  the  annulus ; 
and  the  quantity  ^  is  a  uniform  (unction  of  m.  As  the  integral  is 
not  regular,  the  number  of  negative  powers  of  «  in  ^  is  unlimited ; 
and  so  we  may  write 

In  order  to  have  an  adequate  expression  of  the  integral,  the 
quantity  p  must  be  obtained;  the  value  of  OM-^Ot,  for  fnm±l^ 
i  f» ...,  i  ao  I  must  be  construct^ ;  and  the  resulting  series  must 
eonveige  for  values  of  m  within  the  annulus. 

We  first  consider  the  formal  construction  of  the  expression  for 
the  integral.    Let 

4(p)-p(p-l)...(/>-ii  +  l)  +  c^-,p(p-l)...(p-ii4'8) 

+  c^-fP(p- l)—(p- ">  ♦)-f  — -f  c»-i,-iM.ip-f  «k-e  J 

+(p  +  m)—(p -»■  M  -  * -f  ♦)  c^f--#-« -f — 


and  write 


0«(/>)-4(p-«-m)a«+r(7«,^iip, 


where,  in  the  last  summation,  the  values  of  ^  ars  tnm  «•  os  to 
•f  oOf  ^>nth  ^""lii  excepted.    Then  we  have 

P(y)-iOta(/i) 


866 
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[lis. 


■0  ihmi  3f  11  an  integral  of  the  differential  equatioo  if 

0-.(p)-0. 

for  all  valuen  of  m  from  *  ao  to  -h  oo  *  there  being  no  aeeumpiion 
that  the  negative  infinity  ia  the  aanie  numerically  aa  the  positive 
infinity.     Let 

for  all  values  of  /4  other  than  ^  ■■  m ;  and  introduoe  a  quantity 
V^M,M  with  the  convention 

then 

where  the  summation  now  ia  fur  all  values  of /a.  We  then  require 
the  infinite  determinant 


«(/>>- [V'-.  J 


:}-:} 


•  ••• 


•  ••• 


••••    y-l.-ti  *      »     T-l,§»     T-ltl»     T-K**   ••• 

••••     T«li-t    »     T«li-I     »         ■       »     T%1    •     TK*    •    ••• 

••••    V^^-«    •     T^-l     »     T^»    •     TM    »        1      ,   ••• 


the  necessary  and  suflBciont  condition  of  the  convei^enoe  of  whioh 
is  the  convergence  of  the  double  series 

for  all  values  of  m  and  ^  between  —  ao  and  -h  oo  except  m  ■■  ^ 

116.    In  order  to  establish  the  convergence,  we  first  tranaform 
the  e](proMion  of  C^^^,    Lot 

then  we  may  take 

(/>  +  m)  (P  +  M  - 1 ) .  •  •  (P -»•  M  -  i>  +  1 ) 

-(p  +  m-X)(/)  +  m-X-l)...(p  +  m-X-|i  +  l) 


lie.] 


A  i«AUBtirr  sBRtn 


ser 


/ 


/ 


where  c^r  is  a  polynomial  in  X  of  degree  r.    Uting  thia  ibr  all  the 
tenna  in  Cm,^,  we  ha?e 

I 

where 

Aooordingly,  we  have 


il,(X)|  +  22 

MA 


ip^mr^ 


40»  +  m) 


Now  the  aeriw 


|A(X)|  +  ... 


|i.(M|. 


^(p  +  m) 


*?  |Jl(X)<v.*| 


eonverges  for  every  value  S,  S,  ..^  *^  <^  ^t  where  /Z(X)  ia  any 
polynomial  in  X.    Hence 

every  term  of  which  (for  the  various  values  of  p)  converges,  becaose 
•n  ^.»-y»t  is  <^  polynomial  in  X  of  degree  %  ^p  -f  f»  and  therefore 
the  whole  of  the  right-hand  side  is  a  converging  series.  Aooord- 
ingly,  we  may  write 

and  then  each  of  the  quantities  jiTtl  is  fini 
We  thus  have 


mm 


<  \BJi  1 


+|i5r.l? 


(p  +  mf-* 


...  +  |ii.i  X 


+... 


Aaraining  p  to  be  maj  qoantity,  different  from  $aj  of  the  toots  of 
any  of  the  eqnatioiu 


/-^_\^A 
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eAoh  of  whioh  is  of  degree  n,  we  know  thai  all  the  aeries 

converge  absolutely,  for  the  values  ««  S,  8,  •••,  ».  Moieover.  the 
sum  of  each  such  series  is  a  function  of  p :  and  then,  if  p  varies  in 
a  region  no  point  of  whioh  is  at  an  infinitesimal  distance  from  anj 
of  the  roots  of  ^  (p  -f  m),  the  convergence  of  the  series  is  onifbrm. 

Acoordinglf^he  double  series  • 

conveiges  uniformly  and  unconditionally ;  and  therefore  the  infinite 
determinant  Sl(p)  converges  uniformly  and  unconditionally,  pro* 
vidod  p  does  not  approach  infinitesimally  near  any  root  of  any  of 
the  equations  ^  (p  -h  m)  «■  0.  Clearly,  O  (p)  is  a  uniform  functioa 
of  p,  for  such  values  of  p. 

Further,  we  have 
and  therefore 

^i»+l,lH^l  (p)  ^  (P  +  W  +  1 )  -  CpH^Li^+i  (p) 

-t7«,,,(p  +  l) 

so  that 

^-i^LM^i  (p)  -  V^-i.n  (P  -»•  1 X 

Construct  the  infinite  determinant  fi(p-hl)t  and  then  replaoo 
each  constituent  ^m.^  (p  4- 1)  by  ^m-t^i.i^i  (p) ;  the  result  is  to  giva 
the  modification  of  (1  (pX  which  arises  by  moving  each  colunm  one 
place  to  the  right  and  by  depressing  each  row  one  place,  in  other 
words,  by  taking  ^i,i(p)  in  the  diagonal  as  the  origin  instead  of 
V^^§(p)-  But  such  a  change  makes  no  difference  in  a  determinant 
which  converges  absolutely  ;  we  therefore  have 

or  the  infinite  determinant  O  is  a  perioilio  function  of  p. 

Lastly,  by  making  p  infinitely  large  in  such  a  manner,  that  it 

does  not  approach  infinitesimally  near  any  of  the  roots  of  any  of 

the  equations 

^(p  +  m)-0, 


/ 
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(which  roots  for  different  valuee  of  m  differ  only  by  real  integen, 

so  that  if  we  take  p^u-^  tv,  where  u  and  v  are  real,  it  will  be 

snflScient  to  take  «  l^rge),  we  reduce  to  zero  every  constitnent 

that  lies  off  the  diagonal  of  fi  (p).    As  every  constituent  in  the 

diagonal  is  unity,  and  every  constituent  off'  the  diagonal  is  sero,  it 

follows  (from  the  law  of  expansion  of  an  absolutely  eonTerging 

determinant)  that 

Uma(p)ml, 

provided  p  tends  to  its  infinite  value  in  the  manner  indicated. 


HODinCATION  OF  THE  iNFINrTE  DETEIUflNANT  fi  (p). 

117.  It  is  convenient  also  to  consider  another  infinite  determ- 
inant associated  with  n  (p).  The  equation  Om  (p)  "■  0  was  taken 
in  the  form 

and  the  infinite  determinant  fi(p)  was  composed  of  the  constituents 
^M,^*  If  t^i^  infinite  determinant  were  composed  of  constituents 
^  (m -f  p)  V^M,^t  then  the  row  determined  by  the  integer  would 
have  a  common  factor  ^(fn-^'p);  and  thus  there  would  be  an 
infinitude  of  bctors,  the  product  of  which  either  should  converge 
or  should  be  made  to  converge.  Let  pi,  pi,  •••!  pm  be  the  roots  of 
4(p)->0,  so  that 

and  therefore 

♦(,+.).».(i+ft^)(x+'-z«!.)...(,*erft). 

To  change  this  into  a  form  suitable  for  an  infinite  converging 
product,  we  multiply  by 

*«(p)--i«     •».••»  s     •»  , 

with  <]m  coDveDtioa 

».(p)-l. 

A>  Km(/)  mnams  Unite  and  b  not  mo  fer  flnito  taIom  of  ^  w« 
maj  nplMe  the  eqoetion  Om(p)  >  0  by 


870 

Now  let 
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.tzhi 


for  all  vkluen  of  m  except  m  ~  0,  Mid 

XM-n(p-/>.); 

aUo  let 

X«.i.  (p)  -  A«  0>)  ♦  (»*  +  p)  V^»,i.  -  *»  (p)  0. 

Theo  the  equations  betwocu  the  coiietaDti  a  ha?e  the  form 

9 

In  ttMocUtion  with  these  equations,  we  consider  the  inflnile 
determinant 


^(/>)-[x-.J 


:l-:} 


•  •••    X^-t 


X-^-»*  X-*»»  X-^»»  X-^t 

X-I.-I*  X->.»»  X-*.»»  X-ui 

X^'i  t  X<b«  *  X^i  •  Xk* 

Xi.->  •  X>««  •  Xui  •  Xi.t 

X^-i  >  X^«  >  X%i  •  X^t 


•  •  • 


•  •• 


•  •• 


•  •• 


•  •• 


Taking  the  diagonal  to  be  ....  x-t.^.  X-i.-i.  Xsf  Xki.  Xm.  — .  wi 
require  to  establish,  (i),  the  convergence  of  the  series 


.ii» 


summed  for  all  values  of  m  and  /i,  except  w  a*^  from 
and  (ii),  the  convergence  of  the  scries 


-QO  iO-fSD, 


in  order  to  know  that  the  infinite  determinant  D(p)  eoDveigefti 
We  consider  fintt  the  double  aeries  SS;^^^.    Let 


-     -  ?-N 

*«(^)-«4"A,0»)-II#      •  , 

•-1 


(•+0X 
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The  qaantitiet  pi,  /^^ ...,  ^  are  finite ;  hence,  8o  long  m  f  remaine 
within  m  finite  region  that  does  not  lie  at  infiniijTi  there  is  a  finite 
quantity  K  which  ia  hrger  than  any  value  of  |lsb(p)|  ton  talnes  of 
p  within  that  region*    Hence,  as 


we  have 


III' 


Xm.A  <  ^ 


\Cs 


m 


n     » 


when  m  is  not  aero.    When  m  is  sero,  we  have 

Proceeding  eiactly  as  with  the  series  SS^m,^  in  §  116»  samming 
for  all  values  of  m  other  than  sero,  and  Ant  all  values  of  ^  other 
than  m  •  ^  we  have 

xs'%eU|iy.|2^^+|H.|2i«J;^+...+|ir.|2jl, 

every  term  of  which  is  finite,  and  therefore 

m*   . 
is  finite.    Also 

2|(7^^l<  |ir.!  ip— I + lisr.i  Ip^K ... -f  lisr.i, 

which  is  finite,  so  that 

oonvergeSb    Hence  the  double  series 

summed  for  all  values  of  m  and*;*  between  —  oo  and  -f  oo  eioepl 
m « ^  converges.  Moreover,  all  the  series,  which  occur  in  the 
superior  limits  in  the  inequalities,  converge  uniformly  within  the 
regioo  of  f  considered;  hence  the  double  series  converges  uni- 
formly. 

The  estabUshmeiit  of  the  convergence  of  the  series 


I 


S7S  ooNvnoKNOi  or  [IIT. 

•  * 

U  timple.    We  know^  by  Weientnan's  theorem^,  thai  the  eeriae 


/ 


converges  unifbrtnly  and  UDconditionally ;  lo  thal»  if 
the  infinite  product 

n  ( w  em.m) 

conveigeii  uniformly  and  unconditionally ;  and  therefore^ 

n(i+|tf«.«|) 

convergea    But 

n(l  +  |^«.«|)<l+2|tf^«|; 

hence  S  |0»,iii|  converges  unifonuly,  that  is,  the  series 

-• 
converges  uniformly  and  unconditionally. 

The  oouvergeuoe  qui  aIiio  be  f»Ul>liiihed  an  (bllowa.    Lai 


-(-'^'•) 


Mid  chooM  a  finite  poiitive  iutei^r  p^  tuuh  that|  for  vsluss  si  ^ 
ftideratiooi  we  have 

l/»-p'l</>. 

when  p'  iii  any  oue  of  quantitie*  p^,  p,, ..,,  ^..    The  Mun  sf  the 

it  finiU,  and  may  be  omitted  without  afiixrting  the  ounTergenos:  and 
aider  the  eum  of  the  remaiuiog  terui«|  fur  which  we  have 

We  have 

where 


•  7.F.,i60. 
^  T.  F.,\^. 
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«-i«UV|<l^-p,i«(i+l.«:=«s-l+'.£rjd'+..j 

Now  ftir  aH  the  ftliiei  of  m  under  oooaiderailoii 


MM  MMrafovt 


t->P"f^l>i-'f-^'>l--£->  '   . 


■0  thftt  w*  BMjr  teka 


,r.i<tj-i!£=5d\ 

««  wr  ^.1 

Now  S  ^r  (^~^y  fa  tJnita  for  all  the  Tilim  at^xandf&t  ooMfchmtloiii  iJ 

HlifliiiltforAllTtliieaofmif^itiTolTMm;  let  if  donoltUMgrMlwlYahit 
of  He  modahMk    Ageln,  for  any  quantity  #»  we  ba?e 


aothal 

orwritinf 
we  have 


andtlierefore 


jr-j(p-».i)jr. 

jr 

<«i*s('i)'*j?('i)'*-- 

<'^S(?)^£(1?)'-•• 


rfiewfaif  thai  the  ewiee 


S74  BVAUJATioir  or  tbb  [IIT. 


Tbe  infinita  detanoinuil  D(f)  thns  eoaveigw  ■niJBMlj 
ttncondiiionally  for  all  Tallies  of  p  in  Uie  finite  pari  of  its 
lu  raUdon  lo  f)  (^X  which  oonvergea  nmiUriy  for  vmhca  of  ^ 
thai  oro  nui  infiniteainially  nrar  nnj  of  the  looU  of  nny  of  tho 
equatioiM  ^(p  -f  m) » 0,  id  at  once  deriTable  from  its  mode  of  eos- 
•truction  fruoi  fi(pV  The  row  of  ^uaotitiea  Xii^»(^)  ia  D{p}  far 
the  same  value  of  m  is  derived  from  the  row  of  qnsnrilica  ^^^  ia 
fi  (/i)  far  that  value  of  m.  thmugh  multiplication  of  the  lan«r  by 

Hence 

i>0>>-n(/»>nA.ip)^(ii.+^> 

vhefC 

.vrrn.;(i.'-*).-'-vnfio.-*i 

and  n*  isapbes  multiplication  far  all  values  of  m  hcsvosa  Hh  « 
—  «  eacepc  m  »  Ol     Also 

and  thecefaffe 

niy>- ji  n  :sin(^-^)v;. 

Now  i>g»»  has  been  prov^  to  he  finite  ithni  ii^  to  ho 
infinite)  far  all  finite  rslwM  of  ^ .  and  manifiessly.  frusn  ifes 
ii  a  nnifarm  funciijn  of  ,1.  so  thai  it  is  a  kslowHtphie  faacmmi  of 
^  evec]i«heffe  in  tW  finite  part  of  the  phmi  FWnhv.  O^)  m  a 
nnifarm  fiimnhm  of  |»:  ami  it  has  h«<n  pras^  is  hs  mis  infibifts 
far  vnlwes  yf  ^  which  aie  nss  infiniiiiiri willy  near  n^onnof  the 
Mom  of  any  of  the  ^^wstMOi  4\^^  ml«QL  the  aggRgnSn  of  al 


^♦■s  j^^*^  — •  ^^^^    l«*-- 


D\^\«(ivpVllv#V. 


\ 
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it  follows  that  these  roots  are  poles  of  n  (p}.  Take  a  line  in  the 
/>-plane  inclined  at  a  finite  angle  to  the  aiis  of  real  quantities, 
choosing  the  inclination  so  that  it  does  not  pass  through  any  of 
the  points  p«-h  m  for  all  valnee  of  a  and  m ;  let  it  cut  the  axis  of 
real  quantities  in  a  point  /.  Take  the  point  /-f  1  on  that  axis, 
and  through  it  draw  a  line  parallel .  to  the  former,  thus  selecting 
an  infinite  strip  in  the  p-plane.    Since 

n(p^.l)-n(p), 

the  uniform  function  fi(p)  undergoes  all  its.Tariations  in  that 
strip:  and  within  the  strip,  we  have 

Limn(p)-1. 

Owing  to  the  nature  of  the  poles  of  fi  {p\  the  strip  contains  n  of 
them,  which  may  be  regarded  as  the  irreducible  poles:  suppose 
that  they  are  p,,  p^,  ...,pn»  Within  the  strip,  p-^  oo  is  an  ordinary 
point  of  the  simply-periodic  function  fl(p);  it  follows^  that  the 
number  of  its  irreducible  seros  is  also  n,  account  of  possible 
multiplicity  being  taken ;  let  these  be  pt\  pf\  ••«,  pn.    Hence 


^j  «n|p-£j;24«« 


8iii((p— pi)ir)8in 


(p-ftOir 


(/»-/>»)» 


•  •• 


•  •'• 


0>-fti7ir] 


{p'p»)^y 


t 

taking  account  of  the  holomorphic  charaoter  ^  D(p)  ton  finite 
values  of  p,  and  of  the  relation 

D(p)^n(p)n(p). 

Here,  A  is  independent  of  p.    To  determine  it,  we  nse  the 

property 

Limn(p)-1, 

which  holds  tor 

pmu-^iv, 

in  the  limit  when  v  is  infinite,  whether  posilife  or  n^gatifai 
Tdking  «  positive  and  infinite,  we  have 

and  taking  v  negmtiTe  and  infinite,  we  bate 

•r.>.,|iii* 
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Henoe  XpJ-^  Xp^  is  an  integer;  if  it  ia  no!  leio.  we  oeii  make  il 
lero  bj  aubatiiatiDg,  for  the  quaatities  p\  ▼aloea  ooogrueal  wilh 
them.    Amuming  ibis  done,  we  bave 

aotbai 


n(p).-4'* 


(p-Pi)ir]'..mk[(p^Pn') 
(p-Pi)w|...8in|(p-i>ii) 


BID 

and'tberefore 

#-i  w 

Moreover,  tbe  qiiaatitiee  pi,  pn,  ....  Pn  are  tbe  roots  of  4(p)i*  0,  so 
tbat 

beace 

2p;-iii(ii-i). 

11&    Next,  we  consider  the  exprestuon 


-.x®'^ 


I 

we  proceed  to  pro?e  tbat  this  series  conveiges  fur  all  falaea  of  m 
within  the  annulus.*  It  manifestly  arises  from  D(pX  <mi  replaciiig 
X%,k  in  /)(/>)  by  s* ;  we  shall  therefore  assume  that  Y  is  transformed 
into  this  modified  shape  of  /)(/>).  When  tbe  determinant  is  in 
*  this  shape,  we  multiply  the  column  associated  with  m  by  jr>»,  and 
the  row  associated  with  m  by  j** ;  these  operations,  combined,  do 

not  change  x«».m*  ^^^  ^^^y  ^^  ^^^  ^^^^^  ^^^  value  of  the  determ- 
inant Let  this  combined  pair  of  operations  be  carried  out  tar 
all  the  values  of  m  from  —  ao  to  4-  oo ;  the  result  is  to  give  a 
determinant,  which  is  equal  to  Y  and  has 


for  its  constituent  in  the  same  place  that  x^^q  occupies  in  i)(/iX 
Hence,  as  for  D  (p),  so  Y  converges  uniformly  and  unooodition- 
ally  for  values  of  p  within  the  p-region  selected,  and  uniformly 
and  unconditionally  for  values  of  s  within  the  annulus,  if  the 
doubly-infiuite  scries 


1.18.]  AN  IMTEQIUL  S77 


ocNiTerges  miiforinly  and  unoonditionally  within  those  regioMi 
and  if 

S(x„-1) 
oonvergee  aniformly  and  onconditionally. 

The  latter  condition  is  known  to  be  satisfied,  owing  to  the 
convergence  of  D  (p\  It  remains  therefore  to  consider  the  con- 
▼eigenoe  of  the  doable  series. 

With  the  notation  of  g  115— 117»  we  haTe 

-*m(p)[0>  +  my«ilt(X)s*+0>  +  my«^(X)s*4-...-f-il«(X)s*]. 
Now 

Jr (X)S*  -  «»^r ^A-t «^ -f  «iKMir-l  ^A-«S^ -f  ...  +  C^.JUr «^. 

Owing  to  the  definition  of  the  coefficients  in  the  original  diflTeren- 
tial  equation*  the  series 

converges  aniformly  and  anconditionally,  for  talaes  of  $  within  the 

annalas 

R<\m\<R; 

and  thttefcre  the  series 

converges  aniformly  and  abconditionally  for  the  same  range. 
Denoting  this  by  /r»  we  have 

/,-'?ilr(X)s^; 

and  |/r|  i*  not  infinite  for  any  of  the  valaes  of  $. 
Again,  as  (S IIT) 

and 

when  m  is  not  aero,  we  have 
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Prooeeding  with  the  double  series  Hx^i^^'^»  ezeoUy  m  wiUi 
the  double  aeries  Sx">»^*  omittiog  tor  the  present  the  terms  oorre- 
sponding  to  m  •  0,  and  remembering  that  the  summation  is  for  all 
values  of  m  other  than  m  »/*»  we  have 

every  group  of  terms  in  which  is  finite,  so  that 

22  Ix-.^^"- 


is  finite.    Also,  taking  account  of  the  terms  omitted  for  the  value 
m  ■■  0,  we  have 


which  is  finite,  so  that 

converges.     Hence  ' 

22x-M» 


summed  for  all  values  of  m  and  ^  between  —  oo  and  -f  oo  except 

m  «■  ^,  converges  unconditionally.  Moreover,  all  the  series  which 
.  occur  in  the  superior  limits  in  the  inequalities  converge  umfomUj. 

both  for  the  values  of  m  connidered  and  the  retained  range  of  ^ ; 

hence  the  double  series  converges  uniformly  and  unconditionally. 
.   The  proposition  is  therefore  established  for 


KO 


A  similar  investigation  shews  that  the  series 


for  any  value  of  r,  the  numbers  a  and  ff  being  any  whatever* 
converges  uniformly  and  unconditionally  for  values  of  m  within 
the  anuulus,  and  for  values  of  p  in  the  range  that  has  been 
retained. 
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OONSTBUCnOM  OP  IrRBQULAE  limQRALB. 

119.  These  results  may  now  be  used^  bj  a  generalisatioii  of 
Ihe  method  of  Frobenios  in  Chapter  ill,  to  eoostrnet  eipressioDS 
for  the  integrals  of  the  equation 


—  • 

and  adopting  the  notation  of  §  115,  we  have 

if  0«(p)-0, 

for  all  values  of  m  between  — oo  and  4  oo,  eieept  m^i    The  last 
equations  ars  equiralent  to 

*«(p)O«(p)-0. 
that  is,  to 

for  all  the  talues  0*  f  1,  i  2, ...  of  tn,  exoept  mmi    Let 

We  have  ' 

•s(*)ii.-a,i)(pX 
thatia,  =  — 

(•jm-a»/)(pX 

for  all  the  valnee  of  i::    Henoe,  writing 

we  have 


Thus  ihe  quantily  y»  where 

aaiufiee  the  equation 

The  determinanl  D(p)  b  of  normal  form;  Ihe  leriee  tor  y  oon* 
verges  uniformly  and  unconditionally,  alike  for  valuet  of  m  within 
the  annulus  it  <  |«|  <  A",  and  for  valuea  of  p  within  the  finite 
region  contemplated. 

120.  Let  p'^p'  be  an  irreducible  simple  root  of  D(p)^0. 
Then  the  first  minors  of  constituents  in  any  line  oannot  vanish 
simultaneously  for  p^p'\  for 

and  the  left-hand  side  does  not  vanish  for  p^p\  Selecting  minors 
of  constituents  in  the  line  i,  we  have 

and 

that  is,  yi  is  an  integral  of  the  equation. 

Similarly  for  any  other  irreducible  simple  root  of  !)(/>)■■  0. 

121.  Next,  let  p-ip    be  an  irreducible  multiple  root  of 
'D{p)wmQ  of  multiplicity  a. 

Firstly,  suppose  that  some  of  the  first  minors  of  D(p)  do  not 
vanish  for  p^p'\  let  some  of  these  non- vanishing  minon  be 
minors  of  constituents  in  the  Hue  i.  Then,  in  the  vicinity  of 
p  «■  p\  we  have 

as  a  quantity  satisfying  the  equation 

P(y)-^i^'-»(p-pyii(p-A 

where  Rip  —  p^  does  not  vanish  when  />"■/>'•    It  therefore  followa 
that 
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•o  that,  if  fi<  ^  — 1»  we  have 

•ad  therefore 

k  an  iotegral  of  the  equation.    Henoe,  corresponding  to  the 
irreducible  root  p'  of  multiplicity  #»  there  are  integrale 

y.  -  2  [^  (j)]  *^ + Jf. log «- %  +  y,  log  «, 

y.-  S  [^(4)]'^+2'hiog*+y.(iog*)« 

-  f •  +  2ih  log  »  +  jf,  (log  *)», 

y^,  -  i»e-,  +  (»  - 1)  1^-.  log  «  +  ^^^^-^^P^  i»_(log  *)•  +  ... 

...  +  (<r- l)ih(Iog#)^+y.(Iog«)^», 
when,  in  each  of  these  expressions  on  the  right-lMnd  side,  we  take 

122.  Next,  8till  taking  p«"p'  to  be  an  irreducible  root  of 
D(p)«Oof  multiplicity  9,  euppoee  that,  of  the  minors  of  succeaeiTe 
orders,  those  of  order  r  are  the  first  set  which  do  not  all  vanish 
for  p  «■  p\  Let  the  lowest  multiplicity  of  p*  for  first  minors  be  ^i, 
for  second  minors  be  ^t»  ^nd  so  on  up  to  minors  of  order  r  —  1,  the 
lowest  multiplicity  for  which  is  denoted  by  #fw|.  Then,  owing  to 
the  composition  of  D  in  relation  to  first  minors,  to  the  composition 
of  first  minors  in  relation  to  second  minors,  and  so  on»  we  have 

There  are  two  ways  of  proceeding,  according  as  r<  #,  or  r  «#• 
Fifst,  let  r  <  #•    With  the  preceding  notation,  we  ha?^ 

•ad 


S8S  suB-oMun  or  [itL 

After  the  eipUoAtions  given  in  ihe  oonatnieiion  of  Iheea  espne* 
■ions,  we  know  that  p  >■  p'  is  a  root  of  multiplicity  ai  tot  aome 
of  the  minors  in  the  expression  for  y.  As  before,  in  §  ISl,  the 
quantities 

ay       a^ 
'•  dp dp'-*' 

wheo  in  each  of  theae  we  tok«  p^p'twe  auoh  that 

for  Xa-0,  1,  ...t  0- - 1.  But  owing  to  the  foot  that  pv^'  is  a  root 
of  all  the  minors  f .  j  of  multiplicity  ^i,  all  the  quantities 

vanish  when  p'^p'^  Hence  the  non-evanescent  integrals  whieh 
survive  are 

3*iy     9»i-*-»y  3^~*y 

when  p  ■■  p\    They  have  the  form 

and  so  on :  their  numbor  being 

Next,  pmp'  IB  a  root  of  least  multiplicity  ai  for  some  of  the 
minors  of  the  constituents  of  any  line  t:  and  there  must  be  at 
least  two  such  minora.    For 

*w-s(i)«<.>! 


\ 
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if  pmp'  ifl  •  root  of  maltiplieity  ^i  -I- 1  for  all  the  ninon  hat 
f .  j ,  then*  M  it  ifl  of  multiplicity  >  #|  + 1  for  D(p\  it  woakl  be  of 

multiplicity  ^i  4- 1  for  f  M  •  Similarly  finr  any  other  line.  Onoo 
more  Bobetitiitiiiff 

— • 

provided  0^(p)""0» 

for  all  integer  values  of  p  from  -ao  to  -foo  eioept  Ji»i  p^j* 
The  last  equations  are  equivalent  to 

that  is,  to 

for  all  integer  values  of  p  eioept  •  and  j. 
Consider  quantities  Of  of  the  form 

■ 

for  aU  values  of  9^  the  quantities  A  and  B  being  arbitrary.  With 
these  eipressions  for  a#»  we  have 

Each  of  the  sums  on  the  right-hand  sides  vanishes,  when  p  is  not 
equal  to  either  i  or  j :  and  thus  the  preceding  expressions  satisfy 
the  equations 

far  all  integer  values  of  p  except  t  and  j.    Furtheri 


p" 


*iWOiW-  2  x^^a^ 


-^*(:5»-*»*0*- 
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I 

and,  ■imiUrljf , 

*,o»)Oi(/»)—ii  (;)+*(*). 

UsiDg  thaw  values,  we  have 


i{^(;i)*'{:i)}'*- 


■»  tlie  expreauon  for  y ;  and  it  aatufiea  the  reUtion 
P  (y)  -  0<  (p)  «^*-  +  Oj  (/>)  *^>-» 

Aa  the  right-hand  side  of  the  loiit  ec^uation  has  p«Bp'  aa  a  root  of 
multiplicity  ai,  the  quantitio8  hi(p)  and  kj(p)  having  no  a^ro  fiv 
finite  values  of  p,  it  follows  that 

for  Xa-O,  1,  ...,  a,  —  1.    Therefore  all  the  quantities 

ay        a^»-»y 
'•  dp ap'.-»'  . 

when  p  a  p',  satisfy  the  equation  P(uf)  »  0.  Owing  to  the  form  of 
y  above  obtained,  which  has  p^p'  ba  a  root  of  multiplicity  o^a.  all 
the  quantities 

y*  Bp'  ••••  ap*t-> 

vanish  when  p""p'.    Ther^ore  the  surviving  tntegrab  are 

3^*y 
*^*"ap'.' 

and  so  on :  their  number  being 
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Similarly  for  the  next  sab-group.    With  the  aame  notation  m 
before,  we  have 

for  all  Talnes  of  p,  other  than  «^  j,  k,  from  -  «  to  oe .  The  analogy 
of  the  {MQceding  case  suggests 

for  all  Talues  of  0,  where  il»  B»  (7  are  any  qnantitiee.  With  theoe 
expreedons  for  a§,  we  have 

Each  of  the  three  fume  on  the  right-hand  side  Taniahee^  when  p  k 
Inot  equal  to  either  t  or  j  or  A  r  so  that  the  preceding  eiptessians 
for  0$  satisfy  the  equation 

tat  aU  Talofls  of  p  other  than  «  or  j  or  A.    Forther, 


•    •.  ^  •    •. 


«.w-''C:i)*»(;i)*<'C:i)- 

Thus 

P(y)-*(t.P). 

where  ^(s»  p)  is  a  linear  combination  of  minofs  of  the  seooiid 

order;  and 

••• 

the  ooeiBeients  «#  bebg  Uoear  combinations  of  minors  of  the 


a.t.i 


As  ^(#9  p)  hat  pmp'  at  a  root  of  moltiplioilj  #,«  it  fioUowa 
that 

for  X>»0,  Ij  ...»  ^t  *  1  •  BO  ^1)*^  *ll  ^1^®  quantities 

^*  dp*  '"'  ap'»-»' 

when  p  «■  p'y  Batiafy  the  equation  P  (w)  «  0.  Owing  to  the  form  of 
the  ooefBcienta  a#  in  y,  each  of  which  haa  pa-p'  aa  n  root  of 
multiplicity  a,,  all  the  quantities 

^*  dp'  •••'  ap'«-*' 

vanish  when  p>»p';  and  we  therefore  are  left  urith  the  integrala 


ym 


"ap'«' 


yM-^3-^M^(<^.-H2).,Jog,^<?^^^ 
and  BO  on :  their  number  being 

Proccediii^ii^this  manner,  we  obtain  successive  sub-groups  of 
integrala ;  the  total  number  in  the  whole  group  is 

(«•  -  a.)  +  ( iTi  -  a,)  -f  ( a,  -  ^t)  +  . . .  +  (^r-t  -  ^r-i)  +  ^r-1 

which  is  the  multiplicity  of  p  »  p'  sb  a  root  of  X>  (p)  ■■  0. 

123.    Two  cutfctt,  both  limiting,  call  for  special  mention. 

It  is  manifcHt  that,  if  a  — 0'|>  1,  the  first  sub-group  oontaina 
integrals  whoHo  cxpruasions  involve  logarithms;  likewise  for  the 
second  sub-group,  if  0'|-0'a>l;  and  ao  on.  If,  then,  all  the 
integrals  belonging  to  the  multiple  root  p^p'  o(  J)(p) mQ  are  to 
be  free  from  logarithms,  we  must  have 


12a] 

and  therefore 


or  INTBOBALS 


ir-r, 


887 


which  thas  is  a  limiting  case  of  the  preceding  inTestigation. 

An  intimation  was  given  that,  when  r* #»  a  different  method 
of  proceeding  is  possible.  As  a  matter  of  fact,  the  property  of  the 
infinite  system  of  linenr  relations,  established  in  §  113,  leads  at 
once  to  the  result.    Let 

/«l,  Of,  •••,  «^\ 

VA»A»  •••tfirJ 

be  one  of  the  non-vanishing  minors  of  order  r  belonging  to  D(p); 
then 

and  the  quantities  a^»  Op,,  «.••  a^,  ^rv  bound  by  no  relations,  so 
that  they  are  arbitrary  constants.  The  integral  determined  by 
these  coeflScients  is 

it  manifestly  is  a  linear  combination,  with  arbitrary  coeflScients 
^^9  •••!  ^iv*  ^'  **  i^^K*^'"  which  are,  in  fact,  the  group  of  integrals 
above  indicated. 

The  other  limiting  case  occurs  when  r  «>  1 :  all  the  ^  integrals 
belong  to  a  single  sub-group.  In  that  case,  there  exists  at  least 
one  minor  of  the  first  order  which  does  not  vanish  when  fp'; 
the  condition  is  both  necessary  and  suflScient. 

124.  We  thus  have  a  set  of  ^  integrals,  belonging  to  an 
irreducible  root  p'  of  D(p)^0  which  is  of  multiplicity  ^. 
Similarly  for  any  other  irreducible  root  of  D{p)mO;  hence,  when 
all  the  irreducible  roots  are  taken,  we  have  a  system  of  n  integrals. 
We  proceed  to  prove  that  thi$  $tfHem  o/iniegraU  u/undafMnki. 

For,  in  the  first  place,  it  follows  (from  the  lemma  in  §  27)  that 
the  •  integrals  in  any  sub-group  are  linearly  independent,  on 
aooouni  of  the  powers  of  log  $  which  they  contain. 

Netl,  there  can  be  no  relation  of  the  form 

tft— 1 
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with  non-vAiibhiog  coefficienU  C.  If  such  ao  one  oouM  eiid,  Um 
coeflBoienI  of  every  power  of  g  id  the  aggregate  eiprcaeion  on  the 
left-hand  aide  must  vanUh.    Writing 


we  have 


X',  /,  w,  ...  -Ji,  ji,  9s>  ••••  iwj 


where 


I 


...-k-A 


«.« 


and  the  quantities  il|^i,  ila^t,  ...,  A^^  are  at  our  dispoeal,     Let 
these  last  be  chosen  so  that 

Then  the  coefficient  of  «^''*'t|  in  y^,  ia  zero  if  I  <  t ,  and  it  ia  diAsreiii 
from  lero  if  <»#:  let  it  be  denoted  by  [y«,i]||. 


The  above  relation  being  supposed  to  hold,  select  the 
efficients  of  i^''*'**,  i^'"*^**,  ....  9^''^^r  in  turo.    As  they  vanish,  we  have 


from  the  coefficient  of  j^''*'t* ;  over)*  term  vanishes  except  the  firal^ 
and  [yi,i]«|  is  not  zero;  hence 

C,-0. 

The  vanishing  of  the  coefficient  of  t^'"^^  then  gives 

every  term  after  the  first  vanishes,  and  [yi^i]«.  does  not  vaiuah ; 

hence 

0,-0. 

And  80  on ;  every  one  of  the  coefficienU  C  vanishes ;  and  lima  no 
relation  of  the  form 

0,y,.i  -»•  0,y,,,  + ...  +  ayr.i  -  0 


1S4.] 
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Next,  there  can  be  no  linear  relation  among  the  #  memben  of 
a  group.    For,  in  any  expression 

the  coeflScient  of  the  highest  power  of  log  t  is  of  the  form 

and  this  can  vanish,  only  if  the  coefBcients  (7a,f  are  evanescent; 
hence  SCViya;!  can  vanish,  only  if  the  coeflScients  (\i  are  evan- 
escent 


Lastly,  there  can  be  no  linear  relation  among  the  members  of 
different  groups.  For  let  Y{p\  t).  Yip'',  «),.••  denote  the  most 
general  integrals  of  the  groups  belonging  to  the  irreducible  roots 
p^  p", ,..  respectively,  of  D (p) » 0.  Let  $  describe  a  contour 
enclosing  the  origin ;  then  Y(p\  m)  acquires  a  factor  6^^,  F(p'',  t) 
acquires  a  factor  s**^,  and  so  on.    Thus,  if  there  were  a  relation 


then 


«F(p',i)+/9F(p'',f)  +  ...-0, 


as«^  F(p',  j)  +  /9s»^''  F(p^  f)  + ...  - 0; 

and  similarly,  after  k  descriptions  of  the  contour, 

tt^i^- F(p',  J)  + /8^^- F(p",  f)  + ...  -  0, 

(or  as  many  values  of  the  integer  «  as  we  please.  Now  p\  fl\  ••• 
are  the  irreducible  roots  of  D  (p)  «  0 ;  no  two  of  them  are  equal, 
and  no  two  can  differ  by  an  integer.  Hence  the  preceding  relft- 
tions  can  be  satisfied,  only  if 

* 

in  other  words,  no  linear  relation  among  the  n  integrals  can  exist. 
They  therefore  fblrm  a  fundamental  system. 


Thk  EquATiov  l>(p)»0  n  thb  Fukdamkntal  Equatiov  op 

TBI  SlNOULiRirr. 

ISS.  Consider  the  effect  which  the  description  of  a  closed 
contour,  round  the  origin  and  lying  wholly  in  the  amiiilna, 
exercises  npoo  this  fundamental  system.    Lei 


••• 
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and  let  }f  denote,  at  the  completioa  of  the  oontour.  the  ?aloe  of 
the  integral  which  initially  i«  y.    We  have 

yu'-^yii, 

yM'-^^+ ^i^yu  (log!  -»•  2vt)  1  «.yii  4-  tf'yii. 
y»  -  tkiyii  +  ««yn + ^y». 


y«- 
y«'- 


/9iiy«  -••  ^y«. 


and  eo  on.    Hence  the  fundamiental  equation  (Chap,  n)  is  B  ■■  0, 
where 


e- 


» •••• 


9-9,      0   ,      C 
^  ,  9  —  6,      0   ,  ..., 
««  »      ^n  I  9  —  9,  ..., 


0 


•      ••• 


I      ••• 


•      ••• 


0   ,       0    ,      0   ,  ....  tf'-tf,      0    ,  0,  ....       0    .  ...      / 

fin .  y-*/o;....    0  ,  ... 


0    ,      0,0,  ....  ^-*.  ... 

0    ,      0,0,  ...,     7,  ,  r-tf,  ., 


where  o^  ia  the  number  of  integrals  in  the  group  belonging  to  tha 
root  p'  of  D  (/>) « 0  of  multiplicity  ^' ;  a"  in  the  number  in  tha 
group  belonging  to  the  root  p" ;  and  «o  on. 

Now  it  was  proved  that 


But 


•m(p-p.')w-^. 


\  g-if+f,")''  ^Jt'if  „  ^f»') 
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Also  (( 117) 
so  that 

•ad  therefore 

Am  the  quantity  ^'^^  has  no  sero  for  fioite  values  of  p,  it  thus 
appears  that,  so  fiur  as  roots  are  concerned,  D(p)mO  and  B« 0  are 
effectively  the  same  equation,  when  the  relation  between  p  and  0 
is  taken  into  account  Also,  so  far  as  roots  are  concerned,  n(fi)^0 
is  effectively  the  same  as  D  (p)  ■•  0 ;  hence  any  one  of  th§  three 
equaiione 

e-0,  D(p)-o,  no>)-o, 

may  be  tued  for  ike  determinoHan  of  9  and  the  aeeodaJted 
quantUy  p. 

It  is  known  that  B  »  0  is  an  equation  remaining  invariantive 
for  all  modifications  of  the  fundamental  system :  and,  for  the  form 
of  equation  adopted  in  $  114,  the  term  in  B  independent  of  tf  is 
equal  to  unity  (|  14).  This  prc^rty  in  the  present  case  is  verified 
by  means  of  the  values  of  the  quantities  ^,  ^^  ..;;  for 

(- tf7^(«  r)^ ....(- i)V^' -(- ir  •"<••*)»<-(- If. 

The  remaining  coefficients  in  B  are  known  (|  14)  to  be  the  Ai- 
earianie  of  the  equation,  whatever  fundamental  system  be  cboseo. 

Replaeing  B  by  n  (p)  for  purposes  of  this  disoussioii,  we  have 


n(p)- 


sm 


sm 


Now 


ip-pt)* 


...  nn 


ip-p*)* 


wiiefe 

and  thereloro 
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we  have 

Henoe,  wbeo  fl(p)  u  expanded  in  deaoendiog  powen  of  #.  ibe 
term  in  ^  is  unity ;  and  when  it  in  expanded  in  aieepding  powers 
of  $,  the  term  in  ^  in  likewUe  unity. 

When  the  quautitiefl  0,,  tf, 0i»  are  unequal,  then  0(p)  can 

be  expressed  in  the  form 

On  account  of  th^  character  of  tl{p),  when  expanded  in  ascending 
powers  of  0,  we  have 

BO  that  there  are  h  —  1  independent  c|uantities  if/,  and  these  are 
equivalent  to  the  n— 1  invariants.  The  equation  may  also  be 
expressed  in  the  form 

n(p)-l+  X  M^coi{(p^(^)wl 
#■1 
where 

and  therefore 

Corresponding  expansions  occur  in  the  case  when  equaliiiea 
occur  among  the  quantities  pi,  p^,  ••uPu* 

126.  The  integrals,  which  have  been  obtained,  are  valid  witbin 
the  annulus  ruproseuted  by  JtK\M\KR\  the  inner  oirde  may 
enclose  any  number  of  singularities  of  the  equation,  and  the  outer 
circle  may  exclude  any  number  of  other  singuUrities  of  tbe  equa* 
Uon.  But  care  must  be  exercised  in  particular  cases.  If  for 
instance,  the  only  singularity  within  the  inner  circle  is  the  origin, 
and  the  integrals  are  regular  in  the  vicinity  of  the  origin,  then  in 
the  expression  of  any  integral,  such  as 
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there  can  be  only  a  finite  number  of  terms  with  negative  valnes 
of  m :  the  method,  which  is  based  upon  the  supposed  existence  of 
an  unlimited  number  of  such  terms,  is  no  longer  applicable.  If 
the  only  singularity  outside  the  outer  circle  is  «  ■■  ao ,  and  if  the 
integrals  are  regular  in  the  Wcinity  of  «  ■■  ao ,  then  in  the  expres* 
sion  of  any  integral,  such  as 

there  can  be  only  a  finite  number  of  terms  with  positire  values  of 
m :  the  method  again  ceases  to  be  applicable.. 

In  such  cases,  the  best  procedure  is  to  construct  a  fundamental 
system  which  shall  include  the  regular  integrals:  this  is  the 
customary  procedure  for,  e.g.,  Bessel's  equation,  the  integrals  of 
which  have  t  ■■  ao  for  an  essential  singularity  and  are  regular  near 
f  "-O.  The  method,  which  uses  infinite  determinants,  is  best 
reserved  for  equations  which  have  their  integrals  non-regular  in 
the  vicinity  of  every  singularity :  it  is  nugatory  when  applied  to 
Bessers  equation. 

Bx.  1.    Cottsklsr  the  equation 

It  is  clesr  that  the  point  ffa>0  is  an  essential  singularityi  thsrs  bslnf  no 
integral  regular  in  its'  tioinity,  when  « is  diflerent  from  0;  and  that  fvoo  is 
likewise  an  essentisJ  singularity,  when  y  is  different  flrom  CK  We  shall 
that  holh  •  and  y  are  non-vanishing  quantities. 

the  eqoslion  beoomes 

With  the  ttotaHon  of  the  preceding  paragraphs,  we  have 

♦W-^(^-t)+*-&»-Pi)(p-^; 

so  thai 

CTp^^ae^  when  |i<r-^Ii  and  when  |i>f  4*1 1 

lKv#"*^  ^"^hen  |i<f-\,  tisA  wVfa  vk>TVV 


/ 


8M  EXAMPUta 

Hmim  Um  valut  of  O  (p)  is 


'•••  ^  Sia^a*      *     •  ♦(p-i)'       ^ 


[lfl& 


••• 


,0k        0 


•^-i)'    *    '♦(p-ir    "  •    " 


...,0, 


*  fiF) :    *  •  ♦(»  • 


...,  0,        0,0, 
...,  Ok        0      ,        0     , 


a 


^  •♦(?+ir    * 


*(?+i)' 


0      •  0^... 
0      .  <^... 


^    •     ^    •  ♦&.:•)•      ' 


♦(P+S) 


I  (^... 


Ths  general  invetfUgiUiuD  aiiewe  tlut|  when  p|  and  ^  are  oneqiMl  (vhioli 
will  be  ^Muined), 

0(p)-l -ft-i^iv  out  (p-/>|)  ir-l- Jirgvoui(p-^v, 
with  the  oonditioa 

ir.+jr.-o; . 

that  1%  we  have 

O  0»)- 1 4  »ir[cot  {(p  - /I,)  ir)  -  cot  lOi  -  IH)  «)1, 
where  If  is  iodopeudeiit  of  p. 

Taking  the  deierminantal  fonu  for  O  (p),  and  eipanding  acoordinf  to  the 
law  etttabliahed  io  §  110,  we  have 

0(p)-l+tt«Jf,+a«Jf4+fl*if,+..., 

where  odd  powore  of  a  do  not  ocour  becauee  the  onmbinatione  whiob  they 
multiply  all  vaninb.    AImo  ^ 

1 


if«-    2      2 


1 


—  «4i*(p+»»)^(p+iii+i)*Oi+rt^o»+ji'i-i)* 


M««|»-»f-^ 


and  10  on.    Hence  we  have 

and  AT^  ie  the  coeffiuient  of —  -  (that  it,  the  residue  of  p»pi)  in  Jf^. 

P-Pi  ■ 

To  flud  ^V|,  we  notice  that  the  only  teruie  in  M^^  which  have  P^Pg  iv  * 
pole,  are  thoeo  given  bjr  m»0^  M«i  -  1,  thoM  being 


♦  IpH^p-v^^    ♦V^-^^*V^Y 
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Now 


Again*  wriUnf 
Oonakkr 


♦W-(p-i>i)(^-^; 
'♦""♦((i+i-)#0»+^)-  . 


It  eoDUiiM  Um  temM 

which  do  not  ooour  in  Jf«;  it  oontoini  termt 

11 —L_, 

which  do  not  ooonr  in  Jf|;  and  it  conUlnt  the  termt 

1 


twice  ovef I  eooe  in  the  fonn 

n  » 

MM  oooe  in  tM  fefm 

Hence 


{X  •i^} "  .".V.  {♦Gr+i^}  **A  ♦(^+m)*V+«+i)'^"'*' 


■othrt 

Th*  Int  ton  «■  Uw  right-band  aide  fa 

tiM  nMna  of  this  fbnetion  for  ^a^  fa 
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In  Um  aaoond  turn  oq  the  right-hAod  mdb^  the  iwiduii  lor  ^«p|OMi  wiMCMiljr 
for  the  TaluM  fi>-p^  »■■  •  I ;  Uiiui  it  i« 


after  r^duution.    SimiUriy,  ftom  the  third  term,  the  reeidue  ie 

Henoe 

^         vcut{0>|-/i«)v)  3-86-626»4-10M 

^•■'"     166«(r^46)      "86»(34-46)(l-46)0ii'^>,)» 

after  reduotioo. 

Other  ouefficients  could  be  calcuUted  in  a  Miuikur  manner :  bill  it  is  dear 
that  even  iV^  would  involve  cx>neiderable  numerical  calcnlatione,  and  it  ia 
difficult  to  aoe  how  the  geuoral  term  could  thus  be  obtained.  But  tba 
method  of  apiiroximation  may  be  efl'octive  in  fiarticular  applioationa.  Thnai 
in  Hill*a  duicuiiHion*  of  the  motion  of  the  lunar  perigee,  the  oonvertaooe  ia 
very  rapid ;  and  coni|>arativ6ly  few  terma  need  be  talcen  in  order  to  obtain 
an  approximation  of  advanced  accuracy.  When  thia  ia  the  caaOi  the  valuea 
of  p'  for  the  intcgraU  are  given  by 

o(^)-a. 

that  ia, 

coe  2^v  »  -  coa  {(pi  -  p,)  v)  -  S V  Jf  ain  (0>|  -  f>,)  w} ; 

and  two  irreducible  valuea  of  p  choeen  are  to  be  auch  that 

The  expreiHiioiui  for  the  iutegrala  are  to  be  obtained.  Denoting  etill  bj  ^ 
either  of  the  quantitiea  p/  and  p^\  tlie  relatiomi  lietween  the  coefficienta  are 

and  oonaidering  in  particular  the  row  0^  we  know  that  the  onnatanta  a  u% 
proportional  to  the  minora  of  the  conatitueuta  in  that  row  in  the  deteiminaiil 
O  (p).    Thua 

Ibr  all  poaitive  and  negative  valuea  of  a  :  no  that,  if  we  taice 

*  Bee  the  memoir  already  quoted  ia  %  109. 
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-Q. 


Q 

and  our  MlalkMi  i» 


jr-  J  «•««, 


for  Um  dfeotiTO  eipmrion  of  which  it  it  fufBciMit  to  find  the  fini  miooffii  m 
the  wmim  is  kaofim  to  oou?crg6  within  the  annnluL 


In  Mdarlo  obUin  Q  ftom  0(p),  «•  nplMe  ^^,  ^-^,  ^^^^ 


bj  htm;  it  win  thanAm  U  naotmuj  to  do  thk  in  Um  apukM  fbm. 
W«  thw  hnn 

WlMM 

Bimikrly  for  Jf|^|  from  Jf«;  and  m  on. 

In  Older  to  obtain  (  |)  from  0(^X  ^v*  '"^''^271^  ^  ~^  cotnaui 
hj  mAtji  the  qoantitios  1  and  .  ^^.  in  thai  cohunn  hj leroai  and  ttt 
qiwntitto  1  and  .*- .  in  tin  0  Um  I7  Mto.    W«  thta  tmOf  Ind 

whara 

o^  o^  n^ 

and  aimilarij  for  tha  othera. 
•  In  tha  aama  waj,  wa  hava 

whara 

•ad  M  Ibr  tka  «tli«& 
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LmU/v  for  ncgaiiva  valuM  of  p  Iom  thjui  - 1  and  for  poaiiift  vaIims 
j^TMter  ibaa  <f  l|  wa  have 


Q-a»jir^,+««jr^«+.... 


wbara 

and  ao  ftir  iha  otbera. 

A(t«r  the  remarka  made  In  relation  to  the  formal  develo|Niiaal  of  0(fX 
it  ia  manifeiit  that  theae  ei|>reiuuunH  for  the  iutegrala  are  mainly  uaeftil  for 
a^trosiwate  numerical  expaiuiioiia :  they  cannot  at  preaent  ba  held  to 
oonatituto  a  complete  formulation  of  the  integraU. 

Ex,  %    In   hia  oUaaical  memoir,  already   quoted,  Hill  oonaidem  ths 

equation 

1  d^w 

the  coofllcienta  a|,  a,,  ...  being  conaiderably  amalier  than  a,.  The  memoir 
will  well  re|Niy  |ieru«al,  both  for  the  analynia  (account  being  taken  of  ths 
lacuna  aai  to  convorgouoe  aupplied  by  Foiucaru),  and  for  the  numerical 
apiMnuximationa. 

It  will  bo  noticed  that  the  effectiveneaa  of  the  method  ia  laigely  influenced 
by  the  data  aa  to  the  smallneiM  of  Og,  a,, ...,  when  compared  with  Of 

Ex,  8.    Diacuiia  the  equation  in  Ex.  1,  when  6«»|,  ao  that  Pi*p|* 

Ex,  4.    Given  an  infinite  aystem  of  differential  equationa  of  the  form 

dx^      - 

where  the  ooofficienta  0,^^  are  regular  functioua  of  t  within  a  region  |l|<  J8^ 
auoh  that  \ay^m\<Sm^%  in  ^hin  rrgiou,  where  S^^  A^  (for  m,  n^X^ ...,  oo )  are 
auc^  tha^  the  eerioa  i9,^|  +  «S',.4s'f  ...+<9»<4»+...  couveigea.  Shew  that,  if  a 
aet  of  coimtanU  Cp  r^,  ...  be  choeeu,  ao  that  the  aeriea 

oonvergee  abeolutely,  then  a  ayatcm  of  int^fgrala  of  the  equationa  ia  uniquelj 
determined  by  the  condition  that  j*m*"^»i  when  I  mO^  for  all  valuee  of  m. 

(von  Koch.) 


Othkr  Modes  or  constructing  the  Fundamental  Equation 

roR  Irregular  Inteqralr. 

127.  Tho  procoding  method,  no  far  aa  it  ia  comploted,  leads 
to  the  detcriiiiuation  uf  tho  fundamental  equation  for  a  oloaed 
drcuii  rouod  the  origiu,  the  circuit  lying  entirely  in  the  annulua ; 
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and  it  leads  also  to  the  detemiiDation  of  the  integrals.  Other 
methods  have  been  proposed  bj  Fnchs^,  Hamburgerf ,  Poincartf^, 
and  Hittag-Leffler},  some  of  them  referring  solely  to  the  con- 
struction of  the  fundamental  equation.  But  all  of  them  seem  less 
direct  than  the  preceding  method,  due  to  Hill  and  von  Koch ;  and 
they  are.  not  less,  devoid  of  difficulties  in  the  constmctaon  of  the 
complete  formal  eipression  of  the  integrals. 

JEi;  L    A  modiflcstlon  of  Hunborger's  method,  applied  to  the  squatioo 


£*e*^9'-* 


alresdj  diseiMsed  in  Ki.  1,  {  18e»  msj  giirs  soms  indkalloB  of  his 
Changing  Iks  variable  from  4r  to  C,  where 

we  havs  the  equation  In  the  form 
or  writing 


the  sqoslionll  for  F  Is 


^-r(e+lcioosl), 

Let  X  describe  a  drole  round  the  origin,  say  of  radius  unity;  Ihtn  on  lbs 
completion  of  the  drolci  I  has  incrMsed  its  ralue  by  %m. 

Let  y-i/(jr),  yg{*)  be  two  linearly  independent  integrals ;  and  when  # 
describes  its  oirolsi  let  these  become  \J{*)\  \g(*)\  req;ieoti?e|y,  so  that 

(/(*)]-«ii/(*)+«ity(*)* 

|>(x)J-a„/(*)+«„y(*). 
The  fiindamentsl  equation  for  the  circuit  is 

«n-*  t    «ii         •^ 

•  CrtlU,  X.  LttT  (1878).  pp.  177— SS8. 

t  Cretif,  t.  Lztion  (1877),. pp.  186—909.  In  eonnection  with  this  mtmob, 
nferraee  ■honld  be  made  to  two  papers  bj  OOntber,  Crt lit,  1  Cfi  (1890),  pp.  SSO— 
888.  ih.,  X.  em  (1891),  pp.  998— ftlS. 

X  AtU  Mmik., .%.  I?  (1884),  pp.  901—818.  In  eonnsetioB  with  this  SMSMrfr, 
fsfbienes  ihonkl  be  surfs  to  Yogt«  Ann.  in  Vte.  Ncnut  84r.  8*,  1  vt  (1889),8appLt 
fi^i-TL 

I  Jels  JTstlL,  1  ST  (1891),  pp.  1—89.  ^ 

I  Ia^fera,ltbaspsdalesss«f  Hni'seqsstloat  ssslt.9,|lSl 
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iliAi  b,  bj  Mnoar^y  tbaoMm  (|  14), 

M>  that  a||-l-aai  i*  the  ooe  invtrUnt  lur  the  drcuit 
Ut 

th^D  • 

C?  (1+ «w) -- On /•(!)- Oa(?  (r)/ ' 

The  ftiiMUinentAl.  •quation  u  iiuleiieudent  of  the  olioiM  of  tb«  lintarHy 
indeiwideiit  •ynteni,  aiid  it  i«  uiicluuigod  wheu  aoy  piurUfluUr  wltotioa  is 
nuMk.    Aooordingly,  let  the  iutegraU  be  choiiiBii  ao  that 

>^0-l,    >"W-<\    ^(0-0^    ^'W-1, 
wheu  l«0;  then,  luuug  the  foreguing  equatiouti  we  ^ve 

and  therefore 

which  aooordiiiglj  given  the  value  of  the  invariant,  when  the  ▼aluee  of  ^(tv) 
and  Q'  (2v)  are  known. 

To  obtain  these,  let 

M-iiiin'|l, 

ao  that  M  increanoa  from  0  to  1,  aa  I  iuoreniiea  from  0  to  Sw.    Tha  eqvAtioii 

beoomea 

MY  AY 

and  thiM  romaina  unaltered  when  we  change  %  into  l->ii.  Two  linearly 
inde|)eudent  integrals,  conatituting  a  fundamental  ayatem  in  the  viciiiiij 
of  iia»0,  are  given  by 

where  a«-"l,  <«>"1 ;  also  a^  ia  the  value  of  h^  when  p«0^  and  €^  ia  the  valiM 
of  6«  when  p^ii  the  quantitiee  6|,  being  given  by  the  equationa 

and,  for  valuea  of  a  >  3, 

Similarly,  a  fundamental  ayvtem  in  the  vicinity  of  «•!  ia  given  bf 
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■ 

The  intafral  /'(!)»  deflned  hj  Um  initbl  oondiUoBi 

wbna  $m^  it  givan  by 

The  iata^  (7(<X  deflned  bj  the  .initM  oooditiooe 

(;(l)-0,    (?'(l)-l, 
when  1—4^  b  niveii  hf 

ToobUin  MpranoM  for  F(tw\  0'(tw\  ooosider  TtliMt  of  «,  whieb 
Ito  in  Um  TicinHj  of  n-l  Mid  m«  len  tlum  1.  Bj  Um  ofdinaiy  limy  of 
UiMAT  eqiuttioiMi  we  hare 

Fln^  ki  ii«i  M  thai  l-ii-| ;  tbra  we  have 

Keil|  dlibraDtiate  with  regard  to  «!  and  tbeo  ta]Deii«}|l*ii«|t  we  haft 
F'(w)^^AF'{w)'iBa'{w\    (?'(»)-  -4(7/"(w)-JW(w). 


/•(I)  (7'(|)-/'(l)<7(l)-ooiMtaBl 

-I. 
hf  takfa^  tta  kdtial  rtlvm;  henoa 

^(ir)(;'(»)./-W(?(w)-L 

Th«M  lihtieni  gift 

AmF(w)  a'{wHF'{w)  a(w)m  -D, 


Now 


•othal 


and 


•othal 


<7(iir-r)-4r,(t»-r) 

-{4CZi(r)+D2i(r)K 

#'(t«-r)«ir,(t«-r) 

F(tw)^A. 

« 

#'(t»)-|>0'ttir)-J-i>  . 


^ 


401  UAMVUB  [117, 

Mow,  whM  I  te  »,  th«  valiM  of  »  ia  ),  ao  thai 


and  llMraloM 

•u-»-a«--#'{«»)-6''(8») 

whioh  b  tha  ittTMiani  of  Um  ftuiiUmenUl  eqiutkML  Tbk  gifw  a 
•ipr«iMioa,  the  ooly  o|ieratioiu  required  being  in  tha  direoi 
of  a,  and'  0.1,  aod  no  0110  of  tbeae  operationa  ia  invana ;  but  ilia  niaiilt 
ia  leaa  auiiad  to  numerical  ap|>n>xiuiaUon  tban  la  tba  matbod  ci  inflnilt 
datenninanta  in  tba  cane  wbcn  a  ia  amaU. 

We  aball  return  Uter  (§§  137—130)  to  a  diibreot  diecttaiioii  oT  Uua 
equation. 

JSjr.  8.    Applj  tbe  i^rocoiling  nietbod  to  HiU'a  equation 

1  d*w 

in  tba  case  wben  a,,  Oj, ...  are  not  muall  coni|iared  witb  a^. 

£x,  3.    Dincuas,  in  tbe  itaiiie  uaiuier  an  in  Ex.  I,  tba  equation 

In  |>articular,  obtain  aipreaaiomi  for  tbis  invariaute  of  tbe  ftindamantnl  aqui^ 
tion  for  i>"Ol 


CHAPTER  IX. 


Equations  with  Uniform  Periodio  CoEFnciENTs. 


128.  All  the  equations  which  hitherto  have  been  considered 
have  hud  nniform  functions  of  the  variable  for  the  coefficients  of 
the  derivatives ;  and  the  only  particular  class  of  uniform  functions, 
that  has  been  specially  adopted  with  a  view  to  detailed  discussion 
of  the  properties  of  the  equation,  is  constituted  by  those  which 
are  rational.  Many  of  the  properties,  however,  which  have  been 
established  in  the  preceding  chapters,  hold  for  uniform  functions 
whose  form,  in  the  vicinity  of  a  singularity,  is  similar  to  that  of 
a  rational  function  when  expressed  as  a  power-series  in  such  a 
vicinity.  Among  the  classes  of  uniform  functions,  other  than 
rational  functions,  there  are  two  characterised  by  a  set  of  specifio 
properties:  vis.  simply-periodic  functions,  and  doubly-periodio 
functions;  and  accordingly,  it  seems  desirable  to  consider  equa- 
tions  having  coefficients  of  this  type.  The  present  chapter  will 
be  devoted  to  Uie  discussion  of  equations  the  coefficients  in  which 
are  nniform  periodic  functions. 


Equations  with  Simplt-mriodic  CoKmoiKNTa 


Wa  begin  with  the  esse  in  which  the  coefficients  have  only  a 
single  period ;  and  we  take  the  equation  in  the  form 

where  jp^,  •••»  pm  m«  nniform  ftmotioiis  of  s,  are  periodio  in  m, 
and  have  no  essential  singiilarity  for  flnitie  values  of  §.    Let  a 
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AindamenUl  ayttoiii  of  integrals  id  the  domain  of  any  point  be 
denoted  by 

which  therefore  are  linearly  independent  A  change  of  $  into  «  4>  ai 
leaves  the  differential  equation  unaltered :  hence 

are  integrals  of  the  equation.  That  they  are  linearly  independent^ 
and  therefore  constitute  a  fundamental  system  (it  may  be  in  a 
new  domainX  is  easily  seen;  for 

satisfies  the  equation  for  all  values  of  «,  and  by  making  9  pasa 
from  auy  position  Z-f  m  to  Z  without  meeting  any  singuhurity,  iha 
integral  changes  from  liOff^(Z  -I*  m)  to  £or/r(Z).  I(  then,  Taluea 
of  0  could  bo  found  such  that  the  equation 

2c,/r(f +•»)-© 

is  satisfied  identically  (aod  not  merely  for  special  seroa  of  ika 
function  on  the  left-hand  side),  then  wo  should  have 

also  identically.    The  latter  is  impossible^  because  the  integrmb 

/i(i) fm(*)  constitute  a  fundamental  system;  and  therefoie 

the  former  is  impossible.  Thus  /i  (s  +  »)»..., /m  ('  4-  •»)  constitute 
a  fundamental  system. 

Suppose  now  that  the  domain,  in  which  the  original  funda-^ 
mental  system  exists,  and  the  domain,  in  which  the  deduced 
fundamental  system  exists,  have  some  region  in  common  that 
is  not  infinitesimal;  aud  consider  the  integrals  within  thia 
common  region.  As  /i(ir-f  c»),  ..., /mC^' -t-c^)  9s^  integrals,  and 
<^/i(')*  •••>/«(')  ^^  A  fundamental  bystem,  we  have  equationa 
of  the  form 

/i  (i  +  c»)«aii/i(«)+...4-Ot»/«i(s) 

/«  (x -f  •#)  -  Onu/i  W  +  . . .  +  a««,/«  (*) 

where  the  coefUcients  a  are  constants ;  their  determinant  ia  not 
zero,  because  the  set  of  integrals  on  the  left-hand  side  constitutea 
a  fundamental  system. 


\ 
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Consider  may  other  integral  in  thia  region :  it  ia  of  the  form 

where  iC|,  «i»  ...i  Cm  ire  constants ;  and  so 


In  Older  that  f{f)  maj  be  characterised  bj  Uie  property 

where  tf  is  some  constant,  Uie  coefficients  «  must  be  chosen  so 
that 


(p»l,  2,  ...f  ^)ff 


a  set  of  a  eqoations  linear  and  homogeneous  in  the  coefficients  « ; 
and  therefore  8  mnst  satisfy  the  equation 


A{9)' 


Omi 


^'mi   9   •••!    *^•lll""' 


-0, 


an  equation  involving  the  coefficients  a,  and  so  apparently  depend- 
ing  upon  the  choice  of  the  fundamental  system  /i,  ...v  /«!• 

But,  as  with  the  corresponding  equation  for  a  set  of  integrals 
near  a  singularity  ($  14),  we  prove  that  ihis  equation  ii  independent 
of  the  ekoiee  of  the  fundamental  eyetem,  eo  thai  the  coefficienie 
of  the  powere  of  0  are  invariante.  The  proof  follows  the  lines 
of  Hamburger's  proof  for  the  earlier  proposition.  Let  another 
ftindamental  system  gi(M\  ...,  gm(^)»  existing  in  the  region  under 
consideration,  be  such  that 

the  determinant  of  the  coefficients  b  being  diffiDrent  from  lero. 
The  equalkmt  to  be  satisfied  by  the  multiplier  0  of  F(m%  is 


«(*)- 


6^     |-0. 


Kn  9      Km  9  •••#  Kim^0 
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At  the  iniegrab  /  are  a  fiindameoUi  aystem  in  Ilia  region,  in 

which  the  integraU  g  eiist^  we  have 

where  the  determiiiant  of  the  coefficienU  Cn.  aay  0,  ia  not  lero. 
Thus,  as 


we  have 


S   2  6„c^/i  (#)  -  2   £cr,a^/i(i). 
<-i  1-1  «-i  1-1 


This  honiogeneoiui  liuear  relation  among  the  linearly  independent 
integrals/ must  be  an  identity;  and  therefore 


say.    Then 


CB(6)^ 


Ai0)O. 


so  that,  as  0  is  not  sero,  we  have 

and  the  equation  is  invariantiva     We  therefore  eall  it  ik$  /undth 


menial  eqjuation  for  ike  period  li. 
Let  A  (s)  denote  the  determinant 


A(*)- 


^17>   <<"•'/« 


«!-*/« 


d«»-»  '    d«— »  •    •••    d«^ 


rf/.  d/, 

di    '       dx    

/l  •  ft        •      ••••  /« 


dM 


then,  M  in  S  9,  we  have 

A(*)-A(x.)#/., 


ftW^ 


Hence 


isa] 
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■othat 

where  we  may  assume  the  integration  to  take  place  along  a  path 
that  does  not  approach  in6nitesima^lj  near  the  aingularitiee  of  |Ht 
if  anj.  Now,  as  |h  is  a  uniform  ftinotiont  simpljr-periodio  in  m,  it 
is  known*  that  pi  is  expressible  in  the  form 


••• 


§ni 


within  such  a  region  as  encloses  the  path  of  integration ;  and  the 
series  is  a.conrerging  series.    But 


$  •  dm^O, 


if  the  intq[er  a  is  distinct  from  lero ;  hence 

Bot,  labsUtatiiig  in.  A  («  +  •»)  the  ezpreariona  (br/i(«-f  «),  ..., 

/mif  +  f)  And  their  deriTativet,  in  tenns  of /i(«X  ••»  /*(').  ■»' 
lir  derivatives,  we  have 


A(«)    " 


which  is  the  non^Tanishing  constant  term  in  il  (^ ;  and  thus 

In  particular,  when  pi  is  lero^  so  that  the  diflferential  equation 
contains  no  term  in    i^  ^  ,  we  have  ilt  ""O ;  and  then 

It9.    The  generic  character  of  the  integrals  depends  upon  the 
nakire  of  the  roots  of  the  iiindamental  equation. 
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Ifih%m  roaii  of  the  fandammiial  mjuatiom  art  dijftrmd  /rom 
on$  another,  and  if  (Key  ar§.denoied  fty  0^  '••  ••••  'mi  ihmk  a 

/undammUai  9y$Um  of  inUgnds  exitU,  Muek  thai 

F,(s  +  ••)  -  tfr^r  (A  (r  - 1. ....  mX 

Consider  any  limple  root  0,  of  the  equation  A{0)m1i, 
Then  not  all  the  minoni  of  A  (0)  of  the  fint  order  can  Taniah  for 
0  m  0,1  hence  m  -  1  of  the  equations 

^a^ic^m0K,.  (p-il,  2. ....  mX 

determine  ratios  of  the  m  quantities  ic,  and  consequently  detenn« 
ine  a  function  /V(')  having  a  multiplier  0^,  This  holds  Uxr  each 
of  the  m  different  roots:  and  thus  m  different  functions  F(m)  are 
determined. 

These  m  functions  are  linearly  independent  of  one  another.  If 
there  were  an  equation 

which  b  satisfied  identically,  then  also 

74^1(1  + •»)  +  7,*;(s  +  «#)  +  ...  +  7«lU(s^«#)-0, 
that  is, 

^  Similarly, 

'i*7i''i  (')  +  '.•7.^.0)  +  ..  +  '«'7«^i  W  -0; 
and  so  on,  up  to 

tfi"^«7i^i  W  +  '••"Wt^t  W  +  •••  +  '«.— »7«.^«  W-tt. 
Now  the  determinant 

\9x*,  *.'.  9»\  ....  tf,-^»| 
doea  not  vanishj  because  the  quautitien  9  are  unequal :  heoee 

7.^1  («)  -  «.  7.''.(') - «.  .  •.  7-^- (*) - 0, 

I 

SO  that  the  pon«tants  7  all  vanish.  The  m  functions  F  thavefova 
constitute  a  fundamental  system. 

130.  Next,  let  »  be  a  root  of  A  (0)«>O  of  multiplioily  ^ 
where  /4  >  1.    The  equations 

2  a^ic^  -  tfi^,  ( p  •  1, ...»  mX 


X 
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are  consistent  with  one  another,  though  not  necessarily  inde* 
pendent  of  one  another:  any  m  — 1  of  them  are  satisBed  by 
ratios  of  the  quantities  k,  which  are  finite  and  may  contain 
arbitrary  elements.  Giving  any  particular  values  to  the  last,  we 
have  an  integral,  say  4^|  («),  defined  by  means  of  these  quantities : 
it  is  such  that 

and  it  is  a  linear  combination  of/i  (ir),  ••••/■(')•  Taking  any  one 
of  the  integrals  which  occur  in  the  expression  of  this  linear  com- 
bination, say  /i  (i\  we  modify  the  fundamental  system  so  as  to 
replace  /i  (t )  by  ^i  (m).  Let  the  equations  for  the  increase  of  the 
argument  by  m  in  the  modified  fundamental  system  be 

/r(i-fs»)-ier,4»,(jr)-fc„/,(«)-f  ...-fenn/mC').    (f- 2, ..., m); 
then  the  fundamental  equation  is 


9     ••• 


•     ••• 


Ca     ,   <^  — ^»  ••• 


-0. 


which,  owing  to  ita  in  variantive  ebaneter,  iBA(,0)^  0,  Mid  therefore 
has  ^  for  •  root  of  multiplicitjr  /i.    Coasequentlj,  the  equation 


M«) 


-0 


has  !^  for  a  root  of  multiplicity  ^  —  1 ;  and  therefore  the  equations 

««•«•'  +  ««•«•'  +  ... -fCCi-w-a)*.!'- 0, 

are  consistent  with  one  another,  and  any  m  —  2  are  satisfied  by 
ratios  of  the  quantities  ir',  which  are  finite  and  may  contain 
arbitrary  elements.  Giving  any  particular  values  to  the  latter, 
and  writing 

we  have 


10 
nhero 


PUNDAIIXIITAL  8r»lJb» 


X.-1 


^^( 


r-t 


•0  that  X«  it  a  oonsUni,  which  may  be  lero.  The  quentit/  ^(m) 
it  an  intq^  of  the  difforeDtial  equation :  we  ute  it  to  leplaee 
tome  one  of  the  integralt  in  itt  ezpresiion,  taj  /%(t\  in  the 
fundamental  tyttem^  to  that  the  latter  then  it  oonttituted  bj 

4>iW.  4>.(^X /.(').  ..../ii(^> 

Proceeding  timilarly  from  atage  to  ttage,  we  inier  that» 
associated  with  a  root  %  of  multiplicity  /4  of  the  fundamental, 
equation,  there  eiists  a  set  of  /a  integrals  such  that 

where  the  coefficients  X  are  constants. 

Similarly,  if  the  roots  of  the  e4)uation  il  ((f)aiO  are  %, ....  %» 
of  multiplicities  /A|,  ....Mh  re^ipectively,  so  that  fii -f  •••-!- /ftA^Bm, 
the  fundamental  system  can  be  chosen  so  that  it  arranges  itself  in 
n  sets,  each  set  being  associated  with  one  root  of  the  fundamental 
equation  and  having  properties  of  the  same  nature  at  the  set 
associated  with  the  preceding  root  of  multiplicity  %. 

A  function,  characterised  by  the  property 

is  strictly  periodic,  and  sometimes  it  is  said  to  be  periodic  of  the 
first  kind.    A  function,  characterised  by  Ihe  property 

where  tf  is  a  constant  different  from  unity,  is  pseudo-periodic,  and 
toiaetimet  it  is  said  to  be  periodic  of  the  second  kind,  $  being 
called  its  multiplier.     A  function,  characterised  by  the  property 

where  X  and  /i  are  constant!,  is  also  pseudo-periodic,  and  tome* 
it  iM  taid  to  be  periodic  ot  tW  \Xv\x^>k\\x^V. 
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With  these  definitions,  the  preceding  resnlt  can  be  ennneiAted 
as  follows^ : — 


A  linwr  differential  equation^  the  eoejficiente  ef  mMdi.  are 
eimply-periodie  in  a  period  m,  paaeeeeee  tntegrale  wki^  are 
periodic  of  the  eecond  kind:  and  the  number  of  euek  integrate 
ie  at  leaet  ae  great  ae  the  number  of  dietinet  roote  of  the  funics 
mental  equation  for  the 


JSe.  1.    Profs  th*t»  if  the  eqoatioo 

7P+AW^+PiWt»-o 

in  inlegnl  which  is  periodic  of  the  third  Uad  wHh  a  asiiltlpUsr 
/"^,tliso 

A('+*)-A(i)-Xpi(f)+X« 
Hence  integrate  the  equation 

shewing  that  Xmmiwl  (CMg.) 

Se.  t.    Shew  thst,  if  the  coefficients  in  the  equation 

hsTe  the  ibnn 

where  ^  and  ifr  are  periodic  of  the  first  kind,  then  the  equation  certain^ 
one  integral  that  is  periodic  of  the  tUrd  kind.  (Craig.) 


181..   On  the  basis  of  these  properties,  we  can  take  one  ilep 
towairds  the  analytical  expression  of  the  integrals. 

The  intqpral  4>i(j)  is  a  periodic  function  of  the  second  kind. 

As  rsgaids  the  integral  4>t(f)»  we  have 

♦.(!  +  •)     *ai)^' 
•othat 

•  fIsfMil  iaa.  dkrie.  lfsna.«Blr.  f*,  1  SBfiaSI),  f.  M. 
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90  thai  the  fuootion  on  the  right-hand  aide  ia  a  periodio  faprtWMi 
of  the  fint  kind,  tay  ^  (i).    Therefore 

where  4>a(«)  i«  a  ooostaot  multiple  of  4^(i),  and  the  eonatani 
factor  may  be  sero;  and  4>ai(j).  *V^(')^('X  >*  *  periodio 
function  of  the  second  kind,  with  the  same  multiplier  as  ^i  (iX 

Ae  regards  the  integral  4>t  {m\  we  have . 

Now,  if 

we  have 

«(#  +  «)-*  (A 

•0  that  $(m)  IB  periodic  of  the  first  kind.    Hence 

where  4>g|  (m)  »  $  (i)  4>|  (s),  and  therefore  is  a  periodio  fiinctioQ  of 
the  second  kind  with  the  aanie  multiplier  as  4^;  where  4^s(s)  is  a 
linear  combination  of  4>u  (i)  and  4>i  («),  and  thus  is  periodio  of  the 
second  kind  with  the  same  multiplier  as  4>i  (m)  ;  and  ^m  (^)  is  a 
constant  multiple  of  4>|  (mJ,  in  which  the  constant  finctor.  vix 

may  be  sero,  and  certainly  is  zero  if  4>«ij(«)  disappears  from  4^(f) 
owing  to  the  vanishing  of  its  constant  fieurtor. 

PA)ceeding  in  this  way  stage  by  stage,  we  obtain  expreenoos 
for  the  integrals  in  succesnion ;  and  we  find 

where 

so  that  it  is  a  constant  multiple  of  4>|(«),  the  constant  fiictor 
being  capable  of  vanishing ;  and  all  the  functions  4>,|  (i),  4>vt  (iX 
...,  4>|.,,^.|(«)  are  periodio  functions  of  the  second  kind  with  the 
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flame  multiplier  as  ^i(i),  and  are  eipressible  as  linear  combina- 
tions of  ^1,  ^nt  ^Hi  •••#  ^r-i,i*  This  holds  for  the  values  r  « 1, 
2, ....  fk 

Similarly  for  any  other  set  of  integrals,  associated  with  any 
multiple  root  of  the  fundamental  equation  of  the  period. 

It  may,  however,  happen  that  some  one  of  the  coefficients 
X,,».|  Tanishes,  so  that,  for  all  values  of  r  >  t ,  the  term  in  ^^  (i) 
disappears.  The  alternative  result  is  that  a  linear  combination  of 
the  functions  4>«(f),  4>«.|(f),  •••,  4>i(f)  can  be  constructed  which  is 
periodic  of  the  second  kind.  This  linear  combination  can  be  used 
to  replace  ^«  (i ),  and  thus  may  be  the  initial  member  of  another 
/Set  of  integrals  in  the  group  associated  with  the  multiplier  ^. 
The  proof  of  this  statement  is  simple.  Assume  that  K,§^  vanishes* 
and  that  no  one  of  the  coefficients  X^.twi  for  values  of  t*<s  vanishes; 
and  construct  the  linear  combination 

choosing  the  coefficients  «  so  that  the  term  in  4|  disappears  and 
thai  the  remaining  terms  are  - 

To  satisfy  these  conditions,  we  must  have 

0  •  <r.Xg,  +  irt-|X^i.i  +  . . .  +  «4X«  +  «iX., 
0  -  ir«X«  +  ift-|XK-i.t  +  ...  +  «4^, 


Transfer  the  terms  in  «« to  the  left-hand  side :  the  determinant  of 
the  coefficients  m  on  the  remaining  right-hand  side  is 

whidi  by  the  initial  hypothesis  does  not  vanish.  Some  of  the 
coefficients  X^,  X«,  •••,  X«,»^  are  different  fix>m  aero^  for  ^aCf) 
is  not  a  periodic  function  of  the  second  kind;  hence  there  are 
finite  non-aero  values  for  the  ratios  of  ict^i ...,  tfg  %o  tt^.  When 
these  values  are  inserted,  let 

then 
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•o  thai  tft(f)  i«  periodie  of  the  teooiid  kind,  with  the  common 
malUplier  % ;  it  can  replace  4>«  (i)  in  the  fundamental  ejitcm,  and 
then  can,  like  4>|  («),  be  the  initial  member  of  another  eel  within 
the  group  of  the  same  type  m  4>i(«),  ..*,  4>«.i(i).  The  statement 
is  thufl  proved. 

182.  Any  set,  such  as  4>|  (iX  ••••  ^t-i  (')  in  ^  preceding 
group  of  integrals,  whether  t « /4  or  be  less  than  /4i  can  be  replaced 
by  an  equivaleDt  set  of  simpler  Cmtul 

Let  the  equation  be  written 

-  (I>»  +  J>,/>!^' +  ...  +  p.)  ». 

■0  that 

P-i)-  +  p,i>«-«  + ... +D^,i)+;»,. 
Alio  let  • 

i»,  -  !«/>"-•  +  (m  -  1)/>.X)— »  + ...  +ji^ 

dP 

•od,  generally^uSK 

Let  the  integral  of  the  aet  containing  the  higheat  power  of  «, 
My  «^',  be  exprc83od  in  the  form 

...•f(r-l)s^4f^ 
the  binomial  factors  being  inserted  for  aimpUdty.    Then,  m 

P  (ff)  -  fP  (f )  +  «->P,  (f )  +  «  («  - 1)  *-»P.(f )  + .... 
we  have 

OmP(w)  . 

'/*  (♦,)  +  (r  - 1)  i-«P.  (^)  +  i(r-  l)(r  -  8)  j^P,  (^  + ... 

+ 


\ 
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which  can  be  latisfied  identically,  only  if 

0-P(*,). 
0  -  P{4h)  +  Pi  (♦.)• 
0-P(*,)  +  JP.(^)  +  P,(#iX      . 

The  fint  of  these  conditions  shews  that 

is  an  integral  of  the  equation.    The  second  shews  that 

t»-^+s^ 
is  an  integral ;  the  third  that 

is  an  integral    And  generally,  if  W  denote 


••• 


i;  an  integral  of  the  equation,  then  each  of  the  quantiti 
1    &t5      2I(r-3)ia«t9  0»-l)l(r-;»)I3^® 


is  an  integral  of  the  equation,  when  {^  is  replaced  by  i  after  diflTer- 
entiation.  Accordingly,  the  group  of  r  integrals  in  the  set  are 
linearly  equivalent  to 

« 

11,-1^-1-2/^-1-.^^, 

Ur-*r  +  (r- 1)1^,^,-1- ...  +  (r-l)j^^-|.f^^, 

and  any  linear  combination  of  these  is  an  integral  of  the  differ- 
ential equation ;  all  the  quantities  ^  which  occur  in  them  are 
periodic  of  the  second  kind,  haying  the  iame  multiplier. 

Similarly  for  any  other  set ;  and  thus  tk$  tn  integraU  of  tk§ 
equation  wM  b$  conttiiuied  (y  $ei$  of  tu  Ut  •••$  r^  iniegrah  of  th$ 
proeeding  ijfp99.  wkero  ti  -¥  r^f ...  «f  rn^fis  ami  l4s  sjfstem  cofitoifif 
fi  jwfMNiiioytoicfiofif  ^l4s  ssooimI  MmL. 


\ 
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Gauur  or  Intiq«aui  uhocuted  witb  a  HoLTms  Boor 

or  THE   FUHDAMCNTAL  EgUATIOH  OT  THE  PlUOb 

188.  Theie  ksuIU  can  ■Uo  be  obtained  by  nung  tba  tnptr^ 
(iet  of  the  elenent&ry  divuun  of  th«  quaatity  A  (0);  when  it  k 
eipKMed  ID  iU  duterminanutl  fomt.  Let  the  elemeittuj  dirieon 
■ssocUted  with  (he  root  %  be 

w>  that,  as  in  S  IS,  the  bighetit  |(ower  of  0 -  %i  common  to  «U  the 
fint  minun  of  A  (B)  is  (0  -  &)*>,  (be  higheat  power  conmon  to  nil 
the  evcond  minon  t^  A{$)it($~  %y^,  and  ao  on ;  and  the  mioota 
of  order  t  (aud  iheiorure  of  degree  m  —  t  in  the  coefficients)  of 
A  {$)  are  the  earliest  in  auccetiaively  increasing  orders  not  to 
vaniah  aimultaneoiuily  when  $^^.  Aa  in  the  earlier  cnae  dia- 
ouimed  in  §g  15,  16,  we  have 

Proceeding  on  linea  prcciMvIy  Himilar  to  thoae  fblbwed  in  {  tl 
for  the  armugeineut,  in  sub-gniupa,  of  the  group  of  integinla 
atuKiciated  with  a  multiple  root  of  the  fundamental  equation 
belonging  to  the  aingularity,  wo  obtain  a  correiqionding  result  in 
the  present  case,  aa  follows : — 

The  group  of/i  integral*,  awociated  with  the  root  %  of  muUijiti- 
eity  n,  Monging  to  the /undo  mental  tquationfor  tht  period  m,  ant  b$ 
arranged  in  r  eub-gruuju,  where  t  it  the  ttunAer  of  eiemeidary 
diviaora  of  A  {&)  which  are  powera  of  0  —  %.  If  tht  X  Ktmhert  of 
any  om  of  theae  tuh-groupa  he  denoted  bg  jrt(<),  a('X  ••■■  g^i*), 
theae  integrala  of  the  differential  equation  eatiafif  tht  ekaraeteriatie 
tquatiout 

J,  (#  +  «)-  ftffi  (i> 

J.  (*+-)- a?,  («)+?,(*) 


Taking  aU  theie  tub-groupa  together,  the  number  i^  Jirat  • 

wAicA  occur  in  Iheia  ia  equal  to  the  nuttier  tff  lit  tiA-groupt, 

that  it,  tht  KuvdMr  of  the  elementary  divitort  of  A  tfi^  t 
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with  tf  —  ft;  the  number  of  $ecand  epuiManM which  occur  %$  the  eame 
(u  the  number  of  thoee  indicee  of  Ae  elemeniary  diviaore  connected 
with  tf  —  %  that  are  not  leee  than  2;  the  number  of  third  equatione 
i$  the  eame  ae  the  number  of  thoee  indicee  thai  are  not  leee  than  8  ; 
and  eo  on^  the  number  of  equaiione  in  the  fireLjiiuIhgroup  being 

The  aiudogj  with  the  Hamburger  sub-groups  in  Chapter  II  is 
complete. 

Corollary.  The  total  number  of  integrate  of  the  eeoond  kind, 
defined  ae  eaJtiefging  a  relation  of  the  form 

g(»'¥u)^eg{M\ 

where  9  iea  constant^  ie  the  total  number  of  elemeniary  dimeore  of 
A (9)  aeeociaied  with  all  the  rooie  of  A{0)'»O\  a  theorem  more 
exact  than  Floquet's  ($  130).  For  the  total  number  of  such 
integrals,  in  the  group  associated  with  a  multiple  root  of 
it  (^  M  0,  is  equal  to  the  number  of  elementary  divison  of  ii  (^ 
associated  with  that  root:  and  the  total  number  of  groups  is 
equal  to  the  number  of  distinct  roots  of  A  {0) » 0. 

184.  Some  approach  to  the  analytical  expressions  of  the 
functions,  satisfying  the  equations  charaqteristie  of  the  sub-group^ 
can  be  made,  as  in  $  28.    Let 


and  introduce  a  difference-symbol  V,  such  that^ 
for  any  function  J^;  also  let 

where  the  functions  Xi»  K$9  •••!  7Ch  ^^'^  periodio  fnnotions  of  i,  with 
a  period  «,  and 

A-l\,      (X-l)l 

V    r   /     rl(X-l-r)r 


*  Fcr  IhM  aifl^NDos-qprnMs  la  t«nl,  me  a  ■wntff  ly  CmanM^Aim.  <i 
tret,  8«.  AM  X  (ISSfK  pp.  10-41. 

f  .  IT.  1R 
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ThenifweUke 

A»L.(*)-a^a»VO(t). 
for  'all  valaea  of  w,  we  have 

AvHi  («  +  •»)- a^  a^«v«o  (#  + •) 

holiding  for  *U  values  of  n.    These  are  the  characteriatie  eqaationa 
of  the  sub-group ;  and  we  therefore  can  write 

j;*_(#)-a-a"VO(«). 
with  the  abo^e  Dotations,  for  n »0, 1, ...,  X  —  L 

These  X  integrals  are  a  liueHrly  independent  set  out  of  il^' 
(undamental  system;  the  system  will  remain  Aindamental,  if 
9it  9u  ••*i9k  are  replaced  by  X  other  functions,  linearly  equivaleni 
to  them  and  linearly  independent  of  one  another.  This  modifica- 
tion  can  be  effected  in  the  same  way  as  the  correspooding  modifi- 
cation  was  effected  in  §  24,  yiz.  by  intnxlucing  a  set  of  funoiions, 
associated  with  0  and  defined  by  the  relations 

0|(/)-x.. 
0,(i)-x-  +  X»C 


the  functions  x  being  periodic  functions  of  «,  with  the  period  ai. 
ConstructiDg  the  expressions  VG,  V*0,  ...,  V^'^'O,  we  find 

V»0  -  c^  ,0a_,  +  c^,0»_,  + . . .  +  c^  K-tQi . 
V*-«0-Oa-,.,(?.  +  c*_^.0„ 

where  the  constants  c  are  non-vanishing  numbers,  the  exact  valiiea 
of  which  are  not  needed  for  the  present  purpose. 
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It  follows,  fixim  the  last  of  the  equations,  that  0|  is  a  constant 

maltiple  of  V*-*0,  and  therefore  that  ^  0|  is  a  constant  multiple 

of  ^1  {$);  we  replace  ^i  (i)  in  the  fundamental  system  by.^  0%. 
It  follows,  from  the  last  two  of  the  equations,  that  Of  is  a  li 


combination  of  V^-^  and  V^-^O,  and  therefore  that  ^0^  it  a 
linear  combination  of  g^  (i )  and  ffi  {$).    As  ffi  (i)  has  been  replaced 

£ 

in  the  fundamental  system,  we  now  replace  i^t(f)  by  ^Oti  ^^^ 
the  system  remains  fundamental. 

And  so  on,  for  the  integrals  in  succession.  Proceeding  thus, 
we  obtain  X  integrals  of  the  form 

'a  a  a 

Further,  these  integrals  are  linearly  independent,  and  so  th^y  are 
linearly  equivalent  to  ffiii),  ^•('), ...»  ^a (').  For  if  any  relation, 
linear  and  homogeneous  among  these  quantities,  were  to  exist 
with  non-vanishing  coefficients,  we  should,  on  substitution  for 
Oji  Ot, ...»  Oa  in  terms  of  0,VO.V*0, ...,  V*-'0,  obtain  a  relation, 
linear  and  homogeneous  among  the  quantities  ^i(f),  ••.,  ffkif) 
with  non-vanishing  coefficients.  Such  a  relation  does  not  exist. 
Accordingly,  the  X  integrals 

&-(?,(/).  V(?,(f).  ...,  V(?A(f) 

can  be  taken  as  constituting  the  required  sub-group  of  integrals. 

We  now  are  in  a  position  to  enunciate  the  following  result, 
defining  the  group  of  integrals  associated  with  a  multiple  root  ^ 
of  the  fundamental  equation  of  the  period : — 

When  a  root  ^  of  ihe  fundamental  equation  A  (0)^0  i$  of 
muUiplicit]/  f»,  there  i$  a  gi-oup  of  f»  integrals  associated  with  thai 
root ;  the  group  can  he  arranged  in  a  number  of  svXhgroups,  their 
number  being  equal  to  the  number  of  elementary  divisorB  of  A  {9) 
which  are  powers  of^^fi;  the  number  of  integrals  in  the  first 
sulh^roup  is  equal  to  the  number  of  those  elementary  divisors;  the 
number  tn  the  seoond  sub-group  is  equal  to  the  number  of  the 
exponents  of  thoss  disisors  tvAidk  are  equal  to  or  greater  than  2 ; 
As  number  in  the  third  eub-group  is  equal  to  the  number  of  the 

1R— \ 
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$9p(mmU§  of  Ao$§  diwUarg  whiek  ar§  •fuol  to  or  gr§aUr  tkam  S; 
Olid  a  gub^group,  which  ooniaim  X  %nUgral$t  %$  §quimUini  to  tk$  X 
(fiMaWy  indepmidmU  quantiti$$ 


for  r ml,  2,  ....  X:  (A«  juanfttiM  ;i^.  ...,  j^a  ar«  periodic  fiuutioM 

c/  s,  but  they  are  not  Mceuariiy  uniform :  {'  denotee  — ,  ami 

/r-l\  (r-l)l_ 

V    «   /     «l(r-l-«)I' 

Mote.    Bj  takiog  ^a  *  «~*^i  for  »  *  1, ...,  X,  and  writing 
the  inttignla  become 

ar  0,  (*).  a^  0,  («x  .  • ..  a- <?•  (*X 

where 

the  functioiui  ^  baving  the  same  character  as  the  foDetioiia  x* 

135.  There  is  a  theorem  of  the  oature  of  a  convene  to  Uie 
foregoing  proposition,  which  is  analogous  to  Fuchs's  theorem 
proved  in  §§  25 — 28.  The  theorem,  which  manifestly  is  important 
as  regards  the  reducibility  of  a  given  e()uation,  is  .as  follows:— 

I/an  expression  for  a  quantitif  u  is  given  in  the  form 

where  ^  is  a  constant,  all  the  functions  ^ ^  are  periodic  m  es, 

and  {  denotes  -  ,  then  u  satisfies  a  homogeneous  linear  difirmUiat 
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€juaHan  iff  order  n,  the  eoefficiente  of  which  are  um/arm  periodie 
funeUane  o/s,  having  ihe period  m;  moreover, 

8f  •  ar 5f^> 

are  integrate  of  the  eame  equation  and,  taken  together  with  «,  theg 
conetiiute  a/undamenial  eyeiemfor  the  equation  of  order  n, ' 

The  ooune  of  the  proof  is  so  similar  to  the  proof  of  the  corre- 
sponding theorem  as  established  in  §§  26 — 28  that  it  need  not  be 
set  out  here^.    It  can  be  divided  into  three  sections ;  in  the  firsts 

it  is  proved  that  rp,  ...,  gz;^  satisfy  such  an  equation,  if  u 

satisfies  it;  in  the  second,  it  is  proved  that  these  must  form  a 
fundamental  system,  for  no  homogeneous  linear  relation  with  non- 
evanescent  coefficients  can  exist  among  them ;  in  the  third,  it  is 
shewn  that  the  linear  equation,  which  has  these  quantities  for  its 
fundamental  qrstem,  has  uniform  periodic  functions  of  e  with 
period  m  for  its  coefficients.  The  details  of  the  proof  are  lefi  to 
the  student. 


Mode  or  oraininq  Intbqrals  that  are  Uniform. 

1*16.  The  further  determination  of  the  analytical  expressions 
of  the  integrals,  on  the  basis  of  the  properties  already  established, 
is  not  possible  in  the  general  case.  Thus  the  functions  Xi»  •*•»  X'^* 
occurring  in  the  sub-group  specially  considered  in  $  184,  are 
periodic  fonctions  of  the  second  kind  with  a  multiplier  ^.  If  we 
take  new  functions  ^i{e), ...,  V^a(«),  rach  that 

X.(i)-a^tr(*) 

-^■^VrC'X  (r-l,...,XX 

these  new  functions  are  periodic  of  the  first  kind.  But  further 
properties  of  the  functions  must  be  given  if  there  is  to  be  any 
farther  determination  of  their  form. 

When  we  limit  oarselves  to  the  consideration  of  those  equations 
whose  integrals  are  nnifbrm  functions,  *  (criteria  are  determiiied 

sTlhS  SBsljili  of  I  ISi  It  smMI  hi  stlsMblrfaS  Iks 
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independeiitly  by  oonBideriDg  the  integrals  in  the  Tieiiiit/  of  the 
•ingularitieeX  tome  further  progrefls  can  be  made ;  bat,  of  comae, 
the  assumption  that  the  integrals  are  of  this  character  must  be 
justified  by  appropriate  limitations  upon  the  forms  of  the  ooeffi- 
oients  pi,  ...9  Pm  in  the  dHgioal  differential  equation.  .In  such 
cases,  every  quantity  such  as  ^,(«)  is  a  uniform  simply*periodie 
function  of  the  first  kind;  it  can  therefore^  be  expressed  in  the 
form  of  a  Laurent*Fourier  series  such  as 


««  — : 


Such  a  form  of  expression  does  not  lead,  however,  towards  the. 
determination  of  the  criteria  for  securing  such  %  result  or  any 
other  result  of  a  corresponding  kind  for  any  other  assumption.  In 
particular  examples,  we  adopt  a  different  method  of  practical 
procedure. 

In  order  to  determine  some  of  thu  functional  properties  of  the 
integrals,  it  frequently  is  expedient  to  change  the  variable  ao  that, 
if  possible,  the  transformed  equation  belongs  to  one  or  other  of 
the  classes  of  equatit>ns  considered  in  preceding  chapters.  . 

Thus  if  the  coefficients  jhi  ••••i>M>  which  are  uniform  periodic 


•  .    iiTM  2'ri 

functions  of  m,  occur  as  rational  functions  of  sin  —  and  coa      -  . 

e»  m 

then,  introducing  a  new  variable  t,  where 

Usi 

we  obtain  a  linear  equation,  the  coefficients  of  which  are  rational 
functions  of  /.  Some  characteristic  properties  of  the  integrala 
of  the  equation  in  the  latter  form  can  be  obtained  by  earlier 
processes ;  it  may  even  be  possible  to  determine  the  fundamental 
system  of  integrals. 

The  preceding  transformation  is,  however,  not  the  only  one 
that  can  be  used  with  advantage;  and  it  often  happens  thai 
the  special  form  of  a  particular  equation  suggests  a  special 
transformation  which  is  effective.  In  particular,  if  the  coeffi* 
oients  in  the  e({uation  are  alternately  odd  and  even  Ainctiooa, 

•  r.  y.,  I  lis. 
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each  that  jHtlHiJibi  •••  ^re  odd»  and  j)b»P4»Jibt  •••  Mne  even,  then 
we  may  take 

laicoe  — ,  or  am  — , 

tf  m 

as  a  new  independent  Tariable:  it  is  easy  to  prove  that  the 
transformed  equation  has  uniform  functions  of  f  for  its  ooefB- 
cientSL  Also,  some  indication  is  occasionally  given  as  to  a  choice 
between  these  two  transformations;  for  example,  if  an  irreducible 
pole  of  the  original  equation  is  j  "^  0,  we  should  choose 

-      .   ir# 

I  -  sin  — 
a» 

as  the  transformation,  and  consider  the  integrals  in  the  vicinity  of 
I «  0 ;  whereas  the  other  would  be  chosen,  if  an  irreducible  pole  of 
the  equation  is  #  >■  }«• 

Another  transformation,  that  sometimes  can  prove  effective,  is 

l-tangj; 

any  uniform  function  of  t ,  periodic  in  «,  can  be  expressed  aa  a 
uniform  function  of  I ;  and  the  differential  equation  is  transformed 
into  one  which  has  uniform  functions  of  f  for  its  ooeflkienta. 

Kg.  1.    Oonaider  the  equatioo 

^-1- ta  ^  oot  f  4- (ft-ff-0eol^t)  w«<K 

wheie  a»  ft^  0  are  ooostsnta    Writing 

wsiii*f>Bjr, 
we  have  the  equslion 

wheie 

fima-^h^    y«0-»-«-a^« 

As  the  equalioo  is  periodic  hi  v,  sad  ss  i  sO  is  a  singnkrityi  %•  Isks  a 
truMnjriiiatiOB 

sad  the  eqaslioB  is 

"-'>S-l*'(?«-')-» 

Tbt  fadkial  aqtHilioB  lbrl*0  to 

If  fmta^^** 


■otiuil 
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l(«-l-p)(»-l-f-l)-»'V)«.-l(«V-M-*-»-y|«w.„ 

Ths  Ibnii  of  a«,  III  tenna  of  a«.|,  ihawt  that  tho  Mriot  for  jr  ccofig—  lor 
vaIimn  of  I<  1.  If  the  two  rooU  of  Um  indicial  equation  art  ^  and ^,  and 
/(I,  pi\/lit  |»|)  ba  Um  two  valuM  of  y,  the  priioitiva  of  the  origiiial  aqualkMH  ia 

i^j.  S.    Ooneider  the  equation 

where  a  ia  a  ooniitant    Taking 

we  And  the  traueformed  equation  fur  f  to  be 

which  ia  Legendre'a  equation  and  eo  ita  primitive  ia  known, 
Kx.  8.    Obtain  integrals  of  the  equationa 

(i)    -Tj^^j-coiB^wocmbc^M'mO; 
(ii)  -i^-l-4  20oiiecS«-|-8i9iieo*««0; 

Ex.  4.    One  integral,  /(f  X  of  the  equation 
4(8-ain«)^-|-i(3iim«-»-8coef-6)^^-|-(5-looa«-ein«)if«0 

eatiefles  iha  relation 

/(f+«»)+«*/(i)-0; 

And  the  general  nolution.  (Math.  Tripo^  Ftei  ll|  1806L) 

Ex.  ft.    Shew  that  the  equation 

w  dt*     aiu'i 
kaa  an  integral 

viMTi  $1  baa  an  appiopriafta  ooutiant  value;  and  obtain  the  prinitiveL 

^fUiatt.) 


1 .  •.  ■  J  - 
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Jb6L    ObUia  ail  integral  of  the  equatioD 

Idh^       6     .  . 

wlMre  A  ia  a  oonateati  in  the  fonn 

^^ain(f->i,)rin(f>%)^(«t#.»iMt^i 
,         ain'f  • 

where  S|  and  %  aie  appropriate  determinate  oooalante:  and  obtain  the 
primiUTa  (ILKUiott) 

£x,  7.    Integrate  the  equation 

where  » ia  an  integer,  and  A  li  a  oonatant  (IL  KUiott) 

137.  A  aomewhat  different  form  of  the  theorj  b  developed 
by  LiApounoff^,  whoee  inveetigation  deals  with  a  more  general 
equation,  given  by 

where  ^  is  a  parameter,  and  p  (i)  is  a  uniform  periodic  fenoiion  of 
period  #• 

^^/(')  <^  ^(')  ^  ^^o  integrals  of  the  differential  eqoatioD, 
respectivdy  determined  by  the  initial  conditions 

/(0)-l)  ♦(0)-0) 

/'(O)-Or  f(0)-lj* 

Then  we  have  relations  of  the  form 

mhI  th«  eqaatton  fbr  detennining  the  maltipliMt  ii 

.   ,  (n-«)(n-«)-/9y-o. 

tlwtit. 

n*-(«-fS)n-fi-o. 

M  IB  $  1S7,  Bx.  1.    Clearly,  we  hftTe 

*  Coaym  JbiidM,  t  enm  (MC),  pp.  IMS^ltlf  i  Ikt  t  nxwm  (18M)f 

pp.  tio-tii»  Msa-iOM. 
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•o  thai,  if  we  write 

the  equation  is 
Writing 

and  aaauming  that  il*  •  1  does  not  vaobhi  we  obtain  two  integrab 
in  the  form 

where  /\  (m\  F%  (i)  are  functions  of  i,  periodic  in  m  \  and  thna  the 
complete  primitive  of  the  equation  can  be  obtained.  The  actual 
expreMiions  for  i*i(f)  and  i*t(i)  can  be  oonttruoted  as  in  the 
preceding  aectious ;  and  the  value  of  p  depends  upon  that  of  A. 

When  /*  ■•  0,  the  primitive  of  the  urigiual  equation  is 

shewing  that  the  equation  for  determining  the  multipliers  is 

(fl-iy-O; 

and  then  il  ■■  1.  Hence,  when  /i  is  not  sero,  and  when  A  is 
expanded  in  powers  of  /i,  it  iii  inferred  that  ^  is  of  the  foim 

When  ill,  At,  A^,  ...  are  known,  the  two  values  of  fl,  which 
satisfy  the  equation 

n«-2iin  +  i-o. 

can  be  regarded  as  known,  and  the  primitive  of  the  differential 
equation  can  be  obtained. 

For  the  purpose  of  obtaining  the  value  of  A^  which  is 

^ -4  {/(«)+ f(«)). 

where  the  integrab  /(i)  and  ^  (i)  are  defined  by  the  initial 
conditions,  we  assume  both  /(i)  and  ^  («)  expanded  in  powen  of 
/A.    Let 

then,  in  order  that  it  may  satisfy  the  equation 

j7. -»-M««'i>U)-0. 


mhvn 

1? 


^-0, 


*^  +  «.p(*)-0, 
and  80  on.    From  the  first,  we  ha?e 

from  the  leoondi  we  have 
from  the  thirdt  we  have 

and  eo  on.    Now 

_,.  .  /(o)-i.  yw-o; 

aocordmgiy, 

Taking  aooonnt  of  the  fact  that  ^  is  parametrio»  we  have 

Ot^l,    Ot^O  for  t«l,  t, ...,    b««0  for  f«Ot  I9S,  •••; 
and  thns  We  hare 

H#  -  -  j  rfy  j  M,  (i:)p  («)  *i, 
and  so  on.    The  vahie  of /(«)  is  given  by 

Similarly  for  ^(«X  which  is  determined  by  die  cobditionB 

♦(0)-0,    f(0)-l; 
iti  valve  is  given  by 
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•oihal 

which  givM  a  iranafonnaiion  of  tha  aeooDd  integiml  id  iA%. 
Combining  the  reaulUi  of  tnuufonnation  for  the  two  integnb  in 
2ila.  we  have 

2^-/^"dy/'in-P(y)4-P(#)J(P(y)-P(*)lifai 
Similarly,  it  may  be  proved  that  the  value  of  iAg  is 

and  so  on :  8o  that  the  value  of  A,  and  therefore  the  value  of  P,  ia 
known. 

The  investigation  ia  continued,  by  Liapounoff,'  eapecially  for 
the  purpose  of  discussing  the  values  of  /*  which  satisfy  the 
equation 

and  the  results  appear  to  be  of  iuiportance  in  the  discussion  of 
the  stability  of  motion.  The  reader  is  referred  to  the  notes  by 
Liapouooff  already  cited  (p.  425,  note) ;  other  references  to  more 
detailed  investigations  are  there  given. 

Air.   I.    Etttabliiih  by  induction,  or  otherwine,  tha  general  law  lor  the 
coefficieutii  J,  vii. 

«J.- r<lir, |''i£r, ... |'""*ed!r„ 
where 
e-{0-/>(x,)  +  /»(4r^){/>(jr,)-/»(x,))(/>(*^-/»(xJ)...(/>(x,.j)-P(^}. 

Air.  8.    Shew  that,  if  the  periodic  function  p(x)  slwsyt  is  positive^  than 
sU  the  coefficients  A  are  ponitive;  and  prove  that 

A        ^  fn\n\     .     . 
Bancs  ahew  that,  when  p  (x)  is  poaitive  and  satinfiea  tha  inequality 

than  J'<l,aothat|p|*i|. 
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Kg.X    Ihtm  that,  If  the  periodic  fbiicUoD|»(»)  bend  tad  odiiDiM 
tlie  iBriei  fw  J  oonUiiM  oqIj  even  fwwera  of  iH  then 

tnim9a',ii^itnPritac»mP{M,\    Pror*  aln  thiit,  if 

fy(s)dMmP, 

tht oonaUni •  baioc «ietanBiiMd ao thkl  j  Pd»mO,nAU 

UMnJ*<I. 

E*.A.    DiacaHtlMTaIaMof|iwhiohanr6otooftlMeqa*tiaii 

» 

(An  these  teenlts  eie  due  to  Lkpounofil) 


Discussion  of  the  Equation  of  thb  Elliptio  Ctlindbr. 

188.    One  of  the  most  important  equations  of  the  class,  which 
has  been  considered  in  §  137,  is  the  equation 

J  t  -t-  («  +  c  COS  2i)  Mr  ■  0, 

commonly  called  the  equation  of  the  elliptic  cylinder;  it  is  of 
frequent  occurrence  in  mathematical  physics  and  astronomical 
dynamics.  It  forms  the  subject  of  many  investigations^.  It  is 
known  (§  66)  to  be  iT  transformation  of  the  limiting  form  of  an 
equation  of  Fuchsian  type.  Mot-eover,  it  has  already  (f  127,  Ex.  1) 
been  partially  discussed  in  connection  with  another  equation  and 
for  another  purpose.  In  this  place,  it  will  be  brought  into  relation 
with  the  preceding  general  theory. 

Let  new  independent  variables  «  or  v  be  introduced,  such 

that 

ii»oos^i,    f»l— iivsin's. 


/ 


*  Htiat,  SmmAmk  4er  Kn^ttfrnMHrnm,  1. 1,  pp.  104— 41S|  lin^wnami,  JfitlA. 
Anm^  t  sn  flSSS),  pp.  117— ISS;  TiiiMiai,  Mit&dpm  OilnU.  i  m,  ilk  t,  al  the 
of  whieh  oUmt  lehieiiatt  aie  sHw* 
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Tho  eqtution  beoomes 


when  « is  the  independeDt  variable ;  sud  it  beoomet 

when  f  is  the  independent  variable.    Accordingly,  if 

w-/(ii,o) 
it  an  integral  of  the  equation,  another  integral  is  provided  by 

The  indicial  equation  for  u  ■t.O  is 

if 

be  the  integral,  the  scale  of  relation  between  the  coefficients  a,  is 

(l>+/>)(p-»"/>-i)«f-*l(P-»"P-l)^-i(«-«)l«r-i-4«»P-«* 
with  the  reUtions 

(p-H)(p  +  J)ai-p«-J(a-.oX 

When />  - 0,  let  a, -  0 ( j>.  c) ;  when />«^,  let  a,-&(p.eX    Then 
two  integrals  of  the  equation  are 

with  the  convention 

tf(0,c)-l-a(0.cX 

It  b  clear  that,  when  j  is  (w,  so  that  u  is  0, 

^~l.    g'-O.    ..-0.    g— 1. 

Moreover,  as  the  equation  in  w  is  satisfied  by  s^  and  «^,  we  bavia 

dx.        dxi  C 
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But  dw -t sintoostcfi «-  2 {tt(l - if))*dff,  to  thai 

When  'r  i^»  ^^^  left-hand  ride  is  eqnal  to  1 :  henoe 
and  theieforei  for  all  values  of  «,  we  have 

Two  other  integrals  of  the  equation  are  given  by 
they  are  each  that,  when  i  is  0,  and  therefore  t  is  0, 

y.-i.   t-o.   y.-0.   ^.1. 

and,  for  all  Talnes  of  «» 

Now  when  m  is  real,  both  u  and  v  are  real  and  lie  between  0 
and  1 ;  and,  in  particular,  when  i» iw,  then  «■■«« (•  For  snoh 
Tallies,  «^,  ff|,  3ft,  yi,  coexist ;  and  so  we  have  relations  of  the  ferm 

yi-7aV+&Cir 
where  a,  /9,  v,  t  are  constants.    Hence 

yt(i)-«^(4)-t-/a^(iX  -y/(i)-«^'a)+ia^'(U 

where 

and  so  for  die  others.    Hence 

«--y.(*)«.'a)-y;(i)«i(JX 

fir  ^(i)-^'(i)+^'a)«^(n 

Siiniluly 

7— »i(*)«i'(*)-f.'(i)«i(*)l 

»-    fk(i)<(i)+f.'«)-ii<*))' 
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and  it  is  easy  io  veriQf  thai 
Moreover,  we  have 

189.  The  iniegrab  ^  and  X|  are  valid  io  the  domain  of  ti«0; 
the  integrahi  y«  and  tfi  are  valid  in  the  domain  of  t «  0^  that  i%  of 
tt"B  1.  Lindemann*  proceeds,  aa  follows,  to  obtain  uniform  inte- 
grals valid  over  the  whole  of  the  finite  part  of  the  plane. 

After  a  small  closed  circuit  of  u  round  its  origin,  «^  returns 
to  its  initial  value  and  X|  changes  its  sign;  hence  y,  becomes 
M|  —  ^X|,  and  tfi  becouies  7^.  —  fix,.  After  a  small  closed  circuit 
of  tt  round  the  point  1,  the  integral  y«  returns  to  its  initial  value 
and  tfi  changes  its  sign.    Couiiicler  a  imantity  if.  where 

17  -  -4y^«  +  Byi\    • 

as  a  function  of  ti.  It  remains  unchanged  when  u  moves  ruund 
the  point  1.     Its  two  values  in  the  vicinity  of  a  «  0  are 

(A2*  +  By*)  *#•  -»-  (^^  -»-  tiB')  •'^i'  +  2  (ila/9  -•-  Byi) x.^^. 

{Aa^  -h  iV) -^t*  -»-  i^P"  +  BS») -^i*  -  32  (Aafi  +  By*)  «^*„ 

which  are  the  same  if 

Aafi  -h  Byfi  a  0 : 

hence  the  function  is  uuiform  in  the  vicinity  of  ii«0  if  this 
condition  is  satisfied,  that  is,  the  function  is  uniform  over  the 
whole  plane. 

The  condition  is  satisHtul  if  we  take 

and  then 

«l  *  «^yi*  -  7*y«*- 

Moreover,  in  the  region  of  exibteuce  common  to  y^,  yi»  '#•  4Pi;  we 
have 

Hence  defiuing  the  function  ti  in  the  domain  of  1  v  0  by  its  value 
in  terms  of  y«  and  y,,  and  defining  it  in  the  domain  of  f  « 1  by  its 
value  in  terms  of  jr,  and  jc^,  we  have  a  function 

i|  -  I'(m)  «  i'(cos^  1)  -  *  (x), 
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•ay,  whieh  is  regular  in  the  Ticinityof  ii«0»r^iilar  in  ibeneiiiity 
of  «« 1,  and  therefore  is  r^nlar  over  the  whole  Inite  pari  of  the 
«-plane.    Now  let 

F,-y,(«/8)»  +  y.(7«)»). 

n-y.(«/8)l-y.(7«)»r 
then 

Alw 

F,F.-4»(*), 

and  therefore 


F.^'+F.^«-*'(*X 


Henoe 


and  therefore 


1  ''ii-i^iw  <?M)* 

T;  dt      ♦4>(«)*  4»(#)  ' 


<«^y*)* 


when 


F,-ir  j«i> (*))»«  ^  •'*'    -If !♦(#))» r^' 


These  integnlt  of  the  origioal  differeotial  eqaation  are  valid  over 
the  whole  of  the  finite  part  of  the  plane.  Aooordingly,  we  may 
take  (wo  intesrali 


(7,  (,)-{♦(,)}!,  /♦(•)    j 


as  integrals,  which  are  valid  over  the  plane  and  have  « a  «e  for 
tiieir  sole  essential  singularity.  We  now  proceed  to  shew  that 
they  are  nnifonn  over  the  plane. 

Sobstitating  in  the  original  differential  equation,  we  have 
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•o  thai,  M  Jf  in  genemi  it  not  i6ro»  any  root  of  ^  «  0  it  A  wnpla 
foot.    Let  k  denote  snob  n  root :  then 

Now  let  M  doecribe  n  simple  oloeed  oontour,  including  k  nnd  no 
other  root  of  4^ «  0,  and  passing  through  no  root  of  ^  «  0.  Then, 
at  the  end  of  the  oontour,  (4>(i))*  has  changed  its  sign.  As  for 
the  exponential  fiicton  lA  0  (i)  and  Oi  (iX  they  are  multiplied  by 


respectively,  the  integral  being  taken  round  the  contour,  thai 
is,  they  are  multiplied  by 

that  is.  by  -1.  Thus  (7(f)  and  0|(s)  are  unaffected  by  the 
contour;  they  are  therefore  uniform  in  the  vicinity.  Moreover, 
in  the  immediate  vicinity  of  i*,  we  have 

so  that 

0(«)-[{*'(ii)|»(* -*)»  +  ...]•-*'"«  <•"*'*'**■*> 

-14>'(JI)1*#''<'-*>Q(*-JIX 

0, («)  -  (*'  (k)\ » (*  - 1) « -  ''<«  -  *)  0  (*  -  h). 

t 

so  that  ir  is  a  simple  root  foi  one  of  the  integrals  and  it  is  not  a 
root  for  the  other.  Similarly,  in  the  vicinity  of  any  other  root  of 
4^ai0;  hence  0  and  0^  are  uniform  over  the  whole  plane. 

Now  take  any  p^ith  from  i  to  f -f-w,  for  w  is  the  period  for 
the  original  equation.     We  have 

where  F  is  uniform ;  hence 

♦  (j  +  w)-*(f),     [*(J  +  ir)|*-(-iyi4>(f))». 

where  r  is  0  or  1,  depending  upon  the  path  from  0  to  w.  The 
effect  upon  the  exponential  factor  of  Q  (i )  is  to  multiply  it  by  . 


s    /•  ♦^'^ 
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We  Ildow  that  ^(f)  in  regular  over  the  whole  plane,  that  it  ia 

periodic  in  v,  and  that  it  has  only  rimple  roote ;  hence,  taking  a 

path  between  m  and  m+w,  that  nowhere  is  near  a  root^  we  can 

1 
^|muk1  jgrr\  in  the  form 

4 -■?"•'"• 


9        J' 


valid  everywhere  in  the  range  of  integration.    Then 

•^  4m 

and,  consequently,  if 

then 

Similarijr 

Hence  0  and  0%  are  the  two  periodic  functions  of  the  second  kind, 
which  are  integrals  of  the  original  eqilhtion^ ;  and  they  have  been 
proved  to  be  nnifonn  functions,  regular  everywhere  in  the  finite 
part  of  the  plane. 

JEk.    Shew  that  the  equation 

has  two  psrticttlsr  iQlegrab  the  product  of  which  is  a  single*vshNd  trans* 
csodsntsl  ftmction  F{8);  and  ahew  that  the  iutegrala  are 

,.-(F(.,,».e.p.[    Cf—%y.^,} 

whsre  (7  is  a  determinate  oonttant  In  what  droumataaoei  are  thsss  two 
particukr  integrab  coiuddoDt  f  (Math.  THpos,  Ptet  n,  180a.) 

140.    The  multipliefs  ^  and  -  are  thus  the  roots  of  the 
equation 

n«-/n-i-i«o, 

•  IMs  laelerfoa  of  Iin4fiBaaB*t  apwial  ismH  withia  ths  SMNial  fhioqr  ii  Ass 
Is  ntkniaa,  ^fCf.  Nmkt^  1  on  (1SS4),  yp.  147, 14S. 


^Mtf-t-v)  mmiiS^ 
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where  the  inveriAni  /  of  the  period  m  is 

Another  ezpreaHion  for  this  inTariaot,  eomequently  leeding  lo 
another  mode  of  obtaining  theae  mulupUem,  hat  abeedj  beeo 
given  in  £z«  1,  {  127.  Both  proceiweii  are  dependent  upon  the 
determination  of  aimple  qiccial  iiulutions  of  the  original  differential 
equation. 

Another  method  of  proceeding  in  an  follows.     Let 

•o  that 
so  that,  if 

then,  aa  0  (f )  is  a  uniform  function  of  i,  regular  over  the  whole 
plane,  B  («)  is  a  uniform  periodic  function  of  the  firMt  kind,  r^pilar 
over  the  whole  plaue ;  and  w  is  the  period.     Hence  we  have 

and  therefore 

Now  in  the  vicinity  of  i  »  0,  the  integral  y«  is  even  and  yi  is  odd : 
hence  0  (m)  contains  both  odd  and  even  parts.  The  form  of  the 
differential  equation  shews  that,  if /(«)  is  an  integral,  then/(~jr) 
also  is  an  integral ;  hence,  as  0  (z)  exists  over  the  finite  pari  of 
the  plane,  0  (— i)  also  is  an  integral.     Hbnce,  taking 

^W-i  10(^)4- (?(- 1)1  cos  a+tilO(s)-(?(-s)l sin  a 

«-• 
•  £  i(«cos((2ii  +  A)x-ha), 

where  a  is  an  arbitrary  constant,  it  follows  that  H(z)  is  an  integral 
of  the  original  equation,  which  exists  for  all  finite  values  of  s. 
Substituting  in  the  differential  equation,  and  noting  that 

cos  2«  cos  [(2ii  -h  A)  X  -h  a) 

»  4  cos  [{in  -  2  +  A)i  +  a|  -•-  J  cos  {(2ii  +  2  -h A)f  +  a), 
we  have 

"S"  [(a -(2i4-h  A)«;  ir«-htc(4f^,4-ir»+,)]cos  ((2m -r- A)s  +  «1 -0, 
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M  an  equation  which  nittst  be  identically  eatisfied ;  hence 

[a  -  {in  +  kf]  ir«  +  Jc  {/c^t  +  ««^,)  -  0. 

for  all  values  of  n  firom  —  oo  to  -I-  oo  • 

The  mode  of  dealing  with  this  infinite  Bet  of  equations  by 
means  of  infinite  determinants  has  been  indicated  in  a  preceding 
chapter,  and  much  of  the  analysis  of  the  first  eiample  in  {  126 
is  directly  applicable  here:  so  we  shall  not  further  discuss  this 
mode  of  obtaining  h  and  the  ratioe  of  the  coefficients  jr.  There  is, 
however,  another  method  of  obtaining  these  quantities :  it  is  doe 
to  lindsiedt^  and  is  specially  adapted  to  the  diflTerential  equation 
under  consideration,  for  purposes  of  approximatioD  when  e  is  con* 
▼eniently  small    Writing 


we  have 


««-2(2n  +  A)F-ta, 


c 
c 

On 


1  «  £-f^ 


«?« 


«^!lSifcl2l^..,adint 

Owing  to  the  form  of  —  for  increasing  values  of  r,  it  is  easy  to 

prove  thai  this  infinite  continued  fraction  converges,  for  all  values 
of  II.    We  therefore  have 


Similariy 


5«  «L«!«!«!2!...adint 

K.       1-1-   1- 


«-•_«-•  e.nflLH»-i  flU».i« 


= — •••  ad  infat 

•  MiwkiMfAttd.  m  Hur^^9m9.  %.  tixi  (tteiK  Me.  4. 
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which  b  a  oonveiging  ooniinued  fbotioo ;  Aod^  in  purtioiilar, 

0       c*        c» 


Buti  fttmi  the  ftindameDtal  differaDce-equadoii, 

Iff  " 

therefore 

c*     c*     c* 


0         c' 


^  y^"*  *^^^  ?■■■•  •••  ^ 


•••1 


1-  i-r-"'  1-  T^^  1- 

a  tranaoeDdental  equation  to  determiDO  A,  which  of  ooone  ia 
equivalent  to  the  coFrcspondiiig  equation  arising  oot  of  Iba 
vanishing  of  the  infinite  detenniuant  D(p),, 

Denoting  the  first  continued  fraction  by  ^  and  the  second  by 

^ ,  so  that  these  values  may  be  regarded  as  convergents  of  infinita 
order,  we  easily  find 


c-r.    s'-^is    «■     " 


-r.-i 

h  L         r-i 


-2    1 


+  ...  1. 
i       J 


r.a  tmr-tt  <-«+«  «r«r+l  Oi^^t-i  ■»«!♦ 

,.         1-2  -^+i     2    -<-    ^ 

?       V        V         «•  C'         C«     ^ 

•"  r-l  f-rfi  l-«-»-i  •rttr-i-i  «t*«-»-i  aiOi^i 

the  values  of  p'  and  q'  are  derivable  from  the  egprossioos  in  p 
and  9  respectively,  by  changing  a^  into  a.^^  (for  all  values  of  §t) 
wherever  a^  occurs. 

The  equation  manifestly  lends  itself  easily  to  suooessive  ap* 
proximatiooa    Thus,  if  we  neglect  c^  and  higher  powers,  wa  liava 

c»         c» 


which,  to  this  order  of  approximation,  gives 

■  1  — a 
The  calculation  of  tVia  cm(&e\^tAa  caxw  %vooAUxlf  be  eflfeeted. 
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Jb  1.    Pro>f«ttiAt|iiptoiixtlipowenofeiiidii0iT«^ 

..|    ,.JL_^_       ^      15o»-8te-f8 
"       I6a(i-a)"iai4a«(l-a)»(4-a) 

<^     I05a*>  115fta<-f881ftg»-470fla«-fl65I<i-i8S 
"l«384  cH(l-a)»(4-<i)*(9-<i)  * 

(In  Mtronomioal  applieatioiiii^  a  is  usuaUj  not  an  fntegeri  uid  e  h  mall  com* 
iwfed  with  a.)  ,    /  (PoincM^  TJwwand,) 

/ 

JEkiI    TiJdngc««l,  and  writing 

Af-l-a-f; 
prora  thali  «p  to  c*  indudfv^ 


(|c)»f  M^(^+4^  C0l(^-4»)1 

*~«!   \(l+,)(f+,)*(l-,)(l-y); 

*  srvr+f) («+»)(»+»)  *?r:»)(«-»)(«-»)r 

wh«t«f<Ba.     '  (PoiiMM<^  TiMeraod.) 

JEc  a.  In  the  inTcstigatioo  of  {  138,  the  qiumtity  M  fa  wippowd  to  be 
diflte«nt  from  MfOi  Whan  M  fa  wen,  the  integreb  0(»)  and  0,(()  aie 
affcetiTely  the  Mme;  and  neither  of  then  fa  onifonn,  ao  that  the  ramaindar 
ef  the  faiYeatigation  doea  not  applj. 

Diacoaa  the  oaae  when  M^O.  (Heineb) 


Equations  with  UMiroRii  Dovblt-pbriodio  OoBmaEMiB. 

141.  We  proceed  now  to  the  oonaidemtion  of  linear  eqnationa, 
the  coefReienta  in  which  are  tinifomi  doubly-periodic  fttnctioiia  of 
the  independent  Tariiiblee    Let  the  equation  be 

where  pi»  e..,  pm  are  uniform  fimctiona  of  «»  which  haTe  do 
caMntial  aingularity  in  the  finite  part  of  the  plane  and  are 
doubly-periodic  in  perioda  #  and  m\  aueh  that  the  ratio  oC  W  ^  m 
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Wheo  tf  it  a  simple  root  of  the  eqiutioa  O(^«0,  Iheo 
Xt,  .•••  X«i  are  uniquely  determinate:  and  9  is  uniqudj  determ* 
inate.  When  tf  is  a  multiple  root  of  its  equation,  quantities 
Xt,  ...,  Xai  eiist  satisfying  the  associated  equations  but  they 
are  not  uniquely  determinate :  and  assigned  values  of  Xt.  ••••  X^ 
determine  V.  Similarly  for  ^  as  a  root  of  the  equation  O'  (^)  «■  0. 
Combining  these  results,  we  have  the  theorem^ : 

A  linear  differential  equation,  kaving  doubly^periodie  functione 
for  ite  coefficiente,  poeeeases  at  least  ae  many  integrala  tdkick  arw 
doubly-periodie  functions  of  the  second  kind  as  either  of  the  s^ua* 
tions  n  {$)  -  0,  n'  (0')  -  0  has  distinct  roots. 


By  uaiug  the  elementary  divisors  of  O  ($)  «■  0,  we  can 
a  more  exact  estimate  of  the  number  of  integrals  which  are 
periodic  functions  of  the  second  kind,  associated  with  a  multiple 
root. 

Let  9,  be  a  root  of  O  (<^  «  0  of  multiplicity  Xi,  and  let  Ui  be 
the  number  of  different  elementary  divisors  of  fl  (0)  which  are 
powers  of  (>  —  0,,  so  that  the  minors  of  O  (0)  of  order  Hi  are  the 
first  in  successively  increasing  order  which  do  not  vanish  simul- 
taneously when  0^01.  Then  (§  133)  the  number  of  integrals, 
which  satisfy  the  equation 

is  precisely  equal  to  ti|. 

*  TheM  •qustioM  sppear  to  1mv«  Immu  contidiireil  Snt  bj  Pieard  la  genweX; 
■M  Compiti  Rimdus,  t.  lo  (ISSO).  pp.  lSS-181,  SUS~SS5;  Cnltt,  t  xc  (ISSO), 
pp.  8S1— 80a. 

Their  propertUa  w«rt  farther  deteloped  bj  Floqual,  CompUi  HeitdiUt  i.  scnn 
(1SS4),  pp.  S2-S5,  Anm.  de  VAc.  Norm.  Sup.,  8»*  8^.,  t.  1  (1SS4),  pp.  ISl— SSS, 
which  should  to  oonsolted  w  oonnactioD  with  maigr  of  tha  loUowing  invetligatMMMw 

▲  proof  of  Picard'a  thconon,  different  from  that  in  tha  taxt,  is  gifcn  b/  fianiaa» 
Meuengtr  of  Maiktmaiics,  t.  xivii  (1S97),  pp.  16, 17. 

Invailigationa  of  a  different  kind,  leading  to  equationa  tha  primitivca  of  whidi 
ara  expreasibla  in  terma  of  doablj-periodic  Itinciiona,  ara  aarriad  oat  ia  Hatpbao*a 
memoir  **Bar  la  r^uction  daa  ^nations  diff^rentiellaa  linAairaa  aax  fonaaa 
int^grablea/*  Mim.  dtt  8av,  Atrang.,  t.  ufiii  (lS83),  No.  1,  SOI  pp.;  partlaolarlj, 
chapters  ii  and  n. 

The  most  important  aquation  of  tha  t^pa  under  aonsideration  ia  the  gancfml 
form  of  Lamp's  equation.  It  had  bean  considered  bj  Uarmita,  pravioua  to  Picard'a 
investigations;  and  it  baa  formed  tha  subject  of  manj  memoira,  rafaraaaaa  to 
ot  which  will  ba  found  ia  my  Tfccory  of  FinteUont,  |i  1S7— 141. 
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■o  that 

or  the  linear  siibetitatioiui  are  interchangeable.  The  explicit 
expression  of  relations  between  the  constants  is  obtainable  fW>m 
the  equation 

-On/i(*  +  s»')-fa„/,(#  + «»')-»•...  + <!„»/«(#  +  •»'). 
by  substituting  for  the  functions  /($  +  •»)  in  the  left-hand  side 
and  the  fonctions  /{m  -¥  •»')  in  the  right-hand  side.  The  result 
must  be  an  identity,  for  otherwise  there  would  be  a  linear  relation 
between  the  members  of  the  fundamental  system  /i(#),  •••»/«(')! 
hence,  comparing  the  coeflScients  of /«(#)  on  the  two  sides  after 
substitution,  we  have 

say.  This  holds  for  the  m*  equations  that  arise  from  the  values 
r,  •  >■  1,  •••,  m.  Of  the  m*  equations,  only  m*  —  m  are  independent 
of  one  another,  a  statement  the  verification  of  which  (alike  in 
general,  and  for  the  special  values  m » 2,  mm 9)  is  left  to  the 
reader:  it  can  also  be  inferred  from  some  equations  which  will 
be  obtained  immediately.  The  number  of  the  relations  is  less 
important,  than  their  existence  and  their  form,  for  the  establish- 
ment of  Picard's  theorem  relating  to  integrals  with  the  character* 
istic  property  of  doubly-periodic  functions  of  the  second  kind. 

Ckmsider  a  linear  combination  of  the  members  of  the  funda* 
mental  system  in  the  form 

#'(t)-X,/.(j)-».X./,(#) -»....>  X«/,(f), 

where  X,  will  be  taken  as  equal  to  unity  when  it  is  not  bonnd  to 
be  lero;  and  let  the  constants  X,,  .••,  Xm  be  chosen  so  that,  if 
possible,  the  relation 

is  satisfied,  9  being  some  oonstant    To  this  end,  we  must  have 

X|tf«iX|ait  -fXtOa  4-XtOn  -f  «..4-X|,am  , 
\$m\an  +X,chi  -l-Xta«  -f-t^^  +  XvittiNi  t 


Xm# -  X,ai«  4- X,a,a  4- X,a«i, -»■  .•• -VVmO^g,^ 
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(141. 


•od  Iherafore 


Omi 


Om  » 


•••» 


-* 


0. 


the  equation  satiified  by  0. 

Aa  in  the  caae  of  the  iiingle  period  in  §  128,  it  maj  be  pioTed 
that  this  equation  is  independent  of  the  original  choiee  of  tha 
fundamental  eystem  of  intcgrab  /i(j), ...,  fm{»\  Th§  co§jfkimU9 
of  tk§  various  powers  of  6  are  therefore  ineariante,  and  the  equa- 
tion is  called  the  /undtimental  equation  for  the  period  m. 

•  • 

Now  let 

^«X|6|,  <fX,ba  +Xs6«  -f ... -f  X«|6Mt  I 


Multiply  the  earlier  )M{uation8,  which  define  the  quantities  X  and 
lead  to  the  equation  il(0)  «  0,  by  bir,  hu*  ••••  ^mt  respectiTely.  and 
add:  then 

0ilr  -       X,   (tfi,  6|r  4*  Ou  fry.  -h  . . .  +  OiM  i«r) 

+ 

+  Kk  (a.»|6|r  -f  a«i«&tr  + ...  -t-  a^^) 
»     Xi  (6u  a,r  +  6it  Chr  -f ...  +  6m  a«r) 

+  X,  (fc«  air  -»-  6m  Chr  -f  ...  -f  6m.  a«r) 

-•- 

This  holds  for  all  values  of  r ;  and  thus  we  have 

^^"■XiOi,   4- -^>  On    "^  ^' ^   +«..  +  'A7aaMf 


A*t 


M» 


f0  -  X,a|„  +  V  a»i  +  y  a»i 


tf' 


^ 


+  ...-f-^a, 
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When  these  are  compared  with  the  earlier  e^MlJona, 
uniqaelj 
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have 


for  all  Tallies  of  r;  and  therefore  the  same  Talues  of  Xtt  •••!  X«f 
that  enable  the  equations  connected  with  the  period  »  to  be 
satisfied,  lead  to  the  equations 

X|  ^«X|fr|| -l-Xf&H  4>Xt&n  +•••-♦•  ^fc«if 


Hence 

on  using  the  preceding  equations.    MoreoTer,  this  multiplier  ^ 
satisfies  the  equation 


n'(0- 


bit     »   6|f  — ^»  ...|        htm 


«0. 


This  equation,  like  O  (^  »  0,  is  independent  of  the  initial  choice 
of  the  fundamental  system  of  integrals /i{m\  ...,  /»(«),  the  proof 
being  similar  to  that  in  $  128.  The  coefficienU  of  lAs  sorioiif 
paurn^  af  0  art  ik^rtfort  tnwrtanto ;  and  the  equation  is  called 
the  JwniammUal  mjHoJtionfor 


The  term  independent  of  $  in  O  (0),aiMl  the  term  Independent 
of  ^  in  K{6f\  can  be  obtained  simply.  Let  A(i)  denote  the 
determinant 


A(s) 


i^'ft    d^A  t^'fm 


t  •••# 


Ml         ft        9    •••»         /• 
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then,  M  in  1 9,  we  have 


"A(»)— "  ' 

4(.)     -" 


(1«. 


if 


Hod  limilarly 


where  we  tnanifeatly  inay  uwuiiie  that  the  path  of  iot^ntioa 
doea  not  approach  iufiDiteaimally  near  the  nngabuntiai  ot  ji|. 
Now  p,  u  »  unifunii  doubly-pericMlic  functiaa  with  no  eHMitial 
gingularity  io  tht  fiiiitu  part  of  the  planci  if,  therefore,  Oi,  ....  a, 
denote  its  irreducible  poleH,  and  if  {(r)  denote  the  luual  Weier-. 
atnumiaD  fuoctiuD  in  th«  luine  perioda  ■*  and  w'  aa  p^,  we  hava* 

with  the  condition 

Now 

+  _S  «,  |t(.  +  .  -  (I,)  - 1(.  -  (i,)| 
-S_C,|t.(«  +  — «,)-i.(.-a,)l-... 
-C.+  i^,(iV  +  ,.+  2,(.-(i,)|+Sl^ 

r-l  r-l 

r^l  r>l 

•  T.  K.  I  UK. 
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MoreoTer,  in  that  case,  Hi  of  the  equationa  in  §  141  for 
determining  the  qnantities  X  are  dependent  npon  the  remaining 
m— Hi.  Let  the  last  m— Hi  be  a  set  of  independent  equations^ 
determining  Xn,^u  •••»  ^  in  terme  of  X|»  Xt»  —» X^,;  and  anppose 
that  the  expraenone  are 

\t » i?fiXi  +  lr«\9  4- ^itXf  + ...  4*  i?ta,X«,9 
for««Bfi|-f  l»fii-l-2, ...,  m.    Then 


where 


•■Hi  "ft 


for  r«Bl,  %  •••«  ai;  and  each  of  the  fonctioua  ffu  •••it^%  i*  BOoh 
that 

Ab  r^aide  the  possible  maltiplier  0/  for  the  other  period,  we 
have 

•/-V.6„4-XAi  +  XA,4....+X„A«i 

-X,i?,-fXA+    .  +  X,hi»i,. 
say,  where 

and  the  effect  npon  F(m)  of  the  increase  of  argument  bj  the 
period  m'  is  given  by 

Now  0/  is  not  sero,  for  it  is  a  root  of  O'  (^)  »  0  which  has  no 
Bbro  root ;  and  therefore  not  all  the  quantities  J9^,  £«,•..,  A|^  can 
Tanish*  Let  A|,  £«,•••,  A«  be  ihose  which  do  not  vanish ;  then  we 
have 

Xtyi(#  +  ti)+X,^(j4'ei)+.-.+X,i,y«,(j  +  ei) 

-(X^H  +  X,B|+...-fX.i?.)(X,Jp,(J)  +  X^,(s)  +  ...+X,^JP^(#)}. 

As  some  one  of  the  qnantities  Vi,  \t,  •••»  Xn^  is  not  aero  (for,  thus 
htf  all  these  quantities  are  arbitrary),  we  shall  take  X| « 1.  In 
Older  that  this  equation  may  hold,  we  assign  definite  Talues  to 
Xft  •••»  Xf  t  we  wnte 

i^4-X«44-...-l-X,Bt«A'f 


0  mwm 
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and  Iheiii  m  X^i,  ••.,  X^,  caD  remain  arbitnury^  we  have 

for  r«ii4-li  •••!*  Hf  Moreover,  on  account  of  (he  oomposlion  of 
0  {m\  we  have 

and  we  had 

Accordingly,  lAe  numb$r  of  inUgraU,  *wkiok  art  doMg-pmiodio 
/unctioM'  of  the  second  kind  and  are  asiociaisd  wUk  tke  mulHpU 
root  $1  of  the  fundamental  equation  O  (<^)  ■*  0,  if 

li-iii-t, 

where  ni  ie  the  number  of  elementary  divieore  of  Si  {6)  which  are 
powers  of$^$it  and  e  ie  the  number  ofquaniitiee 

which  do  not  vanish,  so  that  0  <  <  <  it|. 

148.  We  now  can  indicate  the  total  number  of  int^[ral% 
which  are  doubly-periodic  functions  of  the  second  kind. 

Let  <^|  be  a  root  of  multiplicity  X|  of  O  ($)  ■>  0,  and  let  it  give 
riue  to  iii  elementary  divinoro  of  0 ($)  which  are  powers  of  9  ^$i\ 
and  let  Si  be  the  number  of  quantities 

in  the  preceding  investigation  which  do  not  vanish,  so  thai 

0  <Si<ii|<X,. 

Let  9%,  0^, ...  be  other  multiple  roots;  and  let  X,,  fi„  j^;  Xg,  a,, 
i^ ; ...  be  the  numbers  for  them,  curre»ponding  to  Xj,  ai,  S|  for  tfa ;  so 
that 

^i  +  X,  +  Xt-»- ...  —  III. 

Then  the  number  of  integralit,  which  are  doubly*periodic  funciiona 
of  the  second  kind,  is 
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Id  particular,  if  the  roots  of  n(^)»0  be  all  distinct  fW>ni  one 
another,  a  fundamental  system  can  be  compoeed  of  m  integralsi 
each  of  which  is  a  donbly-periodic  (unction  of  the  second  kind ; 
the  constant  multipliers  are  the  m  roots  of  fl(^aBO,  and  the 
corresponding  quantities  V  derived  from  them,  these  quantities  9 
themselves  satisfying  the  equation  O'  (^)  >■  0. , 

Moreover,  the  relation  between  the  equations  satisfied  by  9 
and  Vi, ...,  Xm>  And  the  equations  satisfied  by  V  and  X|, ...,  Xm, 
is  reciprocal ;  for  each  set  can  be  constructed  ftt>m  the  other  as  in 
S  141.  Hence,  if  either  of  the  equations  O  (^  «  0  and  n'(^  «  0 
has  all  its  roots  distinct  from  one  another,  there  is  no  necessity  to 
take  account  of  possible  multiplicity  of  the  roots  of  the  other,  so 
fitf  as  the  present  purpose  is  concerned :  the  implication  merely 
is  that  one  of  the  two  multipliers  has  the  same  i^ue  for  several 
of  the  integrals. 

Further,  if  9  and  V  are  two  associated  multipliers,  each  of 
them  arising  as  repeated  roots  of  their  respective  equations,  we 
shall  suppose,  for  the  same  reason  as  in  the  preceding  case,  that 
the  construction  of  the  doubly-periodic  functions  of  the  second 
kind  is  initially  associated  with  that  one  of  the  two  equations 
which  has  the  repeated  root  in  the  smaller  multiplicity. 


MuLTiPLB  Roots  of  the  Fundamental  Equations  and 

AssocuTED  Inteorali. 

144.  We  have  now  to  consider  the  form  of  the  integrals 
associated  with  a  multiple  root  of  tUfi)^^^  the  fundamental 
equation  for  the  period  m  \  and  we  assume  that  the  correspond* 
ing  root  of  O'(^)«0  is  also  multiple,  to  at  least  as  great  an 
order  of  multiplicity.  Denoting  this  root  by  tf,  and  the  corre- 
sponding root  of  n'  (V)  as  0  by  1^,  we  know  that  there  certainly 
is  one  integral,  which  is  doubly-periodic  of  the  second  kind  and 
has  multipliers  9  and  9\  let  it  be  denoted  by  ^,  so  that 

Considering  the  integrals  first  in  relation  to  the  period  m^  we 
know  (S  184)  that  the  number  of  them  associated  with  the 
multiple  fool  9  is  equal  lo  the  older  of  multipUoity  of  9 :  and 
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furthar,  tb«t  thU  group  of  intsgnli  ia  lioMriy  «qiunJaDt  to 
iub-groa[»  of  iLtognli  of  tba  form 

«.-♦., 

<!.-♦.  +  »♦■, 


the  aggregKta  uumber  of  intcgrab  in  the  nuioui  ■ul>>gTou|M  ia 
«quKl  to  tbe  onlor  of  the  mukiplicitjr  of  $,  eod  eoch  of  the 
functiomi  ^  ii  such  that 

Id  these  intognls,  ^  am  have  any  addod  coutant  nultipk  of 
4i  i  alao  ^  can  have  any  linear  coinbiuation  of  constant  multiples 
of  ^  and  ^, ;  and  so  on.  All  the  functiona  ^  ao  changed,  Mill 
have  tbe  multiplier  0  for  the  period  w. 

Now  II,  has  the  multiplier  ^  for  the  period  «'.  Tbo  aimplest 
case  arises  when  suiiie  othur  lutegral  of  the  group,  aay  u,,  also  hat 
this  nmltipliur  6"  fur  the  period  u  :  for  then  all  the  intervoniDg 
integrals  have  this  multipliur  for  the  period  «'.  What  is  iiecea- 
sary  to  secure  this  result  is  that,  tirst, 

that  ia, 

4,.  (*  +  »')  +  »'^  (#  +  «')  -  ff^  (*), 

and  therefore 

♦,(.+»')*"  ♦,(,)■ 

Secondly,  we  ninat  have 

♦.(.+.')  +  S<.  +  «)^,(» +  "')  +  (»  +  »')•♦■  (»  +  «') 

-«'l*.(«)-fS'*.(»)  +  iV.(»)l. 
which,  in  conncotlon  with  the  preceding  equatione,  ia  latiafied  if 

♦,  («  +  «')  +  !«'^  (.  +  »')  +  .''^  («  +  »')-  »'*,(»X 
that  ia,  if 

♦.(•  +  -)♦,(•  +  «■)*  ♦,<»)■ 


I 


\ 
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Biinilmrly,  we  mutt  baTe 

and  00  00.  ' 

Lei  {(m)  denote  the  aeaal  Weieretraesian  {rftinctioni  with 
periods  m  and  m';  and  let  ff,  ff  denote  the  meremente  of  ((«)  for 
an  increase  of  t  by  the  respective  periods,  so  that  wo  have 

the  sign  being  the  same  as  that  of  the  real  part  of  ii'4-ui.    Then, 
if  a  ftinction  a(«)  be  defined  bj  the  equation 

we  have 
Then  we  have 


that  is,  the  ftinction  on  the  right-hand  side  is  periodic  in  m\ 
HoreoTer,  ^  and  ^  have  the  same  moltiplier  for  m.  and  a  («)  is 
periodic  in  m\  hence  the  function  on  the  right-hand  side  is 
periodic  in  m  also.  It  thus  is  a  doubly-periodic  ftinction  of  the 
firat  kind ;  denoting  it  by  ^i,  we  have 

so  that  ^^«  is  a  doubly-periodic  ftinction  of  the  second  kind, 
with  the  same  multipliers  as  ^,  tIs.  9  and  ^. 

Bimitarly,  wo  have 


♦. 
^ 


gT^  +  ««<'+-')^{jTS^l-<'+«')l- 


J;(r^*-<'>^)*'*<'>j' 


so  thai  the  ftinction  on  the  right-hand  side  inai|)fMtly  is  periodic 
in  m' ;  and  it  is  periodic  in  »  on  aooount  of  the  pi^lferties  of  a  and 
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the  fuDOtioai  ^    Denoting  this  doubly-periodic  funoliim  of  Um 
first  kind  bj  ^^,  we  have. 

And  so  on  in  succensiun.    The  group  of  integimls,  in  the 
suggested^  can  be  represented  in  the  form 

X.-2mxi  +  w'^. 


where  the  functions  ^i.  Xt>  Xt*  X«*  **•  ^^  doubly-periodio  fbnciiona 
of  the  second  kind  with  the  multipliers  0  and  ^,  and 


M(i)-± 


;^{i'M- 


145.    Returning  now  to  the  less  simple  case,  when  not  motv 

than   one  of   the   integiais  asHociated  with  the  comsponding 

multiple  roots  can  be  assumed  to  bo  doubly-periodic  of  the  aeoond 

kind,  we  know  that  one  integral  certainly  exists  in  the  form  of  a 

doubly-periodio  function  of  the  second  kind  with  the  multipliera  $ 

and  ^.    Denoting  it  by  ^(z),  we  Ube  it  to  replace  some  one  of 

the  integrals,  say  /|  (i),  in  the  fundsmental  system,  which  then 

becomes 

*i(i).  /-(^) Mi). 

We  have 

^,  (i  +  si)  -  tf^,  (z), 

M$  +  «)- C^  ^1  W  +  0,  /,(J)  +  ...  +  C«  /m(z). 

The  fuudainental  equation  for  the  period  *>  in 


n(x)-  e-x, 


0   .     0. 


0 


and  so  tf  is  a  root  of 


^MM       f        ^^Wi 


-J?,   c«, 


©■11*  — # 


-0; 


-0. 


Cmt  $     ©MS*     •  •  •  •      ^m  "■  * 

ofmuhipUcity  less  by  one  tban  \la  m>\U.vYl\&vtY  for  fl  (#)aOl 
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Similwly,  we  IwTe  relalioiM  of  the  form 
the  nmlliplier  ^  being  a  root  of 


«.'(•)- 


-0, 


of  maltiplicity  lew  by  one  than  its  maltiplicitj  for  tV  (m)  m  0. 

The  eoefficiente  e^  and  d^  mast  eatisfir  conditkme  in  older  to 
have 

for  all  Talnes  of  k  :  these  conditions  are 

dfiem'¥df^em'¥>**^dfmCm§^Cftdm'^Cftdm'¥***'¥Ofmdm 

eay^  with  the  liniitations 

c^«i0,  dn'^6^i    Cu«0.  du^O,  if  «>L 

Owing  to  the  fact  that  0  is  a  root  of  Sli(m)^0,  qnantities 
th»  •••!  ^  exist  snch  that 


Let 


then 


^r-<t'+<t'«t4-...  +rf«r«W.  (f-8,  eee»lll); 
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and  tharefim 

'  ^""^  ••"  ^5  +  ^  ^  "f  •••  +  Car -^ » 

holding  for  all  values  of  r.    Comparing  with,  ilia  aaiiiar  eqaataooa 
in  c,  we  have 

for  all  values  of  r ;  and  thus  the  aeoond  eel  of  equationa  ia 

^■■rfa*f  d^4Ct-f  •..  -^dm^fCmt 

Eliminating  the  quantities  m,  we  have 

•o  that  ^  is  the  value  of  &. 
Now  consider  the  integral 

We  have 

X,(#-»-s»)-/t(#  +  s»)4-ft/.U-f«i)>-..4-ic«/.,(t-f-si) 
-  ((V,  +  «f,c«  +  .-.  + /CwO^iW -t-^x*  W 

say,  and 

say.    When  a«  and  &,  vanish,  ;^,  is  doubly-periodic  of  the 
kind:  but  in  the  general  ca^e,  a,  and  6,  are  distinct  from 
The  property 

Xi  {(*  +  «)  +  «') -x.l('  +  «')  +  «l 
leads  to  no  relation  between  a,  and  &«. 

If  the  multiplicity  of  9  as  a  n>ot  of  O  (^  >■  0  and  that  of  ^  aa 
a  root  of  n'(^)=>0  bo  greater  than  2,  so  that  $  and  t^  are 
multiple  roots  of  tli  (x)  ^  0,  (),'  (x) »  0,  we  proceed  as  above.  The 
newly  obtained  integral  ;^|  is  used  to  modify  the  fundamental 
system  by  replacing/,,  say,  so  that  the  system  consists  of 

^i»   X»»  /• /■•• 
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Then,  id  the  mine  way  as  above,  il  is  proved  thai  an  integral  x^ 
eiiste  BQoh  that 

Xi(' +  •• )  -  «t^  +  ^Xt-*- ^> 

Since 

we  find,  on  enbetitution, 
■o  that  we  may  take 

where  X  is  any  parameter.  This  parameter  may  clearly  be 
abeorbed  into  Xt  ^7  taking  Xt"*"^  '^^  ^^  ^^^  ^  '^  ^  ^ 
division.    Thus  oar  integrab  ^»  %•'  X*  ^'®  '^^^  ^'^^^ 

X,(*  +  «^')-fc,^  +  ^Xi» 
XiCi  +  ^O-ft^  +  ftiXt  +  ^Xf 

And  80  on,  until  a  number  of  integral's  is  obtained  equal  to  the 
lesser  of  the  orders  of  multiplicity  of  $  and  6^.  Thus  the  next 
integral  is  x*  {^7\  where 

x4(*+al')-6^+(^+x^)x•+^x•+^x•• 

146.  From  these  descriptive  forms,  we  can  proceed  one  stage 
towards  the  construction! of  an  analytical  form  of  the  integrals. 
For  this  purpose,  we  introduce  (as  in  {  144)  the  ftinctions 

where  the  doubtful  sign  is  the  same  as  that  of  the  real  part  of 
m'4'imi  we  have 

a(«4-i»')«>tii 

Then  the  various  integrals  can  be  expressed  as  non-homogeneoui 
polynomials  in  «  (m)  and  v  (m\  the  eoelBoienta  of  which  are  doubly- 


(f)       )       e(#  +  ii)-f(#)  +  n 

(#)+ir   fCs+tiO-tw     r 
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periodic  fimotioiui  of  the  aecood  kind,  with  $  and  ^  Ibr  molUplienw 
In  particular,  the  integrala  have  the  form 


X4  w-z^^u) +/,*;(#) +*/./;(#)  4- 4/.#;(#x 

and  10  on.  The  fiinctiona F are  doubly-periodioof  theeeoond kind 
with  factoni  $  and  ^ ;  /|  is  a  polynomial  of  the  firit  degree  in  «  («) 
and  e(j);  1%  and  J,  are  polynomials  of  the  lecond  degree  in  the 
aame  quantities,  having  Z/  as  the  aggregate  of  their  terms  of  the 
second  degree ;  /,  is  a  polynomial  of  the  third  degree  in  the  same 
quantities,  having  //  as  the  aggregate  of  its  terms  of  the  third 
degree;  and  so  on. 

To  prove  this,  we  note  in  the  fintt  placo  that  ^(f)  is  a  doubly* 
periodic  function  of  the  second  kind  with  the  multipliers  0  and  f. 
As  for  Xt(^)*  ^®  ^^^^ 

t 

If  therefore  we  take  the  functioa  p^k  (')•  where 


|)«(«)-J'k(«)  +  ^ii(#), 


we  have 


M') 


and  therefore 


^W)-i^<*+-')' 


U  a  doubl>-periodio  function  of  the  first  kind.  Let  #•(«)  deaoto 
the  product  of  this  function  and  ^(<);  then  #'t(«)  ia  doabljr* 
periodic  of  the  aecond  kiud  with  uultipliera  9  and  6^,  and  w« 
have 


lilMlfcl«iM_Ul-a*«   r--   ■        ■  -* .i^ai^-   I.   .1— ^^MUiJiMyi^^ 
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Moreorer,  in  that  caae,  fii  of  the  equations  in  {  141  for 
determining  the  quantities  \  are  dependent  upon  the  remaining 
m— fii*  Let  the  last  m— ni  be  a  set  of  independent  equation^ 
determining  X«,4.i,  •••,  X^  in  terms  of  X,,  X,, ...,  X«,;  and  suppose 
that  the  egprsssions  are 

for««fi|-|-l9fi|4*S»  — » vt^    Then 

r{$)  -  x,/,  (*) + Vt  (*)+••• + x«/,  (#) 


where 


for  rvly  S,  •••,  fii;  and  each  of  the  functions  gu  ••••  ^«,  i*  BQch 
that 

^,  (f  +  e»)  -  0i9r  ('). 

As  rsgards  the  possible  multiplier  0/  for  the  other  period,  we 
have 

-X,l?,-hXA  +  ...  +  X^l?^. 
say,  where 

t-Nl-l-l 

and  the  effect  upon  F(m)  of  the  increase  of  argument  by  the 
period  m'  is  giren  by 

Now  $1  is  not  zero,  for  it  is  a  root  of  SI'  {ff)  •>  0  which  has  no 
tero  root ;  and  therefore  not  all  the  quantities  B|,  4»  •••,  JBn,  can 
Vanish.  Let  Bu  Bt,  •••»  B^  be  ihose  which  do  not  ranish ;  then  we 
have 

- (X|i^  +  X,B,  +  ... -h  X,B.)  {X,^  (t) -h X,y,(f)  + ...  +  X^^i^  (f )}. 

As  some  one  of  the  quantities  X|,  Xf, ...» X^,  is  not  sero  (for,  thus 
&r,  all  these  quantities  are  arbitrary),  we  shall  take  Xi « 1.  In 
Older  that  this  equation  may  hold,  we  assign  definite  ?alues  to 
Xfi  e.ef  Xf  I  we  write 

#i(*)+Xt^(*)+ ... +x,#.(*)-0(*X 
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doubly-periodio  funotioni  of  the  teoond  kind  iuriaing  in  Um  pro- 
ceding  investigation  are  uniform  functions  of  b  \  and  a  general 
method  of  constructing  such  functions  is  known*.  Inatead«  how- 
ever, of  using  the  precediog  results,  it  sometimes  is  mote  eon- 
venient  and  more  diroct  to  infer  the  irreducible  singularities  of - 
the  integrals  from  the  differential  eciuation  itself  These  are  used 
to  construct  an  appropriate  uniform  doubly-periodio  function  of 
the  second  kind ;  the  remaining  quantities  needed  for  the  precise 
determination  of  the  integral  are  then  inferred  by  substituting 
the  expression  in  the  differential  equation. 

Ex,  1.    Ouiuiidor  tho  equation  f 

d^to  dw 

with  the  uftual  Dotation  for  the  lVeierHtra«iiiAii  elliptic  Ainctione;  •  and  fk  are 

C01UltAllt«. 

The  oiilj  irriHlucibltt  niiigularity  that  an  integnil  can  have  Is  «w0l    Ths 
indicial  etjuation  for  i>«0  in 

n(N-l)(A-S)-Sa-0, 

tlie  roota  of  which  are  - 1,  0,  4;  aiid  the  ei|NUiaioiui  that  respoctirsly  oone* 
■|M>ud  to  the  roi»u  are  cawily  |»roved  to  be 

IT,— I* -I- 1  Ol* -♦-.... 

Thue  no  logarithuui  are  involved ;  every  integral  is  a  uniform  AmctioQ  of  i^ 
being  of  the  form  ^•P|-|-/lar,-f  tV,;  and  at  leant  one  integral  of  lbs  squaftion 
ia  thiu  a  uniform  doubly -iwriodic  function  of  the  aaoond  kind.  We 
to  its  couHtruction. 

Thin  doubly -ficriodic  finictiou  of  the  MC€ond  kind  oannoi  bs  dsfold  of 
if  it  in  to  involve  tho  tint  i>f  the  aliove  iiitegrale  iu  iteespreetioa.  (If  U 
devoid  of  pulcH,  it  would  ik\m>\  bo  devoid  of  leroe  in  the  finite  part  of  lbs 
plane:  and  thou  (/.c)  it  could  only  lie  an  ei|M>ueotial  of  the  form  ^^ which 
ia  uuuiifeKtly  not  a  iM>lutiiin  of  (»ur  eqiuitiou.)  It  has  one  imdudblo  pole ;  it 
therefore  ban  one  imUucible  xero  in  the  finite  |»art  of  ths  plans.  Lsl  thr 
latter  be  denote(^^L-  a,  whioh  at  pruMint  id  unknown. 

We  now  consider  {  the  elementary  function 

•  r.  >\,  M  U7~iatf. 

t  It  ia  a  modified  furiu  of  ad  iniuaiioD  given  by  Picard,  CVvUc,  i  ic^  ^  fSQl 
Z  T.  F.,  i  13U.  I  r.  h\  u. 
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whksh  hfts  imO  for  an  irreducible  simple  pole^  end  -a  for  an  irreducible  simple 
nro;  ite  expanaioii  begins  with  f^  and  the  fonotioD  mnei  therefore  agree 
with  the  integral  abo?e  obtained  in  the  ricinity  of  ««0i  (The  oonetante  X 
and  a  determine^  or  are  determined  bj,  the  multipliere  of  theperiodie  fbnotloo  | 
bot  at  present  these  are  unknown,  and  so  X  and  a  most  be  detennined  in 
another  manner.)    To  eipand  the  above  fbnction  in  powers  of  i^  we  hafo 

#(a)       *■*■   r(«)*^n  r(«)*^il  r(a) 


'•••I 


the  WeJerstraseian  Ametions'  on  the  right-hand  side  being  ftmctions  of  «• 
▲bo 

r(i)->«t    '••  ■  ; 

and  therefore 

»(H-«)    » 

r(.)»(«)*^ 

-;+(X+0+i««X+««-|»J+J»*«X+«»-8(X+0P-r> 

+p{(>+0«-«(X+f)'f-4(X+OI»'-«P+W+... 
This  la  to  Mtkfy  the  ditferentUl  equatioii,  w>  that  it  nnial  ba  of  the  fctm 

CkaAj  Ami,  Bm\-i.(,fi)t  thispurpow:  therahieof  0inmkl1»  naaded  fer 
tha  oomplata  aipraarion,  bat  wa  merely  require  X  and  •  at  preMoi  Ooaa* 
paring  the  ceeBeiitB,  we  thua  liare 

J-l, 

j—(X+o«-f. 
M/»-(*+f)»-»(x+Of-|r, 

ao  that  X  and  a  are  datemined  by  the  eqitationa 


-f'W 


„  ,  (X+f)'-»(X+{)f 

Wahaft 

where  a  ia  detennined  by  the  relation 

The  Ametioo  on  the  left-hand  side  is  a  donblj-periodio  fonotion  of  the  first 
kind :  it  has  a  sin^  irreducible  pole,  which  is  at  BmO  and  is  of  mulUpUcitjT 
threa  Heooe  it  has  three  irreducible  leros^  ssj  On  flu  «||  and  their  sum  ll 
eongruent  to  0^  eo  that  we  maj  take 
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(r-l.t|«)l 


In  fMMral,  Oil  Oi,  09 M«  anaquAl,  bocauM  •  and  fi  f  gaotnl  iwmtanti;  Iha 
diaeuMkm  of  Um  critical  oonditiona,  that  lead  to  aqoalitiea  batwatao,,  14,  m^^ 
and  of  tba  oooMquent  modificationa  in  the  oomplata  pfunitiva^  la  lall  aa  an 
aiaiviaa    Let 

then 

ir(i)ir(a,)^ 

ia  an  integral  of  the  equation  §or  each  of  the  three  Taluea  of  r.  The  primitiva 
of  the  equation  ia 

whore  J.,  J.,  il*  are  arbitrary  counUiitii. 

^.  8.  Obtain  the  reUtioiM  which  eipreea  the  integiala  ^ft^^oi  the 
equation  in  the  preceding  euuaple  in  tomm  of  W^^  W^,  W^i  and  detennint 
the  multipliem  of  the  integralit 

Sx,  3.    Obtain  the  primitive  of  the  equation 

in  the  form 

Ex.  4.    Verify,  that  the  primitive  of  the  equation 


y«ii  coit(aauijr)-f /liiiu(nanijr). 


(ajWMa) 


iElr.  6.    Prove  that,  if  /  be  an  cxid  fiiiiction  and  «/  be  an  eren  ftinetkni 
both  doubly-periudic  in  the  nanio  periode,  the  integrala  of  the  equation 

can  be  ejiproHied  in  tenun  of  jf  (1). 

Hence  (or  otherwino)  integrate  the  equation 


1^  .  u^'  IP'S 

i^.  8.    Determine  the  reUtioiM  among  the  conatanta  (if  any)  in  Ihn 

equation 

li^'Xa-ajl)  ii^-Ky-l.^- IIT)  w-0, 

in  order  that  every  integral  of  the  equation  nhould  be  unifonn;  and  iawmiing 
the  relationa  natiatoi,  ahew  that  the  equatiou  haa  three  intKgnda  of  IIm  iofai 


/'. 
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SsL  7.    Shew  tluii  Um  equation 

/*^(«-aHHi>x)y-fOI-l-rA*m*x-8l*Mi#ca4rdB4r)jf«0 
hfts  tn  liitegr«l  of  Um  form 

uvvidw 

Mid  that  H  Iben  baa  three  iotegnOs  of  that  form.    Obtain  theee  failegrala. 

(MHtag-LiAer.) 
Ar.  a    Obtain  the  integral  of  the  eqmitioii 

in  tlie  form 

where  the  oowtanta  X  and  •  are  given  bj  the  equationa 

A.(l^.p)^3(Xt-ASen>»)-0^ 
tX*-(SuH,anU-|-tX(l-|-l^-4Han»on»dn»-A|«a 

Verity  thai,  fai  general,  three  distinct  integnJa  are  thi»  i^tahied.      (PIcarl) 

•      Ar.  a    Prove  that  the  equation  ^^. 

g+(-l«Pen«*)g+/l^+(y^.«i«ii#)y.O 
baa  an  integral  of  the  form 

proTided 

g.+a-8(l+P); 

and  that,  if  thia  rektion  be  eatiefied,  it  baa  four  anoh  faitegnd&    Obtain 
them.  (Mittaf-Liaer.) 

Es,  la    Verifj  that  the  equation 
(8n>4r-mi«<i)^-8  8nxonxdnx^-f8y(l*8(l4*l^n^«-l-al*HiU)>-l 
baa  an  integral  of  the  form 

prorided 

.     Bn«cn»dn»        .  en*a(8Pefi*«— 1-i^ 

^*  «n*i^:in«i  •    ~  •■«4*«i*«-«(l+l«)en«n+i* 
and  obtain  the  primitife. 

Henoa  integrate  the  equation 

Atiaeonalani  (HermiteL) 


4M  hkut'9  (14T. 

JBi.  11.    Diaouw  Um  aqwUioa 

Ibr  iboia  cum  whan  every  integral  k  *  unilHrm  Ainotion  of  a. 


for  which  Um  equation 

admita  aa  an  integral  a  uniform  douUj-periodio  Ainotion ;  and  ohtain  the 
integral  (Math.  Tripoa,  Ptet  ii,  1B87.) 

£s.  13.    Prove  that  the  equation 

y^-SU(»4'l)y^|p(i)-«a(a-l-l)y|>'(i) 

^^|a(n^l)(a^>3)(a-i)^^^^^^ 

where  e  ia  an  arbitrary  coiuttant  and  n  ia  a  poaitive  integer,  haa  a  uniform 
Aiuction  of  t  for  ita  complete  |irimitive.  (Halfihen.) 

JSr.  14.    Couatruct  the  equation  which  haa 

tf-K+ii,(P(i)-|.a,|r(j).|.a,|r  (,))/(,) 

for  ita  complete  primitive  and,  for  a  properly  determined  value  of /(t^  ia 

cPw 
devoid  of  the  term  in  ^ . .    Likewiae  oonatruct  the  equation  which  haa 

19  a  (ug  4  a,  iin  <  4- ««t  cii  I -f  a|  dn  «) /(i) 

for  iUi  complete  primitive,  with  the  ourroa|M>uding  determination  of /(i)  to 

if  i# 
remove  the  term  in  -. ,  .     In  each  oaae,  the  quantitiea  ag,  Uf^  Og,  0|  are  to  bn 

regarded  aa  arbitrary  couaiaiita.  (llalphen.) 

£x,  16.    Prove  that  the  primitive  of  the  equatiop    i 

ia  a  uniform  fuuction  of  i^^  when  m  ia  an  integer  multiple  of  9 ;  and  diacoaa 
the  primitive,  when  the  integer  a  ia  prime  to  3.  (Halphen.) 


/ 


Lams'b  Equation. 

148.  One  of  the  luoot  important  instances,  in  which  a 
ferential  equation  with  uniform  doubly-periodio  coeflBoienta  haa 
a  uniform  doubly-periodio.  function  of  the  second  kind  for  ita 
iategnl,  is  Lamp's  e<\ual\ou  or,  rather,  the  more  general  form  of 


/ 
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Immt^B  eqnatioii  m  discussed  in  the  ioTestigatioM  of  Hermite, 
Halphen,  and  others.    The  form  ueed  by  Hermite*  is 

lg-ii(a  +  l)i:-8n«f  +  B. 

where  fi  is  a  pesitiTe  integer  and  £  is  a  general  constant;  the 
form  need  hj  Halphenf  is 

i£-«(«-+i)i'(«)+«. 

with  the  same  significance  for  n  and  B.  We  shall  use  the  latter 
form  of  equation :  it  is  selected  for  convenience  and  for  its  slightly 
greater  generality  owing  to  the  functional  independence  of  the 
periods.    The  mode  of  discussion  is  the  same  for  the  two  forms. 

As  we  are  concerned  with  the  application  of  the  general 
theory 4,  rather  than  with  the  special  properties  of  the  functions 
defined  by  Lam^s  equation,  only  an  outline  of  the  solution  of  the 
equation  will  be  given  here.  The  detailed  dereiopmentSi  and 
references  to  further  memoirs,  will  be  found  in  the  authoriUee 
just  quoted. 

It  may  be  not  without  interest  to  indicate  how  this  form  of 
equation  arises  from  the  equation 

characteristic  of  the  potential  in  free  space.  When  orthogonal 
curvilinear  coordinates  a,  0,  y,  as  defined  by  three  orthogonal 
surfiices 

«(^.y.«)-«.  /9(^.y.«)-A  7(^.y»')-% 

are  used,  then  the  equation  becomes 

d  /A  9V\      d^/  B^dV\      9/C  dV\ 

*  ••Bar  qMlqoM  appHeslkNit  4m  fonolloat  tUipliqQit»**  a  ttpsisls  raprtet 
(1885)  from  Um  CmHfU$  AfMhit. 

t  Tfiti  di$fcmethm  ilUpiiqnet,  I.  n,  eh.  tn. 

X  Thftl  is,  tht  llMOffy  oC  tht  anifom  aoebly.ptriollo  AuelloBi  of  tht  liooiid 
UaA  whkb  ere  lalHnds  ol  tht  difl^mtial  •qoatioa.  It  bsi  bMO  prafsd  (I  M) 
ttsi,  bj  sa  spueyttoli  tisarfwMitfoB,  Ibt  stesttoa  ssa  W  ihsairil  so  ss  lo  bt  of 
lyps. 

y.  it.  ^ 
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whert 

Chooae,  as  the  orthogooal  aiirfaces,  the  three  quadrict  which  an 
coufooal  with  a  given  ellipsoid ;  and  let  X,  /i,  y  be  the  roota  of  th^ 

equation 

^  y  J* 

a  cubic  in  $.    Then*  we  take 

a«  +  X-|i(«)-#i.    6*  + X -§>(«) -e,.    c«-»-X-|p(«)-ib. 
a«-»-/*-|i09)-#„    fc*-»-/i-|>(/8)-e„    c*^/4-f 08)-ib, 

Now 

3XV  .  /axv  .  /ax\« 


where 


^o'-sxy-©"-^.-. 


hence 


Similarly 


Px'    (o»  +  \Y    (6*  +  xy^  (c«  +  xy 

(X-mXX-k) 

"  (a*  +  X)  (4»  +  XHc*  +  X) 

4(X-M)(X-r). 


^.  » 


(X-/i)(X-i.)- 


£»-, ri .  .     O* 


0*-X)0»-i.)'  (i--X)(i.-m)* 

ao  that  the  equation  for  the  potential  becomes 

•  OfMnliiU,  Froe.  Uud.  Jiatk.  Soe^  %.  iviu  (1M7),  ^  flit. 
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or,  what  is  the  same  thing, 
l|»(/8)-f  (7)}^+  {|»(7)-P(«)|  ^+  (!»(«) -|»(/9)lK-0. 


For  the  parpoees  contemplated  in  the  tranafomiation,  the  quantity 
V  is  the  product  of  a  function  of  ci«  a  function  of  /9,  and  a  function 
of  7,  or  is  an  aggregate  of  such  products ;  and  it  is  a  uniform 
function  of  its  variables.    Hence,  writing 

where  /,  g^  k  denote  uniform  functions  of  their  aigumentSi  we 
have 

+  lf(«)-i»09)){^-o. 

Thus 

• 

where  wf  when  s^^a^  w^g  when  f  "/9,  w^h  when  t«-7,  and 
il,  B  are  constants  independent  of  a,fi,y:  they  must  be  such  as 
will,  if  possible,  make  w  a  uniform  function  of  its  argument  The 
only  possible  singularities  of  w  are  t«0  and  points  congruent 
with  f  H  0 ;  hence,  after  the  earlier  investigations,  we  consider  the 
irreducible  point  t «  0.  The  form  of  the  equation  shews  that  it 
will  be  an  infinity  of  w ;  and  thus  it  must  be  a  pole,  say  of 
order  a,  where  a  is  a  positive  integer.  Thus  we  have,  in  the 
vicinity  of  the  pole, 

whers  A  («)  uid  Jt|(«)  are  regular  fiiDctioM  of  «,  Rteh  thai 

H«Boe,  in  the  Tkinity  of  «  «  0,  we  have 

•  a?    — ?~  (1  ♦  powen  or  *X 


MMriMiMMftiMMlMiMflMA 
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and  tberefore 

a  limiUtioQ  upon  Ibe  iorm  of  the  oonstant  A.  But  then  is  no 
limiUiion  upoo  B^  aeoeasary  for  the  existeaoe  of  integrals  of  tbo 
type  indicated;  and  therefore  the  differential  equation  maj  be 
taken  in  the  lonn  as  stated. 

To  obtain  Herniite'a  fonn»  we  write 

as  usual,  and  then  take 
the  equation  becomes 

where  B"  is  a  coniitant 

149.  The  mcth(Ki  of  solution  of  the  equation  is  baaed  upon 
the  knowledge  that  there  in  at  leaat  one*  integral  in  the  form  of  a 
doubly-periodic  fuuctiou  of  the  fiecoud  kind :  the  limitationsi  thai 
have  been  iuiposod  u})on  the  equation,  secure  that  this  function  is 
uniforn£  Moreover,  the  integral  has  only  one  irreducible  pole. 
vii.  at  «"iO,  and  the  pole  is  of  order,  n. 

There  are  two  modes  of  using  these  results  in  order  to 
construct  the  iotegraL 

By  on6  of  them,  we  use^  the  further  property  that  a  uniform 
doubly-periodic  function  of  the  second  kind  has  as  many  irre- 
ducible zeros  as  it  has  irreducible  poles,  account  being  tsJcen  of 
the  orders  of  the  points  in  each  category.  Accordingly,  in  the 
present  instance,  the  integral  has  n  irreducible  zeros :  let  them  be 
—  a,,  —  Ut,  ...,  —  (Im*    Consider  the  uniform  function 


w 


which  is  doubly- periodic  of  the  second  kind;  its  (single)  ii 
ducible  pole  is  of  order  n  and  is  at  t  *  0 ;  and  it  possesses  the 

•  r.  t\  %i  139,  141. 
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neotBuaj  n  (vnknown)  irredneible  leros,  so  that  it  is  of  a  raitable 
form.    We  hare 

Ill  Older  to  simplify  the  right-haod  side,  it  is  ooDTenieDt  to  take 


and  so 


Heooe 


p-X-  2  t(o,);    , 

1  c^»    1  idwy       , .    •    >     • . 


Bat 


Iff3i  *r.t  f>  (Or) -!>(«)' 

•ad  therefisre 

W***^'-!   T    ft>'(«r)-P'(*)l* 
«D«U/        *rtlt|»(«r)'-|»(iH 

The  fint  term  on  the  right-hand  side  ia  eqnal  to 

i  {|»  (*  + Or) +  |»(o,) +  !»(*)}. 

■  • 

To  modify  the  second  term,  where  the  sammation  is  for  pairs  of 
uieqoal  valnes  of  r  aud  «,  we  have 

f(«r)-p(*)*  |»(0,)-f(*) 

.  H^{')-'8,9(')-9»-'9fM  i>(a,)  -yfJM)  W  (Or)  +  ff  (a,)] 

IP  («r)-|>(*)H|»  («.)->(*)) 

after  easjr  rednotionsi  where 

r  ,p'(a.)-l-p'(a,) 

^       P(«r)-f(«.)' 
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•ud  thu«  the  Moond  term  in  the  expreauoa  fiir  r^  (  j- )  beeomee 

n(«-  1)|.(,)  +  2(H-1)  2  |»(a,)  +  i  i  tt\-£^\^^' 

where  the  sumiDatioD  is  for  all  veluea  of  •  from  1  to  n  eieepl  ooly 
far;    Then 

**rr,i»(*)-i»(«,)tr/-  *^r 

Comparing  this  result  with  the  differential  equation  under  con- 
aideration,  we  naturally  take 

for  all  values  of  r,  that  is, 

!>' (fli)  +!>' (a.)  .  !>'  (a.)  +  V^  (a.)  \ 

y(a.)->-t^(ci.)     ^^  (g.)  ■»-  •  (a>)         .2^ 


and 


(2/1-1)  5  |>(ar)-fV-A 

r-l 


Adding  the  u  fonner  e({uations  together,  we  have  ' 

0  =  2n\, 

so  that  X  vanishes.     Hence  if  the  n  quantities  at»  a^,  «••«  On  off 
detemUned  by  the  equatiutie 

|>(a.)-|>K)  "^  |**(a;)-|i(ii.)  "^-     "• 
y^K)-f  y^(u,)     ji>,)  +  |>;ja,)  _ 

(ic^AicA  ttr0  equivalent  to  only  n  — 1  independent  equations,  h^oaum 
tk$  eum  of  the  n  left-hand  eidee  ie  zero)  atui  by 
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if  aw  integral  o/Lam^$  equation 

The  eqnation  remains  unchanged  when  — «  is  written  for  t ; 
hence  /*(— t)  is  also  an  integral.  Sa?e  in  the  case  when  the 
constants  a  are  such  that  F{i)  and  /*(— t)  are  effectively  the 
same  function,  we  hare  two  independent  integrals  of  the  equa- 
tion, which  therefore  is  completely  solved. 

150.  Another  method  of  arranging  the  neoessary  analysis  is 
as  follows.    Consider  the  equation 

where  F(m)  is  a  doubly-periodic  function;  by  Picard's  theorem 
d  142),  an  integral  (say  Wt)  is  known  to  exist  in  the  form  of  a 
doubly-poriodic  function  of  the  second  kind.    If  then  we  write 

1  dtp, 
Wi  at 

the  quantity  v  is  a  doubly-periodic  function  of  the  first  kind ;  and 
it  satisfies  the  equation 

P,  +  n'~F(e). 

The  irreducible  poles  of  t^r,,  in  their  proper  order,  are  known  from 
the  singularities  of  the  original  equation;  let  them  be  fi  in 
number,  account,  being  taken  of  multiplicity.  Then  each  of  them 
is  a  pole  of  v,  of  the  first  order ;  and  the  sum  of  their  residues  for 
V  is  —  a.  The  number^  of  irreducible  zeros  of  I0|  is  also  n,  account 
being  taken  of  multiplicity ;  each  of  them  is  a  pole  of  s,  of  the 
first  order,  and  the  sum  of  their  residues  for  v  is  -f  a. 

We  therefore  construct  a  uniform  doubly-peiiodic  Amotion  of 
the  first  kind,  having  these  poles,  all  simple,  vis.  the  known  poles 
arising  through  the  singularities  of  #*,  and  the  unknown  poles 
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arifting  Ihnwgh  the  leroa  of  iv^,  taking  cars  to  have  <*»  and  -I- • 
for  the  reepective  sums  of  the  residuea.  The  general  exprearioii 
for  such  a  function  is  knofvn*: .  when  substituted  as  a  trial 
function  in  the  above  equation,  ooiAparison  of  the  results  leads  to 
a  determination  of  the  constants. 

As  an  illustration,  consider  the  equation 

The  irreducible  pole  of  ^  ($),  viz.|  « *■  0,  is  the  only  iixeduciUe 
pole  of  Wi,  and  it  is  of  the  first  degree.  Accordingly,  it  is  a 
simple  pole  of  v,  with  a  residue  —  1.  Further,  there  is  (by  the 
preceding  argument)  only  one  other  pole  of  v:  it  is  simple,  and 
has  a  residue  -f  !•  As  v  is  a  doubly-periodic  function  of  the  first 
kind,  au  appropriate  expression  is 

v-t(s-c)-.CU)-»-* 
-C('-c)-C(s)^C(c)  +  », 

say;  and  &,  e  have  to  be  determined  by  substituting  in  the 
equation 

Now 

and  by  the  addition-theorem  for  the  {'-function*  we  have 

Subntttuting,  we  have 

which  must  be  satisfied  identically.     Accordingly, 

6-0.    ^ic)^B; 
and  thus,  with  a  known  value  of  c, 

*  r.  F.,  I  iss. 
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•o  that 

There  are  two  valnes  of  e,  equal  and  opposite :  the  ooDatmotion  of 
the  primitive  is  immediate. 

£x,  I.    Shew  that  two  indqiendeot  intagTali  of  the  ecioalkNi 

hi  the  oiM  when  B«b<i»  aie  given  bj 

and  ohlafai  the  integreki  in  the  ommi  when  il««g»  and  Bm$^^  reipeoUvffy. 
Ex^  I.    Obtain  the  primitive  of  the  equation 

(where  •  to  oonaUnt),  in  tlie  farm 
where 


DiflcuM  the  solution  in  the  three  perticukr 

.«-m.A>,  1,  A  (Hermite.) 

Bx.X    Shew  that 

ntisflee  the  equation 

if  F(^)t  F(^  F(^  A>^  the  roota  of  the  cubic  equation 

and  deduce  the  primitife.  (Helphen.) 

Bx.  4.    Shew  that  the  primitive  of  the  equation 

cen  be  eipreaeed  in  finite  form  for  appropriate  values  of  the  eonelant  B  in 
the  following  ceaee :—  * 

L    When  a  lean  even  integer,  «8fis  then  either 
er     • 

#1^  9  e^  are  any  two  of  the  three  eonetente  #1 9 1^9  «^ : 
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II.    When  H  in  Ml  odd  intoger,  -iSiii  - 1,  Umo  tiibar 


or 


whera  #4  U  any  om  of  the  three  aiiuUiiU  #|,  #19  «|. 

UeUruino  the  uuoiber  of  eultttioiM  of  the  efiecij^  kind  in  eeob  of  the 
oMee  indicated.  (Cimwfoid.) 

JEr.  6.    Shew  that  en  integral  of  the  equation 
where  A  in  a  oouatant  and  in,  n  are  intogem,  can  be  eipreiMd  in  the  lurm 


/ 


,.#i('-*,)^i(«-'f)-.A('-'— )/rr» 


in  the  uaual  notation  of  tlie  theta-fUuctiouni  «|i  !«•  ...|  fai^A  being  a|i|iro|iriate 
oonatanta. 


Obtain  the  primitive. 

Ex,  6.    Obtain  the  |irimitive  (»f  the  equation 


(M.  Elliotl.) 


d^w 


in  the  form 


ifc.-4j,7(,jlVW-«y.l»(0-ayj 


Ex.  7.    Skew  Uutt  there  an  two  vaIimm  of  k^,  for  which  tha  Miiwtwa 

% 

where  m  ia  a  oonntant,  poiwebiMM  an  integral  of  the  furm 

and,  for  each  auch  value,  obtain  the  |irimitive. 

Kx,  a    Bhew  that  there  are  a -|- 1  valuer  of  i«,  for  whioh  the  equation 

where  m  la  a  oouatant  and  11  a  |>o«itive  integer,  poaMuMe  an  integral  of  the 
form 


19  ■■ 


r«i 


-mtm((«) 


(i) 


Prove  alao  that,  if  the  right-hand  mJo  of  the  differential  equation  be 

IncroaMd  by  ir(f),  where  ir  ia  a  doubljr-periodio  function  of  the  first  kind 

having  all  iU  polee  aimple,  a  correapondiug  theorem  holda  aa  regarda  the 

iaUgnd,  iiJt^  be  properly  deiermmod.  V!BanolC\ 
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Ex.  9.    Integtste  tiw  «qa«tion 


where  m  /,  ^i",  «  are  positive  intogen. 


(Dtrbom.) 


161.  The  other  mode  of  utilising  the  known  properties  of  the 
integral,  when  it  is  a  nniform  doubly-periodie  fiinction  of  the 
second  kind,  is  to  obtain  the  actual  expansion  of  the  integral 
in  the  vicinity  of  its  irreducible  pole  and  thence  to  eonstmot  its 
functional  expression  in  terms  of  the  elementary  function 

where  a  and  X  are  initially  unknown  constanta  Some  indication 
of  the  process  is  given  in  Ex.  1,  {  147 ;  but  h  slightly  different 
form  will  be  adopted  for  the  present  purpose.  W^  take  the. 
elementary  function  in  the  form 


where  p  and  a  are  now  to  be  regarded  as  the  constants  to  be 
determined.  The  expansion  of  this  fiinction  in  the  vicinity  of  its 
irreducible  pole  at  t »  0  is 

+  A  {/^-«pV(«)-W(«)-V(«)+fyJ  «•+•••• 

I(  in  the  same  vicinity,  an  integral  of  the  differential  equation 
exists  in  the  form 


«1 


•  .• 


+  -^  -t-  Of  -t-  positive  powers, 


then  we  may  take 


«^  -  «•  3j5=r  ■••  *«^t  JJ5=f +•••  +  •! ^» 

where  a  comparison  of  expansions  serves  to  determine  the  con< 
stanis  0  and  p.    The  integral  thus  is  known. 


47e 


■XAMPUe 


[ISl. 


An  iUoatration  will  render  the  deti^la  elettrer.    In  the 
when  n  •  S,  the  equation  ii 


Let 


1     a. 

J*      s 


be  tubttitttted  in  the  equation ;  we  find 


flo  that 


1 


ii,^T..ji»^(^^iJ.-^,.)^^ 


•••  • 


Manifeetly,  the  form  to  take  in 


W"  — 


dO 
ds' 


and  then  comparing  the  two  expaneioue,  we  have 

-  *  Ip*  - 1»  (a)l  -  -  ii». 
^-Sp|>(a)-|)'(a)-0. 

These  equations  give 

'^.    i<-6|»(o)" 

The  former  in  general  leadu  to  two  irreducible  vahiea  of  • ;  the 
latter  uniquely  determineti  p  for  each  of  tbeee  'values  of  •> 
Denoting  the  two  values  of  a  by  a  and  —  a,  and  writing 

a(«)a(a) 

8^  (a) 

»(«)«•  (a) 

« 

the  primitive  of  the  differential  equation  is 


{3 


) 


I 
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Ex.  1.    DbooM  Um  iDlagnU  of  the  equAtion 

when  a,  m  oliiUiiied  la  tlie  preceding  eoluiioii,  hM  tlie  ▼tlois  0^  «^  oTi  W, 
Ex.  1    Pfeore  thai  ea  iategrAl  of  the  equation 

is  given  bj 


the  WMtMiti  f  and  •  bainf  givan  bj  the  «ii»tkmi 

II»|»(.)+iO*»+U-(5^f«^)'-A«, 

V%aJ^k^^  AL^ * — tat-   - 

ueonoe  wie  pnnuuwk 


/ 


I    ^ 


CHAPTER  X. 

EqUATIONil  HAVING  ALOBBBAIO  CoEFnCllNIB. 

15t.  TfiB  differeniial  equatic^,  considered  in  the  iMrecediDg 
ehapten,  have  had  uniform  fuDCtionn  of  the  independent  variable 
for  their  ooefficienta:  We  now  proceed  to  consider  (bat  only 
briefly)  some  equations  without  this  limitation:  one  of  the  moat 
important  cUsses  is  constituted  by  those  which  have  algebraic 
functions  of  the  variable  as  their  coeflicients.  For  this  purpose, 
let  y  denote  an  algebraic  function  of  the  independent  variable 
X,  defined  by  the  equation 

where  ^  ii  a  polynomial  in  x  and  y,  and  the  equation  is  of  genua 
p.  With  this  algebraic  equation  we  associate  the  proper  Riemann 
surface  of  counectivity  2/)  +  1. 

We  OMsunte  that  the  linear  differential  equation  has  uniform 
functioiiH  4>f  X  and  y  for  its  coefbcienti,  so  that  each  of  these  is 
a  uniform  function  of  position  on  the  surface:  and  we  v/rite  the 
equation  in  the  form 

j^.+ «,  (^'.  y)j^^.i  +  OiU.y)^;^.. +  ...  +  «•(*.  y)«»  -  0. 

Let 

-/•if'iW*'' 

w  m  MS    •'  , 

the  exponential  in  the  factor  of  u  on  the  right-hand  side  being  an 
Abelian  integral ;  then  the  equation  for  w  is 
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devoid  of  the  derivative  of  order  m  —  1 ;  all  the  coefficients 
Pfl,  •••,  Pm  Are  algebraic  functions  of  «,  and  arei  uniform  functions 
of  m  and  y.    This  is  the  form  of  equation  which  will  be  discussed. 

Let  {x^f  yt)  denote  any  position  on  the  surface,  which  is  not  a 
singular  point  on  the  surface  and  in  the  vicinity  of  which  each  of 
the  coefficients  P  is  regular.  Then  an  integral  exists,  which  is 
regular  everywhere  over  a  domain  in  the  suiface,  and  is  uniquely 
determined  by  the  assignment  of  arbitrary  values  to  w  and  to  its 
first  m  —  1  derivatives  at  (x^^  y,).  In  fact,  all  the  results  relating 
to  the  synectic  integrals  of  an  equation  with  uniform  coefficients 
hold  for  the  present  equation  in  the  domain  of  (x,,  y«). 

Next,  let  account  be  taken  of  the  singularities  of  the  equation 
^■iO  and  of  the  associated  surface.  As  these  affect  all  the 
coefficients  of  all  differential  equations  of  the  class  considered, 
and  thus  afford  no  relative  discrimination  among  the  functions 
defined  by  those  equations,  we  shall  assume  them  simplified  as 
much  as  possible  before  proceeding  to  consider  the  properties  of 
the  functions.  Accordingly,  we  shall  suppose  that,  if  the  equa- 
tion ^  ■■  0  (or  the  Riemann  surface  associated  with  it)  possesses 
a  complicated  singularity,  it  is  resolved*  into  its  simplest  form 
by  means  of  birational  transformations,  so  that  we  may  write 

where  g  and  h  are  uniform  functions  which,  in  connection  with 
^"■0,  admit  of  uniform  expressions  for  {  and  tf  in  terms  of 
« —  a  and  y  -/,  and  are  such  that  { «  0,  ly «  0  is  an  ordinary 
position  on  the  transformed  Riemann  surface.  The  positions  on 
the  sur&oe,  that  have  to  be  considered  in  connection  with  the 
differential  equation,  are  now  ordinary  positions :  and  therefore,  in 
dealing  with  the  theory  of  the  equation,  no  generality  is  lost  if  we 
.  assume  that  the  singularities  of  the  equation  ^ « 0  and  of  the 
Riemann  surfiice  are  ordinary  positions  for  the  integrals.  (Of  course, 
in  any  particular  example,  it  may  happen  that  a  multiple  point  oo 
the  eurve  ^  « 0,  or  a  branch-point  of  the  associated  anrbce,  is 
definitely  a  singnlarity  of  the  equation.  In  order  to  discuss  the 
nature  of  the  integrals  in  the' vicinity  of  such  a  pointi  we  takef 

«-•-?».  y-/-C*«(f). 

•  r.  r.,  I  tsi 

t  r.  FHifT. 
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where  p  and  q  itre  integen,  and  £f  it  a  hdoauNrphio  ftmetioo  ef 
its  argument  that  does  not  ▼aniBh  when  C«0;  and  then  we 
investigate  the  character  of  the  integrala  in  the  Tioinity  ef 

t-o.) 

Lastly,  let  (a,  6)  denote  a  position  on  the  Riemanfi  aurfiu)e 
(being  a  pair  of  values  given  by  the  differential  equation)  such 
that  the  coefficients  of  the  equation  are  not  regular  in  the 
immediate  vicinity  of  (a,  6) ;  after  the  preceding  explanations,  we 
may  assume  that  y  —  6  is  a  holomorphic  function  of  «  —  a  in  the 
immediate  vicinity  of  the  position.  The  character  of  the  integrals 
in  that  region  is  determined,  after  substitution  of  y  -  6  in  terms 
of  ff  —  a,  in  association  with  an  indicial  equation ;  and  the  general 
processes  of  the  theory,  in  the  case  of  ditlercntial  equations  with 
uniform  coefficients,  are  applicable  to  the  integrals  in  the  vicinity 
of  (a,  by  As  in  that  earlier  theory,  we  have  a  fundamental  system 
of  integrals  existing  at  any  ordinary  position  on  the  surface,  the 
system  being  composed  of  m  linearly  independent  membera. 
Continuation  of  these  integrals  is  possible:  and  by  taking  all 
admissible  paths  from  one  ordinary  position  to  any  other  ordinary 
position  (care  being  taken  to  avoid  the  actual  singularities),  and 
assuming  an  arbitrary  set  of  initial  values  at  the  first  point,  we. 
shall  obtain  all  possible  integrals  at  the  second  point  Similarly, 
by  taking  all  passible  closed  paths  on  the  Riemann  surface, 
which  begin  at  an  ordinary  point  ,(x«,  y«)  and  return  to  it,  we 
obtain  new  integrals  at  the  end  of  the  path :  and  each  of  these 
integrals  is  linearly  expressible  iu  terms  of  the  members  of  the 
initial  fundamental  system. 


A  Fundamental  System  of  Inteoraui,  and  tux 

Fundamental  Equation. 

163.  Let  Wi,  w^t  ...,  w„^  denote  a  fundamental  system  at 
an  ordinary  position  (x,,  y»);  and  let  the  variable  of  position 
describe  a  closed  path  on  the  surface  returning  to  (dr^,  y,),  this 
closed  path  being  chosen  so  as  to  include  the  singularity  (a,  6) 
but  no  other  singularity  of  the  differential  equation.  Suppoae 
that  the  effect  upon  the  fundamental  system,  caused  by  this 
vsuiaiioD    of   the  variable  of   position,  is   to   change    it   into 
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Wi\  Wf't  ..•t  wj:  then,  ai  in  the  case  of  nniform  ooeffieientt.  the 
latter  aet  also  constitute  a  fundamental  sjretem,  and  the  two 
sjretema  are  related  by  the  equations 


U*""  1»  •••!  ^h 


where  the  determinant  of  the  coeflScients  a  is  different  from  aero. 
This  determinant  is  (as  in  {  14)  equal  to  unity.  For  let  A  denote 
the  determinant  of  the  fundamental  system 


'10. 


€p*"^i     d'*""Ho^ 


I  •••» 


»  •••# 


and  let  A'  denote  the  same  determinant  in  relation  to  the 
fundamental  system  «c^;  then,  if  A  denote  the  determinant  of 
the  coeffidents  a^n,  we  have 

A'-ilA. 

Now,  because  the  term  involving  the  (m  —  l)th  derivative  of  w 
is  absent  from  the  differential  equation,  we  have,  as  in  {  14, 

A-C. 

where  C  is  a  constant  Let  the  function  A,  which  is  equal  to  C 
in  the  vicinity  of  (4^,  y«),  be  traced  along  the  closed  path  which 
the  variable  of  position  describes  on  its  return  to  (c^,  y«) ;  it  is 
steadily  constant,  and  its  final  value  is  A",  so  that 

A'-O; 
and  therefore  we  have 

Further,  as  in  the  cases  when  the  ooeflBcients  are  uniform 
functions  of  the  independent  variable,  it  is  postji^le  to  choose  a 
linear  combination  v  of  the  members  of  the  fiindamental  system 
such  that^  if  ^  denote  the  value  of  9  obtained  by  making  the 
variable  of  position  describe  the  aforeaaki  cloaed  path,  we  have 

V-#si 


*  •• 


r.  IT. 


tl 


^lmm 


mmm 
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[isa. 


The  multiplier  ^  is  «  root  of  the  equation 


A  (9) 


This  equation  ia  indopoudout  of  the  choice  of  the  fundamental 
■ystem,  ao  that  its  coofRcieuts  may  be  regarded  as  tavorumls  of 
the  linear  substitution,  which  the  fundamental  system  undergoes 
in  the  description  of  the  closed  path  round  (a,  6). 

154.  If  some,  or  if  all,  of  the  integrals  in  the  vicinity  of  (a,  6) 
are  regular  in  the  sense  of  §  29,  then  an  indicial  equation  for  the 
singularity  exists;  and  if  p  be  a  root  of  this  equation  for  an 
integral  with  a  multiplier  $;  ^then 

If  no  one  of  the  integrsls  is  regular,  there  is  no  valid  indicial 
equation.  In  the  first  case,  the  general  character  of  an  integral  is 
determined  by  the  value  of  p :  and  the  explicit  fonn  is  obtained 
by  substituting  an  expression  of  the  appropriate  character  so  as  to 
determine  the  coeflScients.  In  the  second  case,  various  methods^ 
for  obtaining  the  vialue  of  0  have  been  suggested,  by  Fuchsf. 
Hamburger^,  and  Poincar^§;  the  most  general  is  the  method  of 
infinite  determinants,  due  to  Hill  and  von  Koch,  and  expounded 
in  Chapter  viii. 

Without  entering  upon  details,  it  may  be  said  briefly  that 
many  of  the  properties  of  linear  differential  equations  having 
algebraic  coefficients  can  bo  treated  by  processes  that,  except  as 
to  greater  complexity  in  the  mere  analysis,  are  the  same  as  for 
equations  with  uniform  coefficients.  It  therefore  seems  un- 
necessary to  di8CU8s  them  at  any  length,  as  they  would  lead  to 
what  is  substantially  a  repetition  of  a  discussion  already  effected 
for  less  complicated  equations. 

•  8e«  i  137. 

t  CrtlU,  t.  LiiY  (1B7S).  pp.  177— Sas. 
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A  syBiematie  discussion  of  equations  having  algebraic  coeffi- 
cients and  development  of  many  of  their  characteristic  properties 
will  be  found  in  a  series  of  memoirs  by  Tbom4^. 

Ex.  1.    Ooosider  the  equatioQ 

whers  the  vsriable  y  1^  defined  by  the  relation 

and  •,  a,  6^  e  are  oonstanta. 

The  position  at  infinity  is  a  singiUnrity  of  the  differential  equation  In 
ssoh  of  the  two  sheets  of  the  Riemann  suHkoa  The  integrsls  are  regular 
in  that  vicinity  in  one  sheet,  and  the  exponents  to  which  th^  belong  are  the 
roots  of 

provided  m'^hi  is  not  sero ;  but,  if  a-k-him^f^  the  integrsls  sie  irregular  at 
infinity  in  that  sheet  Bimilarljr,  thej  are  regular  in  the  vidnity  of  infinity 
in  the  other  sheeti  end  the  eiponents  to  which  they  belong  sie  the  roots  of 

provided  a-6t  b  not  sero;  but|  if  a-6i«iO,  the  integrsls  srs  irregulsr  at 
infinity  in  that  sb^ 

The  other  singularities  of  the  equation  are  given  by 

ajT+fty+e-Cl 

When  theee  are  disUnot  from  ons  another,  let  them  be  denoted  by  #»oos^ 
jr«isin#;  jr«oos^  jr»sin^  The  integrals  are  regular  in  the  vidnity  of 
esoh  position ;  and  the  respective  iodidal  equations  sie 


When  the  two  dngularitles  oolndde^  let  the  common  podtioa  be  denoted  by 
jr«oos^,  jr«dn^ ;  and  then 

•«-ftcotf-a 
la  the  vidnity,  we  have 

#-cosf +fc 
y-dnf-lootf-lgg^+J^^..., 

•  OnOi,  i  esv  (IfiM),  pp.  It-ll,  119-149;  H.,  i  em  (Ifiil),  p^  111-147; 
He,  i  cm  (1900),  pp.  l-i9|  1^  t.  cm  (19C0K  pf^  l-*i9. 
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The  integrals  ere  not  reguUr;  but  the  equetaoo  nej  beve  ene  ooraMl 
integiml,  end  oen  even  have  two  nonnel  integreLii  ni  the  tjpe 

where  /  ie  e  poljrnomiel  in  f  Tlie  formei  end  the  eonditiene  MOiMerjr  to 
eigniiicenoe,  oen  be  obtained  ee  in  ))  S5-*87. 

Ex.  1    DieouM  in  the  name  wajr  the  aingularlUee  of  the  eaaie  diAHinlial 
equation,  when  the  irrational  quantity  y  in  given  by  the  reepeotive  lelatiooe 

(i)     ^+y»-l, 

(ii)    jf"-445*-^,4r-^,. 

£x.  Sl    Let  «!  and  14  denote  a  ftuidamental  ejatem  of  the  equaiion  in 

Ei.  1,  fory-(l-4:')^;  and  let  9|and  v,  denote  a  Aindamental  ^jetem  of  the 

same  equation  for  y*  -  (1  -  4:*)^.  Shew  that  the  linear  equation  of  the  fourth 
order,  which  hae  M|,  14,  v,,  r,  an  iu  integraU,  hae  rational  functione  of  jr  lor 
ite  ooefficieute ;  and  obtain  them. 


£x.  4.    The  equation 


where 

hae  ite  primitive  in  the  form 


It  ie  natural  to  inquire  whether  an  equation 

can  have  an  integral  of  the  type 

t 

where  or  (jr,  y)  ie  a  rational  function  of  jr  and  jf.  ▲  geneiml  metbod  ibr  aneb 
an  inquiry  hae  been  given  by  Appell*,  though  it  ie  not  cenried  to  a  ^^'Mnrltle 
iiiaue  aa  regards  detail :  it  will  be  sufficiently  illustrated  by  mesne  of  the 
equation 


djB*     y(ax-f6y)< 

where  jr*-|-y*""lt  it  being  required  to  find  under  what 
equation  oan  have  an  integral  of  Uie  form 

*  Jmm.  d4  vie.  Nona.  &uf^  «-*  ^i m  V  lu  VMA^  W« 


if  any,  the 
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« 
where  w  (#,  jr)  b  A  ralioiMJ  fenoiion  of  jr  and  y.    Sinoe 

weliATe 

W«  Mmtme  that  each  of  the  qoantitieB  aliSs  «±6i^  la  dUferaot  ftom  lera. 
^7  adopting  the  method  in  the  preceding  Ei.  1«  the  integrala  of.  the  equaUon 
in  w  are  easily  eeen  to  be  regular  in  the  Ticinity  of  jtmod*  ao  that  thej  haft 
the  fonn 


'-"'G) 


t 


where  R  ( -  j  b  a  holomorphio  Amotion  for  large  Taliiea  of  j^  not  Taniahing 
when  #«od;  and  thna 

in  the  ridnity  of  #«  od  .    Snbstituting  in  the  equation  for  «» we  hate 

Now  the  inllnitiee  of  w  are  included  among  the  points  — f 

(i)    Mm  oD  y  which  has  Just  been  considered ;  there  are  two  poasibla 
Talues  of  X  in  each  sheet : 

(ii)   fmtO^  with  xmI,  4r«-l,  which  are  the  branch*polnts  of  the 
suHkoe: 

(ill)    ax-^bymd^  fai  mcfk  sheet 

Moreorer,  the  aeroa  of  v  are  unknown  firom  the  diilbrentlal  ei|ualloii :  hot 
they  must  be  considered,  because  each  of  them  gi?ea  a  pole  of  «•  Let  aoob 
an  one  be 

(W)    *-/ 

the  number  of  auoh  pointa  being  unknown.  AH  these  points^  whether 
infinities  of  w  or  seroa  of  w,  can  be  aingularitles  of  «. 

As  regards  the  branch-pointa  (ii),  we  may  take 

in  the  ?ieinity  of  l,  0^  where  f  b  amall ;  and  then 

f  if  «^ 

■0  te  aa  the  goreniing  lenn  in  «  b  oonooned.    Ifthbbe 

A 


MUfe 
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whiM  »>0^  tlMO 

ThiMAst;  and  vvoMi  have  Am^^%QrA*»Of§M]fomAUf^yninm» 
SimiMy  ibr  Um  vidoiiy  of  - 1|  a 
K«zl|  ftt  Um  two  poiuU  (iiiX  wImm  or-f  6^*0^  we  hav« 

b     -a     («•+*•)*• 
■•J 

Tbaui  in  Um  vkiiuty»  we  take 

■o  that 

ajr-|-£y-i£(a-fttanf)^... 

Tbiui  the  equation  is 

■o  Cur  aa  the  governiiif  term  in  or  in  oouoenied.    If  thia  governing  lecm  ^ 
we  have 

Thua  theie  are  two  pomiible  valuer  of  ^  at  each  of  the  two  pointa. 

Laatly,  aa regards  a  point  auch  aa  xmt/in  the  aet  (iv^^  i*  eaqr  to eee  thnt| 
if  the  governing  term  in  or  be 

B 

then 

that  i%  »-l,  and  either  B  =  \,  i9-0,  are  |KjiMiUe  valuea.    Thia  holda  for 
everj  auch  point. x-^/ and  in  each  sheet 

Our  required  function  or  (x,  jf),  if  it  exista,  ia  to  be  a  rational  funelion  of 
s  and  y,  and  we  have  obtainod  all  the  siiigulahtiea  that,  in  any  circnmitennee, 
it  might  poeaeiM.  We  accuidingly  must  take  aome  combination  of  the  pneeibto 
inAuitiea,  which  are 

xaa  oc ,  with  any  of  the  values  df  X, 
x-i  ±1,  y«0,  with  either  il  -  -8»or  J  -0^ 
ax-k-hy^Q^  with  aujr  of  thp  values  of  v, 
^  x->/,  with  Bm,  1,  or  if-a 
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A  povible  form  It  detriy 

where  C  k  A  ooottont    We  have  (if  thie  be  edmieeible) 


ftom  the fliBi of  tlie poerible iDllnHiee :  we  Uke  A^o ftom  tlie noood t  Umi 


C^9 


a     ' 


ftom  the  third :  and  we  toke  B^O  firom  the  fourth.    Heoce  we  ibihI  hftvt 
foreomepoeeibleTeKieeofXaiidof^:  thaiiei 

'*(-^-^'-'i'^['*(-5.?W'-'-'}']- 

the  aigiM  being  al  our  ditpoeeL    This  leede  to  a  tingle  Taliie  of  A  Tiii 

/ 

and  the  ooodition  In  eatisfled  hj  taking  the  negatite  sign  on  both  eklea. 
We  then  have 

BO  thati  with  the  abore  Tahie  of  A  an  integral  of  the  equation 

;  _  da*      jr(«4ly)^ 

ii  given  by 

Actual  evaluation  of  the  integral  in  the  eiponential  can  easily  be  eifocted. 

Of  couree^  it  would  have  been  poeaible  to  diacuea  the  particular  equation 
bj  taking 

with  f  aa  the  new  independent  variable ;  for  the  algebraic  reUUon  ii  of  genua 
lero^  and  therefore^  the  variablee  can  be  eipreewd  aa  rational  hinctiom  of  a 
new  parameter.  The  new  form  of  equation  would  then  have  uniform  ooefll- 
eienta  But  the  ferBgoing  method^  that  baa  been  adopted,  ii  pomible  for  aa 
equation  ^  (#9  jr)  taO  of  any  genua. 
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AaaoouTioN  with  Automobpuio  FuNonoHa. 

165,    It  11  maoifeBt  that  tome  of  the  oomplexity  in  the 

aoalysiii  aaiiociated  with  the  cQuntruction  of  integrahii  either  in 

general  or  in  the  TiciDity  of  partiouUr  points,  would  be  removed, 

if  the  equation  could  be  changed  to  that,  in  its  new  form,  its 

coefficients  are  uniform  functions  of  the  independent  variaUe. 

This  change  would  be  secured,  if  both  the  variables  «  and  y  in 

the  relation 

f(^.y)-0 

were  expressed  as  uniform  functions  of  a  new  variable  j. 

Now  it  is  known*  that,  when  the  genus  of  this  relation  is  xero, 
both  X  aud  y  can  be  expressed  ui^  rational  functions  of  a  new 
variable  z,  which  itself  is  a  rational  function  of  dP  and  y:  moreover, 
the  expressions  contain  (explicitly  or  implicitly)  three  arbitrary 
parameters,  which  may  be  used  to  simplify  the  form  of  the 
resulting  equation.  Againf,  when  the  genus  of  the  relation  is 
unity,  both  x  and  y  can  be  expressed  as  uniform  doubly-periodic 
functions  of  a  new  variable  x,  while  |i(x)  and  ^(z)  are  rational 
functions  of  x  and  y ;  moreover,  the  expressions  contain  (explicitly 
or  implicitly)  one  arbitrary  parameter,  which  again  may  be  used 
to  simplify  the  form  of  the  resulting  equation.  And,  in  each  case, 
definite  processes  are  known  by  which  the  formal  expressions  of  x 
and  y,  in  terms  of  the  new  variable,  can  actually  be  obtained. 

When  the  genus  of  the  algebraical  relation 

^(*.y)-o 

is  greater  than  unity,  a  corresponding  transforntation  is  possible 
by  means  of  adli4m>rphio  functions :  not  merely  so,  but  such  a  ' 
transforniatitiU  can  be  ejected  in  an  unlimited  number  of  ways. 
Further,  it  is  possible  to  choose  transformations  that  simplify  the 
properties  of  the  integrals  of  the  differential  equations  to  which 
they  are  applied.  But,  down  to  the  present  time,  the  instances 
in  which  the  complete  formal  expressions  of  x  and  y  have  been 
obtained,  and  the  application  to  the  differential  equations  has 
been  made,  are  comparatively  rare.    The  results  that  have  been 

•  r.   *•.,  i  247. 
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established  are  of  the  nature  of  ezistenee-theorems.  It  is  true 
that  indications  for  the  construction  of  formal  expressions  are 
given ;  but  the  detailed  analysis  required  to  carry  out  the  iudica« 
tions  is  of  so  elaborate  a  character  that  it  may  fairly  be  said  to  be 
incomplete.  The  subject  presents  great,  if  diflBcult,  opportunities 
for  research  in  its  present  stage. 

A  brief  account,  based  mainly  on  the  work^  of  Poincartf,  is  all 
that  will  be  given  here.  References  to  the  investigations  of  Klein 
and  others  in  the  region  of  automorphic  functions  will  be  found 
elsewhere  f. 

The  main  properties  of  infinite  discontinuous  groups  and  of 
functions,  which  are  automorphic  for  the  substitutions  of  the 
groups,  will  be  regarded  as  known.  It  is  convenient  to  associate 
with  auy  group  a  region  of  variation  of  the  variable  which  is  a 
fundamental  region ;  and  for  the  sake  of  simplicity  in  the  following 
explanations,  it  will  be  assumed  that  this  region  is  such  that, 
when  the  substitutions  are  applied  to  it  in  turn,  the  whole  plane 
is  covered  once,  and  once  only.  Further,  also  for  the  sake  of 
simplicity,  it  will  be  assumed  that  the  axis  of  real  quantities  in 
the  plane  is  conserved  by  the  substitutions  of  the  group.  There 
are  corresponding  investigations,  which  establish  the  results  when 
these  assumptions  are  not  made ;  but,  as  already  indicated,  the 
results  are  mainly  of  the  nature  of  existence-theorems  and  cannot 
be  regarded  as  possessing  any  final  form,  so  that  the  kind  of  con* 
sideration  adduced  will  be  suflSciently  illustrated  by  dealing  with 
the  simplest  cases.  In  order  to  deal  with  the  most  general  cases, 
it  is  necessary  to  utilise  the  theory  of  automorphic  functions  in  all 
its  generality ;  yet  the  subject  still  is  merely  in  a  stage  of  growth, 
being  hr  from  its  complete  development^. 

156.    It   is   known  {   that,    if  m   and  y   be    two   uniform 
functions  of  a  variable  #,  which  are  automorphie  fSvr  ah  infinite 


*  This  work  ii  bMl  eiposaded  la  hit  flvi  ftlusbit  OMiiioIrt  la  AtU  Ml^hnmiieM^ 
t  t  (IMS),  p^  1-6S,  19S-994,  ih.,  I.  m  (ISSS),  n>.  4S-St,  <!.,  I.  t?  (1SS4), 
p^  SOl-Slt,  fl.,  I.  V  (1SS4),  pp.  S0»-S7e. 

t  r.  F.»  clisptM*  sxi,  sni. 

.t  Tbs  SMMl  soiiMMtlfs  SMosal  of  Ibt  mh^  ii  to  W  feand  to  FrMs  wmi 
KMB*t  r«rf«fMf«ii  ••  4.  ThmHt  4.  mommrphtn  f^mtHomn  (Lftpsif,  TmAnmi 
fsL  t,  1897s  ?ot  n,  pert  1. 1901). 
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diaooDtiouoiit  gnmp  of  •ubftUtuiiona  •ffeoied  on  j,  ihea  aooie 
algebrmio  relatioo 

iiubsUito  between  ibein.  Converaely,  if  this  algebraic  equation  be 
given,  it  is  desirable  to  express  the  variables  m  and  y  as  uniform 
automorphio  functions  of  a  new  variable  «.  For  this  purpose,  we 
nute  that  for  general  values  of  x^  the  variable  y  is  a  uniform 
analytic  function^  o(  x\  but  there  are  special  values  of  ir,  being 
the  branch-points,  at  and  near  which  y  ceases  to  be  uniform. 
Now  suppose  that  m  can  be  expressed  as  a  uniform  automorphio 
function  of  «,  say 

the  fundamental  polygon  being  such  that  the  branch-point  values 
of  X  correspond  to  its  corners  (or  to  some  of  them),  which  include 
all  the  essential  singularities  of  the  uniform  function y*(s)L  Then, 
when  substitution  is  made  in  the  above  relation,  it  becomes  an 
e(|uation  defining  y  as  a  function  of  s ;  so  long  as  t  varies  within 
the  polygonal  region,  y  does  not  approach  those  values  where  it 
ceases  to  be  uniform,  for  they  are  given  only  by  the  comers  of  the 
polygon.  Hence  y  becomes  a  uniform  functionf  of  s;  and  as  x  is 
automorpliic  for  the  group  of  the  polygon,  it  is  at  once  seen  that 
y  also  is  automorphio  for  that  group. 

Further,  suppose  that  at  the  same  time  there  is  given  a  linear 
differential  equation  of  any  order,  in  which  the  coefficients  are 
rational  functions  of  x  and  y.  In  addition  to  the  branch-points 
which  may  be  singulariticH  of  the  equation,  it  may  have  a  limited 
niimbiT  of  other  singularities.  Let  such  a  singularity  be  jr»a» 
yst,  where  of  course  ^(a,  6)«0:  for- the  moment,  the  question 
of  the  regularity  of  the  integrals  in  the  vicinity  is  not  raised.  If 
the  polygon  is  constructed,  so  that  x  »  a  corresponds  to  one  of  its 
corners  which  is  an  essential  singularity  of  the  group,  then  that 
corner  is  an  essential  singularity  of  /(sK  Hence,  when  the 
di^erential  e(|uation  is  transformed  so  that  s  becomes  the  in-  f 

dependent  variable,  the  original  singularities  no  longer  occur  so 
long  as  /  is  restricted  to  variation  within  the  fundamental  polygon: 
they  can  occur  only  for  the  special  values  at  the  corresponding 
comers.     If,  further,  the  function  J\t)  is  such  that  no  special 

f  Anoi\\»t  iu«ihod  ol  o\>U\uVu^  lVd4  i«i^v  U  iudUmtcd  in  |  ISO. 
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• 

Bingularities  for  values  of  #  are  introduced  for  Talaes  of  «  that  are 
ordinary  points  of  the  equation,  which  will  be  the  case  if /'(«) 
does  not  vanish  within  the  polygon,  then  all  the  values  of  $  within 
the  polygon  are  ordinary  points  of  the  equation,  and  all  the 
integrals  are  synectic  ereiywhere  within  the  polygon.  The 
singularities  have  been  transferred  to  the  boundary  of  the  #-region; 
and  thus  the  variables  x  and  y,  as  well  as  all  the  integrals  of  the 
given  linear  differential  equation  which  has  rational  functions  of  m 
and  y  for  its  coefficients,  can  be  expressed  as  uniform  functions  of 
»  within  the  region  of  its  variation. 


AuTOMORPHic  Functions  and  Conformal 'IIi^reskntation. 

157.  The  relation  between  the  variable  $  and  the  function 
m^f{t)  can  be  considered  in  two  different  ways,  the  analytical 
expression  of  the  significance  being  the  same  for  the  two  ways. 

In  the  first  place,  the  relation  can  be  regarded  as  one  of 
conformal  representation.  Assuming  for  the  sake  of  simplicity 
that  all.  the  singular  values  of  m  are  real,  consider  the  problem^ 
of  representing  the  upper  half  of  the  «-plane  bounded  by  the  axis 
of  real  quantities  conformally  upon  a  polygon  in  the  t-plane, 
bounded  by  circular  arcs  and  having  m  sides:  this  conformal 
representation  is  known  to  be  possible.    If  its  expression  be 

then  /'{$)  must  not  become  sero  or  infinite  anywhere  within  the 
polygon,  that  is,  for  any  finite  values  of  «;  for  otherwise,  the 
magnification  would  be  sero  or  infinite  there,  a  result  that  is 
excluded  save  at  possible  singularities  on  the  boundary. 

It  is  manifest  that  the  representation  remains  substantially 
the  siame,  if  the  t '•plane  be  subjected  to  any  homographio  trans- 
formation 

where  o V  -*  6V  ■>  1 ;  for  this  will  merely  change  the  polygon 
bounded  by  eireohur  ares  into  another  polygon  similarly  bounded 

•  r.  r,  I  t7i« 
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Henoe,  in  oonttruoting  the  function  for  the  confoniuU  lepreaenta* 
tioD,  aooount  must  be  taken  of  this  poHnibiUty ;  and  therefore,  as 

I 

where  (t,  w]  is  the  Schwarzian  derivative,  we  conatnid  thia  func- 
tion (i,  w].    We  have* 

*      '      '     (x-^ay        « -  a 

•ay,  where  ihe  Huinniation  on  the  right-hand  aide  extends  over  all 
the  singular  values  a  of  x ;  the  internal  angle  of  the  ^-polygon  at 
the  eomer  homologous  with  a  is  aw,  and  the  coeflScients  A^  are 
r^  quantities.  If  ao  is  an  ordinary  value  of  «,  so  that  no  angular 
point  of  tlie  polygon  is  its  honiologue,  then 

0-2«i^  +  42(l-a'). 

If  00  is  a  singular  value  of  x,  which '  has  an  angular  point  of 
the  polygon  as  its  hoinologuo,  with  the  internal  angle  equal  to  gw^ 
then  ' 

the  summations  being  over  all  the  finite  singular*  values  of  x.  ^ 

The  number  of  constants  is  sufficient  for. the  representation. 
In  the  case  when  oo  is  not  the  liomologue  of  an  angular  point  of 
the  polygon,  we  have  m  constants  a,  m  constants  a,  and  m  con- 
stants il«.  subjected  to  three  relations  as  above;  as  all  theae. 
constants  are  real,  there  are  3m  —  3  independent  constanta. 
But,  if 


/ 


It 

a  ^  -M 


where  a'd" *  V'd' » 1  and  the  couHtants  n!\  \i!\  o^  i'  are  real. 
then  the  upper  half  of  the  x-plane  is  transformed  into  itself; 
hence  the  m  constants  a  are  effectively  only  m  —  3  in  number, 
and  thus  the  constants  in  I(x)  are  equivalent  to  Sm  — 6  inde- 
pendent constautt*,  which  can  be  U8ed  to  make  a  solution  determ- 


i 

I 

i 


■t 


I 
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inate.  On  the  other  hand,  to  determine  the  polygon,  8m  constante 
are  needed,  nt.  two  coordinates  for  each  of  the  m  comers  and  a 
radius  for  each  arc :  .but  these  are  subject  to  a  reduction  by  6,  for 
the  representation  is  determinate  subject  to  a  transformation 

where  a'ef  —  6V  ■•  1,  and  the  constants  a^  6',  c^,  i'  are  complei,  so 
that  there  are  six  real  parameters  undetermined.  The  number  of 
available  constants  is  therefore  sufficient  for  the  number  of  condi- 
tions that  must  be  satisfied. 

In  the  case  when  oo  is  the  homologue  of  an  angular  point,  we 
have  m  —  1  constants  a,  m  constants  a,  and  m  constants  il«,  sub- 
jected to  two  relations  as  above ;  as  all  these  constants  are  real, 
they  are  equivalent  to  3m  — 3  independent  constants.  The  re- 
mainder of  the  argument  is  the;  same  as  before ;  and  we  infer  that 
the  number  of  constants  is  sufficient  to  satisfy  the  number  of 
conditions  for  the  conformal  representation. 

It  need  hardly  be  pointed  out  that,  thus  &r,  the  polygon 
bounded  by  circular  arcs  is  any  polygon  whatever;  it  has  been 
taken  arbitrarily,  and  it  does  not  necessarily  satisfy  the  conditions 
of  being  a  fundamental  region  suited  for  the  construction  of  auto- 
morphic  functions. 

158.  That  polygons  can  be  drawn  in  the  t-plane,  suited  to 
the  construction  of  automorphic  fimctions  in  connection  with  a 
given  algebraic  relation  ^  (a;,  y)  •>  0,  may  be  seen  as  follows.  For 
simplicity,  let  the  polygon  be  of  the  first  family^,  and  let  it 
have  Sa  edges  arranged  in  n  conjugate  pairs ;  and  suppose  that  g 
is  the  number  of  cycles  of  its  comers,  each  cycle  being  dosed. 
The  genus  p  of  the  group  is  given  by 

2p  at  ft  -f  1  —  g. 

When  the  surfi^e  included  by  the  polygon  is  deformed  and 
stretched  in  such  a  manner  that  conjugate  edges  are  made  to 
coincide  by  the  coincidence  of  homologous  points,  then  for  each 
qrcle  in  the  polygon  there  is  a  single  position  on  the  closed 

r.  J^,  H  Ml,  991. 
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•urfiuM  obtained  by  the  defQimatioo.  This  closed  suriMW  ooire* 
sponds^  to  the  Riemaon  surface  for  the  equation 

t('.y)-o, 

which  also  is  of  genus  p ;  and  thus  there  are  q  positions  on  the 
surface,  each  associated  with  one  of  the  q  cydea  Each  such 
position  requires  a  couple  of  real  parameters  to  define  it;  and 
thus  we  have  2^  real  parameters.  Equations,  which  are  biration- 
ally  transformable  into  one  another,  are  not  regarded  as  inde- 
pendent: and  therefore  the  effective  number  of  constants  in 
^  (x,  y )  »  0  to  be  taken  into  account  is  3/i  r-  8,  being  the  number^ 
of  cluas-moduli  which  are  invuriuntive  under  birational  trauMform- 
ation.  Each  of  these  is  complex,  8o  that  the  number  of  rt*al 
parameters  thus  arising  is  Op  —  0.  We  therefore  have  to  provide 
for  G/i  —  6  +  2}  real  parameters,  by  means  of  the  polygon. 

In  order  that  the  polygon  may  be  properly  associated  with  a 
FuchAian  group,  it  must  satisfy  certain  conditionti.  Its  sides  must 
be  arcH  of  circles,  the  centres  of  which  lie  in  the  axis  of  real 
quantities.  As  it  has  2ii  ttideii,  we  therefore  require  2n  centres  on 
that  axis  and  2ii  radii,  making  4n  real  quantities  in  all ;  but  three 
of  the  centres  may  be  taken  arbitrarily,  for  the  polygon  now 
under  conttiderution  is  Hubtitantially  unaffected  by  a  transforma* 
tion 

('•  cJTd) ' 

where  a,  6,  o,  d  are  real ;  so  that  the  total  number  of  real  quanti- 
ties necessary  is  effectively  4it  -  3.  They  are,  however,  not  suffi- 
cient of  themselves  to  specify  an  appropriate  polygon:  for 
conjugate  sides  must  be  congruent,  a  property  that  imposes  one 
condition  for  each  pair  of  edges,  and  therefore  n  conditions  in  all : 
and  the  sum  of  the  angles  in  a  cycle  must  be  a  submultiple  of  2ir» 
so  that  q  conditions  in  all  are  thus  imposed.  Hence  the  total 
number  of  real  quantities  necessary  is 

■■  4w  -  8  —  «  -  y 

-  3/1  -  3  -  9 

-  6^1  -  6  +  2  J, 

in  effect,  the  same  as  the  number  of  real  parameters  given. 

•  r.  -P..  i  810. 
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Second  Order:  Fuchsian  Equations. 

159.  Id  the  second  place,  the  variable  f,  and  the  aotomorphic 
fuDclioiia  •  and  y,  can  be  associated  with  a  linear  diflRnential 
equation  of  the  second  order.    Let 

80  that 

then  it  is  eaqr  to  verify  that 


1_  dhfi  ^  1  cPr,  ^  .  [x,  s] 


where  {«,  t )  is  the  Sch  warzian  deriyative  of  m  with  regard  to  f , 
and  sf^dxjdM.  It  is  a  known  property^  that,  if  «  is  an  auto« 
morphic  function  of  g^  then  the  function 


«'• 


is  automorphic  for  the  same  group;  hence  it  can  be  expressed 
rationally  in  terms  of  m  and  y,  where 

t(«.y)-o. 

Denoting  its  value  by  —2/,  where  /  is  a  rational  function  of 
•  and  y,  which  may  be  a  rational  function  of '•  alone*  we  have 
%  and  fb  as  linearly  independent  integrals  of  the  equation 

cPtf 

the  quantity  f  is  the  quotient  of  the  two  integrals. 

The  analytical  relation  is  effectively  the  same  as  before; 
for  if 

we  knowf  that  f  is  the  quotient  of  two  integrab  of 

t  TrmUm  m  X>(/irrMflsf  IftntiiWi,  1 61. 
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MoreoVeTi 

■o  that  the  results  agree  in  form.  The  difference  is  that,  regard* 
ing  the  relation  aa  a  problem  of  oonformal  representation,  we 
have  been  able  to  calculate  the  value  of  /  in  greater  detail  than 
in  the  alternative  mode  of  regarding  the  relation :  but  the  oon- 
siderations  adduced  in  connection  with  the  differential  equation 
have  been  of  only  the  mont  general  character,  and  have  not 
permitted  any  discussion  of  the  form  of  /. 

When  an  equation  of  the  fonn  i 

is  given,  whore  /  is  a  rational  function  of  x,  or  a  rational  function 
of  two  variables  a  and  y,  connected  by  an  algebmio  equation 

it  may  happen  that  x  and  y  are  uniform  functions  of  i,  the 
quotient  «f  two  integrals  of  the  differential  equation.  But  these 
unifonn  functions  are  not  necessarily,  nor  even  generally,  auto-  j 

morphic  for  a  group  of  substitutions  of  i.    Judging  from  the  result  ^ 

of  the  consideration  of  the  question  as  a  problem  of  conformal 
representation,  we  should  be  led  to  exflect  that  the  constants, 
which  survive  in  /  after  the  conditions  for  uniformity  are  satisfied, 
might  be  determinable  so  that  the  uniform  functions  of  s  are 
autouiorphic.  When  this  determination  is  effected,  the  equation 
irt  culled*  Fuclman  by  Poincan5,  if  the  group  be  Fuchitian. 

lUO.     We  proceed  to  couMider  more  particuUrly  the  properties 
of  the  equation 

in  relation  to  the  quotient  of  its  integrals.    Let  x^ta,  y^hhett 
singularity  of  the  equation,  where  V^  (a,  6)  ■•  0 ;  and  let 

Limit  [{x  —  a)'/]s.«  »  p, 

so  that  the  indicial  equation  for  a  is 

ii(n-l)-|-/>»0. 
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t 

Let  111  and  Mt  be  its  roots,  when  they  are  unequal;  then  two 
integrals  of  the  equation  are  of  the  form 


and  io 


If  air  be  the  internal  angle  of  the  f-polygon  at  the  ^g«l^  point 
homologoaB  with  a,  we  must  hare 


and  therefore 
that  ifl» 
80  that 


p-J(l-«^), 


the  remaining  terms  being  of  index  higher  than  —  2. 

This  is  Talid,  if  a  is  not  sero.     When  a  is  sero,  so  that  fi| ■•fit 
and  therefore  p  ■•  i»  the  integrals  of  the  equation  are 

f^ »  (•  -  a)^  [{1  + ...)  log  («  —  tt)  +  powers  of  #  -  o], 
and  so,  in  the  immediate  vicinity  of  a,  we  have 

#«  ^* « log(ff -a)  +  powers ; 
and  then 

\1    '     •  •  •  9 


(«-a)» 
the  remaining  terms  again  being  of  index  higher  than  —  2. 

The  quantity  a,  in  terms  of  which  the  leading  fraction  in  /  is 
expressed,  depends  upon  the  character  of  the  singularity  at  (o,  b). 
If  the  latter  denote  a  singular  combination  of  Talues  for  the 
equation 

then  it  is  known^  that  the  yariables  •  and  y  can  be  expressed  in 
the  form 


408  ruoasiAii  [IfiOl 

where  £f(t)  it  a  regular  fiinotion  of  (,  which  doee  nol  vanish  when 
( ■•  0,  and  (he  expreseions  are  valid  in  the  immediate  vicinity  of 
the  position.  Let  r  be  the  least  common  multiple  of  p  and  f,  and 
write 

1        «       i 

then  in  that  vicinity,  we  have 

so  that  both  •  and  y  are  uniform  functions  of  s  in  the  vicinity. 

The  commonest  instance  occurs,  when  (a,  6)  is'a  simple  branch- 
point; we  then  have 

P,  9  -  1.  2i 
so  that  a»^. 

If  (a,  6)  be  a  singularity  of  some  given  differential  equation  of 
any  order,  say 

where  ^  (a,  y)  ■•  0,  three  cAiHiH  arise. 

Firstly,  let  all  the  integrals  be  free  from  logarithms^  and  let  all 
the  exponents  to  which  the  members  of  a  fundamental  <system  of 
integrals  (supposed  regular)  belong  be  commensurable :  then  they 
are  integer  multiples  of  a  quantity  k~\  and  we  take 

avj,    (a:-a)*  —  i-f  .... 

In  that  case,  any  integral  is  of  the  form 

w  «■  (iT  -  ay*  /t  (jp  —  a) 

jr 

-(j?-tt)*/e(«-o) 

so  that  the  integrals  of  the  ei|uation,  as  well  as  the  variables 
«  and  y,  become  uniform  functions  of  g  in  the  vicinity  of  #  »  0. 

Secondly,  let  the  integrals  (still  supposed  regular)  of  the 
fundamental  system  belong  to  exponents  some  of  which  at  least 
are  not  commensurable  quantities.     We  take 

g  ■>  log  (dT  —  a)  -I-  powers ; 
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and  then  an  integral  of  the  form 

beconies 

Le.,  a  uniform  function  of  «,  Talid  for  laige  Talues  of  |f  | :  and  tbil 
uniformity  is  maintained  whether  ^  is  commensurable  or  not 

Thirdly,  let  c  ■>  a  be  an  essential  singularity  of  one  or  more  of 

the  integrals,  supposed  irregular  there.    As  in  the  last  case,  we 

Uke 

M^\og{w^a)'\'  powers ; 

the  integral  may  or  may  not  become  uniform  for  large  values 
of  |*|. 

In  the  last  two  cases,  if  the  expression  for  w  in  terms  of  f  ,  say 

be  auiomorphic,  then  s-boo  is  an  essential  singularity  of  the 
function  /(«);  and  then,  when  s  varies  within  the  polygonal 
region,  m  does  not  approach  the  value  a  for  which  the  integrals  of 
the  equation  cease  to  be  regular.  Within  the  region,  the  integrals 
are  uniform.  It  is  to  be  noted  that  the  relation,  adopted  in  the 
second  case  and  the  third  cane,  would  be  effective  in  the  first  case 
also,  so  fiur  as  securing  uniformity;  but  the  converse  does  not 
hold  The  relation  which,  as  seen  above,  corresponds  to  the 
vicinity  of  an  angular  point  of  the  polygon  where  the  sides  touch, 
is  the  most  generally  applicable  of  all :  the  form  of  relation,  corre- 
sponding to  the  first  case,  is  applicable  only  under  the  somewhat 
restricted  conditions  of  that  case. 

161.    These  conditions  and  limitations  affect  the  quantity  / 
in  the  equation 

£+^— • 

for  they  determine  the  leading  coefficient  in  its  expansion  near 
any  of  its  poles ;  but,  in  general,  they  do  not  determine  /  com- 
pletely. On  the  other  hand,  we  so  far  have  only  secured  the 
uniformity  in  character  of  the  functional  expression  of  m  in  terms 
of  f :  the  automorphic  property  of  the  functional  expression  has 
not  been  siteured.  The  latter  is  effSeoted  by  the  proper  assign- 
ttient  of  the  remaining  parameters  in  /• 

Vi— \ 


too  ooNsnucnoH  or  [161. 

Am  a  speoial  inataiioe,  take  the  oaae  iu  which  the  geniw  of  the 
group  and  of  the  pemianent  equation  ie  leio;  to  that,  if  the 
polygon  haa  2n  edges,  the  number  of  eyelet  q  ia  given  bgr 

Taking  the  angular  pointa  in  order  as  A^  A^,  ...;Atm»  and  making 
the  sides 

A^A.)     A.  A.    \       \     A^^A^  )A^   A^,) 
AiA^)     AmAtn^i)        )     At^^Af^^S     At^tAm^i) 

to  be  conjugate  pairs,  the  necessary  n  4- 1  cycles  are 

^i»  A^,  Atmi  A$,  A^^ii  •••;  ^n,  ^n^fl  ^  Ag^i, 

To  define  the  polygon  of  2ii  circular  arcs,  which  have  their 
centres  on  the  axis  of  real  quantities,  we  require  the  4a  coordi* 
nates  of  the  angular  points ;  but  these  eflfectively  are  only  4ii  —  S 
quantities,  because  the  i-plane  is  determinate,  subject  only  to  a 
transformation 


V'  CM  id)* 


where  a,  6,  o,  d  are  real.  In  each  cycle,  the  sum  of  the  angles  ia 
a  submultiple  of  2ir :  to  that  ii  -I- 1  conditions  are  thus  imposed. 
Again,  the  edges  in  a  conjugate  pair  must  be  congruent ;  so  that 
n  further  conditions  are  thus  imposed.  Accordingly,  there  remain 
in  —  4  real  independent  constants  to  determine  the  polygon. 

The  polygon  thus  determined  defines  a  Fuchsian  function ;  as 
the  genus  is  zero,  every  function  can  be  expressed  rationally  in 
terms  of  x,  so  that  the  equation  for  v  (leading  to  i,  as  the  quotient 
of  two  integrals)  is 

^^  +  /v-0. 

where  /  is  a  rational  function  of  x.  Corresponding  to  the  n  4- 1 
cycles,  there  are  n  +  1  values  of  x ;  let  these  be 

0|,  a„  ...,  Oh,   ». 

Let  ttrir  be  the  sum  of  the  internal  angles  of  the  i-polygon  corre- 
sponding to  Or,  so  that  Or  is  the  reciprocal  of  an  integer;  and 
take  Sm^i  to  be  the  quantity  a  for  ao .  Then  in  the  vicinity  of  a,, 
we  have 
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Cor  Moh  of  the  Taluei  of  r.    Than,  if  we  write 

A  -(#-ai)(4r-o,) ...  {m^an\ 
and  remember  that  /  is  a  rational  function  of  c,  we  have 

where 


for  r»l,  ...,fi.    In  order  to  satiBfy  the  condition  for  ffwoo, 
0(w)  must  be  of  order  2fi  — 2,  and 


The  number  of  coefRcients  in  G  («)  is  2fi  *  1 ;  but  the  coefficient 
of  the  highest  power  is  known,  and  there  are  n  relations  among 
the  rest,  owing  to  the  conditions  at  Oi,  •••,  <!« ;  hence  there  remain 
n  —  2  coefficients  independent  of  one  another.  Each  of  these  is 
complex  in  general,  so  that  they  are  effectiTeljr  equivalent  to 
Sa  — 4  real  constants.  Assuming  that  the  quantities  0|,  ...,011 
are  known,  it  is  to  be  eipected  that  the  2n  -^  4  conditions  for  the 
polygon  determine  these  2ii  -  4  real  constants. 

In  the  simplest  case,  we  have  n  ■•  2 ;  and  we  may  take  0| «  0, 
(ii»l,  so  that 

^■*  IT  "^^(Tini^  +  ^  +  Fn- 

The  conditions  for  c -boo  give 

•p  +  ^-0, 

where  Oi,  «.» «t  u^  the  reciprocals  of  integers;  the  quantity  / 
then  is  the  invariant  of  the  hypergeometric  series. 

• 

162.    As  another  illustration,  which  may  be  treated  somewhal 
diffisrently,  consider  the  equation 

^-»(l-#)(l-ccX 
where  e  is  a  real  constant  less  than  unity ;  and  write 


SOS 


IXAMPLE  OF  ▲ 


[161 


ao  that  a  is  a  real  oonsiant  greater  than  unity.  Here,  the  points 
#mO,  1,  Oi  00  are  each  of  them  singular;  and  the  value  of  e  it  4 
for  each  of  them.    Conaequently,  ^    i 

Mid  the  conditiooa  for  «  *  oo  give 

A+B  +  CmO. 

One  conitUnt  id  /  is  left  undetermined  by  theae  couditiou ;  thus 


f 

•ay,  where  X  is  the  undetenuiued  constant.  It  is  possible  to 
determine  X,  so  that  «;  is  a  Puchsian  function  of  s,  where  s  ia 
the  quotient  of  two  solutioiis  of  the  equation 


-|-/ir-0. 


As  regards  this  Fuchsian  function,  its  polygon  may  be  obtained 
aimply  as  follows.  We  take  four  points  A,  B^O^  Din  the  s-plane 
to  be  the  homologues  of  0,  1,  a,  oo ;  owing  to  the  value  of  a,  which 
is  ^  in  each  casOi  the  internal  angles  of  the  polygon  must  each  be 
^w.  We  make  the  edges  AB,  CD  conjugate,  and  likewise  the 
edges  BC,  DA  ;  and  then  there  is  a  single  cycle,  ADOB,  the  sum 
of  the  angles  in  which  is  2ir.  With  the  former  notation,  we  thus 
haye  9  «  1,  n  «■  2 ;  so  that 

2i>-2+l-l-2. 

and  therefore  |> » 1,  as  should  be  the  caso.  Further,  the  sum  of  the 
angles  of  a  curvilinear  triangle,  entirely  on  one  side  of  the  real 
axis,  is  less  than  ir,  when  the  centres  of  the  circular  arcs  lie  on 
the  real  axis :  so  that,  if  our  polygon  be  curvilinear,  the  sum  of  its 
angles  would  be  less  than  29r  (for  it  could  be  made  up  of  two 
triangles),  whereas  the  sum  is  actually  2ir.  Hence  the  polygon 
can  only  be  a  rectangle,  and  the  Fuchsiau  functions  are  doubly- 
periodic.     We  therefore  take 

JTsSU^l,      ]|«»«I\X  <l\i^X  dlVkt, 
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at  18  muiifeBtly  permiMiible ;  and  then 
which  leads  to 

80  that  we  have 

X-^|(a  +  l). 

Thia  Taloe  of  X  renders  x  (and  so  y)  a  Fuchiian  Amotion  of  the 
qaotieni  of  two  aolutions  of  the  equation 

As  reganb  the  integnls  of  this  equation,  the  indieul  eqoetioii 
ofsr^Oia 

pO»-1)+A-o. 

80  that  ^"*|,  P"*!'    Denoting  hj  v,  and  s^  the  integnJs  thai 
heloqg  to  \  and  f  respectively,  we  have 

(I 


Hence 


and  theieibie 


«-r+i5r+... 


-sn'C. 
after  the  earlier  analysis. 

SimilarlT,  in  the  vioinity  of  •■■1,  we  find  integrals 


r,-(«-i)»|i+«^(«-i)+...|. 

r,-  (•  - 1)1  |i  + 1  J±|  (•- 1)  +  ...J ; 


• 
5M  BXAMPLB  or  A  [lt% 


and  theAi  taking 


we  And 


•«t« 


Now 

— (1 -oxf- jfy +1  (1  -  jc)(i -o)(t-jry- .... 

•otlwl 

f.-(c-iy»(f-Jf). 

Henoe 

f:-<- '»"(;-')■ 

•0  that^as 

where  AD-^BO^  1>  because 

we  have 

F.-(o-l)»(n-Jf»,)l 

K,-(c-i)-*i», .     r 

AgMD,  in  the  vidnitjr  of  c  «  a,  we  find  integralt 

ir,-(— «)t|l  +  |>-ti^^(,-«)  +  ...}; 
and  then,  taking 
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we  find 


Aim 

•  —  o  •  tn*  f—  - 

c 

..ldii*C 

0       * 

i-cm*(f~jr-tjr') 

"    e     cn'CC-ir-tir') 

C  C 

so  that 

pjrooeediiig  ■•  before,  this  leads  to  the  lelatioiis 

«^.-(^)*K-(ir+ar')«.)] 

Lnstlyi  for  Uige  Talaes  of  c,  we  haTe' 

'I^— *(i-A(i+«)s+-}. 

and  tlieiit  taking 


welliid 


Now 


/ 


^*    IT.' 
11. 

-«(f-»«r'y-j«»(t-ar')»(i+«)+..., 


MM 
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•othai 

Prooeeding  as  before,  this  leada  to  the  relatione 

The  reUtipne,  in  fi^t,  have  enabled  us  to  oonstniot  the  espresaioDs 
for  each  fundamental  system  in  terms  of  the  first  and,  therefore  by 
inferenoe,  in  terms  of  every  other.    * 

JEr.  1.    DinouM  in  the  tame  way  iho  Kuchsisu  diffeieniial  squstloa 
IcTHr     -  r     I  J_     .     J I  >x 

oonnected  with  the  equatioo 

Mm.  %.    Shew  that,  if 

*-|>(log*), 

where  p  deooien  Weientnuis'ii  •lli|iiio  limciioii, 

aod  diaouiw  the  aigiiitloafics  of  the  iDtegrsl  reUtion  in  regard  lo  its  peeudo 
sutomorphio  character  for  the  equatiou 

Ex,  3. '  A  fiindaiueiital  |iolygou  iu  the  i-plaue  is  ooiB|iueed  of  two  semi* 
'  oircletf,  one  upon  a  diaiuoter  in  the  real  aiin  for  valuee  of  f  oorreaponding  to 
valuoii  of  X  equal  to  0  and  1,  the  other  upon  a  aimihur  diameter  for  values  of 
«  equal  to  1  and  a,  (whore  a  >  1),  and  of  two  atraight  linen  drawn,  through 
poiuU  oorrea|iunding  to  0  and  a,  perpendicular  to  tlie  aiia  of  real  quantitiea 
Prove  that  the  auhdidiary  ei|uution  of  the  aecond  order,  for  the  oooiitniotion 
of  jr  aa  an  autonior|)hio  function  of  the  quotient  of  two  of  ita  integrals,  is 

v<ir»        *L-«*^(^-l>^U-a)«J^*(^-l)(x-a)* 
where  the  oonutant  /a  in  to  he  properly  determined. 

AUTOMORPHiO  FrsCTlONS  USED  TO  Uk\LE  TUK  iNTBQRAUi 

or  ANY  Equation  UxiroRM. 

16S.    If,  for  any  given  equation,  thore  is  only  one  singularity. 
it  ean  be  made  to  lie  at  the  origin. 

Jb  Older  to  obtain  a  variaVAe  s,  W\.ex\sv&  ot  hiVivc.K  the  integrab 
fth&  given  equation  can  be  exytc^^^^  uu\lottc\>i  ^  ^w^  ^^^^Vv^^v 


'. 
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equation  of  the  second  order  which  has  ««0  for  a  eingularity, 
of  auch  a  form  that  the  indicial  equation  for  #»0  has  equal 
roots  (S  160)l  This  auxtliarj  equation  may  have  other  singulari- 
ties, but  otherwise  it  may  be  kept  as  simple  as  possible.  Such 
an  equation  is 


the  indieuil  equation  finr  c  ■•  0  is 

SO  that  X  •  -  }  if  it  has  equal  roots.    Thus  the  equation  is 

Two  integrals  arc  given  by 

fr,a«l,    f)^««*log«; 


thus 


*-J-logi?, 


which  is  the  new  independent  variable. 

An  equation  of  the  Idnd  indicated  is  (}  4ft»  Ei.  C) 

wiwii  tJM  rarwUe  h  dwngad  from  sUt»,  wlwra  «««',  the  aqnatioD  beoomet 

g+(«+*#-)J+(«--*«-*0«-a 

Tbs  integrals  are  eyneoUo  for  an  finite  Tsluee  of  s. 

* 

164.  When  a  given  differential  equation  has  two  singularities, 
a  homdgraphic  transformation  can  be  applied  so  as  to  fix  them  at 
mmO,  ««-l. 

To  obtain  a  variable  m  in  terms  of  which  the  integrals  of  the 
given  equation  can  be  expressed  uniformly,  we  oonstruct  an 
equation  of  the  second  order,  having  0  and  1  as  its  singularities 
and  such  that  the  respective  indicial  equations  have  repeated 
foota    An  appropriate  equation  is 

d^    .   a-t-/8c 
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The  indioial  equation  Cmt  #— 0  U 

>(p-l)-«. 
•0  thai  tt"i  -  i ;  the  iudioial  equation  for  # «  1  ie 

p(p-l)-«-l-A 
•othata-f /9"- i»  and  therefore /9»0.ao  that  the  equation  ia 

One  integral  ia  easily  found  to  bo 

and  then  t,  the  quotient  of  another  integral  by  f^^  ia  given  by 

rff^q^     -1 
dx     Vi*     «(«—!)* 

on  particularising  the  constant  O,  which  may  be  arbitrary.    Thus 


d?» 


••-I 


gives  a  new  variable  «.  such  that  the  integrals  of  the  given 
differential  equation  are  uniform  functions  of  f . 

Thus  tot  ibs  equatioo  be. 


whioh  hss  x«0  aud  a;^!  for  real  einguUriUee:  it  is  sssj  to  vsriiy  thai 
9^fc  \m  Doi  s  singularity  but  only  an  ordinary  point  for  sveiy  intagrsL 
When  the  equation  is  transformed  so  tbat  «  is  the  independent  varisbls^  it 
beoomee 

the  integraU  of  which  clearly  are  unifonu  fonctiona  of  <. 

165.  When  a  given  differential  equation  has  three  singulari- 
ties,  a  homographic  transformation  can  be  used  so  as  to  fix  them 
at  ««"0, 1,  00. 

We  may  proceed  in  two  ways.     It  may  be  possible  to  choose, 

as  the  fundamental   region  in  the  ^-plane,  a  triangle,  having 

circular  arcs  for  its  sides,  and  having  Xir,  /av,  mr  for  its  internal 

Mogle9  Bt  points  which  are  tVio  Vvo\uo\o^«%  q( <^,«  «l  respectively : 


• 


i 


? 
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X,  ^  r  being  the  reciprocals  of  iniegen.    Then  the  tnbeidiaiy 
equation  may  be  taken  in  the  form 

which  is  the  normal  form  of  the  equation  of  the  hypergeometric 
series  with  parameters  a,  fft  y,  where 

The  variable  t  may  be  taken  as  the  quotient  of  two  solutions  of 
the  subeidiafy  equation ;  and  so 

'    "^     f{a.  A  7.  •) • 

It  is  known  ^  that  c,  thus  defined,  is  a  uniform  automorphic 
function  of  t. 

This  transformation  will  render  uniform  the  integrals  of  a 
differential  equation,  which  has  no  singularities  except  at  0/  1, 
00,  provided  the  integrals  are  regular  in  the  vicinity  of  those 
singularities  and  belong  to  indices  which  are  integer  multiples  of 
X,  r,  ;»  respectively.  If  these  conditions  are  not  satisfied,  in 
particular,  if  the  singularities  are  essential  for  the  integrals,  then 
we  proceed  by  an  alternative  method. 

We  take  a  subsidiary  equation  having  0, 1,  oo  for  singularities, 
such  that  the  indicial  equation  for  each  of  them  has  equal  roots. 
Let  it  be 

where  c',  ^,  y  are  to  be  chosen  so  that  the  indicial  equation  for 
each  of  the  singularities  has  equal  roots.    TKe>»i(y|uations  are 

80  that  . 

>— i.  ff'-h  y— i. 

•od  thus  the  eqiMtioo  is 
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The  ooeflBoieni  of  v  U  the  ioTariani  of  a  hypeigeooielrio  equation, 
of  which  the  parameters  are 

«-/9-i.    7-1; 

fo  that  f ,  the  quotient  of  two  integrals  v,  is  also  the  quotient  of 
two  integrals  of  the  equation 

This  is  the  equation  of  the  quarter-periods  in  elliptic  functions : 
so  that 

• 

Thin  relation  effectively  defines  op  as  a  modular  function^  of  j : 
the  fundamental  region  in  a  curvilinear  triangle.  The  function 
exists  over  the  whole  f -plane :  the  axis  of  real  quantities  is  a  line 
of  esHential  singularityr 

Any  differential  equation,  having  d?  m  0,  1,  oo  for  all  its  singu- 
larities no  matter  what  their  character  may  be,  can  be  transformed 
by  the  preceding  relation  so  that  s  is  the  independent  variable : 
its  integrals  are  then  .expreiwible  as  functions  of  jr  which  are 
uniform  over  the  whole  of  the  /-plane,  their  essential  singularities 
lying  on  the  axin  of  reail  quantities. 

Ex,  A  difluroutial  eqiiatiou  ban  ouly  three  aiiuguUritiee  at  x«*a,  b^  c^ 
»uch  that  the  rooUt  of  the  indicial  equatioua  of  those  points  are  integer 
niuUiplcM  of  a,  A  y  ro»|>octively,  where  a,  /),  y  are  reciprocaU  of  integem 
Bhew  thi^t  a  variable,  in  terma  of  which  the  integrals  can  be  expressed  aa 
uniform  functions,  is  given  by  taking  the  quotient  of  two  Riemann  /^-functiona 
with  the  appropriate  singuUritios  and  indices. 


AU'fOMOBFUlC   FUNCriONS  APPLIED  TO  OeNKRAL  LiNKAR 

Equations  of  any  Order. 

166.  At  the  beginning  of  the  preceding  explanations  and 
discubttions,  it  was  as»unied  (§  157)  that  all  the  singular  Taluea 
of  X  are  real.  The  assumption  was  then  made  for  the  sake  of 
•implicity:  it  can  be  proved  f  to  be  unnecessary. 

•  r.  K,  f  803. 

t  Poincar^,  Acta  Matk.,\.v«,^.U^-VI^. 


t 
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■ 

Firstly,  let  the  BtDgularities  be  constituted  by  Oi,  iB|»  ...^  OMf 
all  of  which  are  real,  nni  by  e,  which  will  be  sappoeed  complex. 
With  theee  we  shall  associate  Ct,  the  conjugate  of  o ;  and  we  write 

^(«)-(c-o)(c-c;,X 

a  quadratic  polynomial  with  real  coefficients.  Then  all  the 
quantities 

are  real  Ccmstruct  a  fundamental  region  in  the  t-plane,  such 
that  the  Ibregoing  m-^t  quantities  are  the  homologues  of  the 
comers ;  and  let 


be  the  relation  that  gives  the  conformal  representation  of  the 
region  upon  half  the  JT-plane,  so  that  F(m)  is  a  Fuchsian  ftinction 
oft. 


Consider  the  variable  c,  as  defined  by  the  equation 

So  long  as  m  remains  within  the  fundamental  region/ «  is  a 
uniform  function  of  t ;  it  could  cease  to  be  so,  only  if 

.  f(«)-o. 

■ 

that  is,  if  «•■  ^e  -f  ^e^,  and  then  we  should  have 

which  is  not  possible  for  values  of  m  within  the  region.    Also, 

lie 

^  is  not  sero  for  any  value  of  s  within  the  region;  for  then 

we  should  have 

F(*)-0, 


which  would  make  a  sero  magnification  between  the  JT-plane 
and  the  ^-region:  this  we  know  to  be  impossible  for  internal 
t-points.  This  uniform  function  «,  whose  derivative  does  nd 
vuish  within  the  polygon,  cannot  acquire  either  of  the  values 
e  or  c^  within  the  polygon,  for  then  we  should  have 
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which  U  poaaible  only  al  a  oorner.  Nor  ean  il  aoqaiiv  any  of 
the  valuet  Ot,  a,,  ...,  o»  Cor  points  within  the  t-polygon :  far 
at  anjr  such  value,  we  have 

which  again  is  possible  only  at  a  corner. 

Now  since  X  •-  F(m)  is  a  rektion  that  oonformally  reprasents 
the  half  A'-plane  upon  a  f-polygon  bounded  by  circular  arcs  (this 
polygon  being  otherwise  apt  for  the  construction  of  automorphio 
functions),  we  have  (§  157) 

where  yft  (X)  is  a  rational  function  of  X.  But  tat  any  variables 
X  and  «»  we  have 

(x..j-(..ir)(g)V(jr..|; 

and  therefore,  in  the  present  case, 

-2^(*). 

say,  where  Y(«)  is  a  rational  function  of  «.  Hence  m  is  the 
quotient  of  two  integrals  of  the  equation 

g  +  .*(.)-0. 

Now  w  is  known  to  be  a  uniform  function  of  j;  it  is  therefore  a 
Fuchsian  function  of  /.  And  we  have  proved  that,  for  values  of  g 
within  the  polygon,  »  cannot  acquire  any  of  the  real  values 
Of,  a«, ...,  Ofii  or  either  of  the  complex  values  e,  c^,  and,  further, 

that  •  -  does  not  vanish. 
as 

Secondly,  to  extend  this  result  to  the  case,  when  m  is  not 
to  acquire  any  one  of  any  number  of  complex  values  for  s-points 
within  the  polygon,  we  adopt  an  inductive  proof;  we  assume  the 
result  to  hold  when  there  are  y  —  1  pairs  of  conjugate  complex 
values,  and  shall  then  prove  it  to  hold  when  there  are  q  pairs.  It 
has  been  proved  to  hold,  (i),  when  there  are  no  complex  values 
and,  (ii),  when  there  is  a  pair  of  conjugate  complex  values:  it  thus 
will  be  proved  to  hold  genera\\>f. 


Iv 
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«  • 

Suppuse*  then,  that  the  given  «-8ingularitte8  are  made  up  of  a 
number  m  of  real  values  ai»  a«,  ...,aM,  and  of  a  number  of  complex 
valuea.  Let  the  latter  be  increased  in  number  by  associating  with 
each  complex  value  its  coiyugate  complex*  whenever  that  conjugate 
does  not  occur  in  the  aggregate ;  and  let  the  increased  aggregate 
be  denoted  by 

arranged  in  conjugate  pairs.    Write 

which  is  a  polynomial  of  degree  tq  with  real  coeflBcienta  The 
equation 

of  degree  2f  —  1  with  real  coefficients,  certainly  possesses  one  real 

root ;  its  other  roots,  when  not  real,  csn  be  arranged  in  coi\jugate 

pairs,  the  number  of  pairs  not  being  greater  than  9  —  1.    Let  its 

roots  be  denoted  by 

0|,  Of,  ...I  bff^it 

an  aggregate  which  contains  not  more  than  9  —  1  conjugate  pairs. 

In  the  series  of  quantities 

there  are  certainly  m  -f  2  real  quantities ;  and  there  are  not  more 
than  q^l  conjugate  pairs  of  complex  quantities.  According  to 
our  hypothesis,  a  Fuchsian  function  0{g)  can  be  constructed,  such 
that  the  foregoing  m  + 1 4-  2  (g  — ^)  quantities  are  the  homologues 
of  the  comers  of  an  appropriate  fundamental  region,  and  0'  (s) 
does  not  vanish  within  the  region.  Then,  proceeding  on  the  same 
lines  as  in  the  simpler  case,  we  consider  a  variable  r,  defined  by 
the  rektion 

♦  (ar)-(?(i). 


,1 


So  long  as  m  remains  within  the  fundamental  region,  #'is  a 
uniform  function  of  t ;  it  could  cease  to  b^  so,  only  if 

<?(*)- ♦(6.x  ♦(*»).  ....   «   ♦(**-.X 
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which  it  nol  poaaibU  tar  valuea  of  f  within  the  i^od.  A\m^ 
g  doe.  not  v»Uh  for  Tatue.  of  «  withio  the  regioD :  for  oUM»«m 

we  should  have 

O'(*)-0 

for  such  values,  end  this  is  known  not  to  be  the  esse.  F^iriber,  ^ 
being  n  uniform  function  of  m  whose  derivative  does  not  vanish  kr 
values  within  the  polygon,  cannot  acquire  any  of  the  values  Cr  or 
e/,  for  r>»  1, ...» 9,  within  the  polygon;  if  it  oould.  we  should  have 
^  («)  «  0  there,  and  then 

which  is  possible  only  at  a  comer.    Nor  can  it  acquire  any  of  the 

values  Oi a^  for  values  of  z  within  the  polygon :  if  it  could,  ve 

should  have 

#'U)T^(ai),  ^(o,),  ....    or    ^(a«.). 

which  again  is  possible  only  at  a  corner. 

_  ■ 

Now  since  K,  •»0(s),  is  an  aulomorphio  function,  it  follows^ 
that 


(' 


fr!>'-i. 


which  is  equal  to  —  {i,  Y],  also  is  an  automorphic  function. 
Consider  the  upper  half  of  the  F-plsne.  So  far  as  the  equation 
Y »  0{f)  is  concerned,  certain  pants  on  the  upper  side  of  the 
axis  of  real  quantitiesi  are  exceptional,  not  more  than  9  —  1  in 
number ;  these  can  be  considered  as  excluded,  and  cuts  drawn 
from  them  to  singular  points  on  the  real  axis.  We  then  can 
reganl  this  simply-connected  and  resolved  half-plane  as  confonnally 
represented  upon  the  polygon  by  the  equation  Y»  0(^)i  hence "f 

where  0(y)  is  a  rational  function  of  Y.     But 

where  ^  («)  is  a  polynomial ;  hence        •  * 


*  r.  F.,  I  ail.  t  T.  r.,  %  tn. 
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saji  where  6(«)  is  a  ratiooal  function  of  m.  Hence  9  is  the 
quotient  of  two  integrals  of  the  equation 

g+«e(«).o. 

Now  K  is  known  to  be  a  uniform  function  of  t.  It  is  therefore  a 
Fuchsian  function  of  t,  which  acquires  the  particular  assigned 
values  only  at  the  comers  of  the  fundamental  region  and  nowhere 
within  the  region ;  its  derivative  does  not  vanish  anywhere  within 
the  region. 

The  statement  is  thus  established. 

167.  The  preceding  explanations,  outlines  of  proofs,  and 
analysis,  will  give  an  indication  of  the  kind  of  result  to  be 
obtained,  and  the  kind  of  application  to  differential  equations  to 
be  made.  It  wi^  be  recognised  that  such  proofs  as  have  been 
^  adduced  are  not  entirely  complete :  thus,  when  a  number  of  real 
constants  is  to  be  determined  by  the  same  number  of  equations, 
whether  algebraical  or  transcendental,  it  would  be  necessary  to 
shew  that  the  constants,  if  determined  in  the  precise  number,  are 
real.  As,  however,  it  was  stated  at  the  beginning  of  these  sections 
that  only  an  introductory  sketch  of  the  theory  would  be  given, 
there  will  be  no  attempt  to  complete  the  preceding  proofs :  we 
shall  be  content  with  referring  the  student,  for  the  long  and  com- 
plicated processes  needed  to  establish  even  the  existence  of  certain 
results  without  evaluating  their  exact  form,  to  the  classical  memoirs 
by  Poincari,  and  to  the  treatise  by  Fricke  and  Klein,  which  have 
already  been  quoted^.  It  may  be  convenient  to  recount  the 
most  important  and  central  results  of  Poincartfs  investigations, 
which  have  any  application  to  the  theory  of  linear  differential 
equations 

Let 

be  a  linear  equation  of  order  9,  having  rational  functions  of  m  and 
jf  for  its  ooeflBdents,  where  y  is  defined  in.  terms  of  «  by  the 
algebimio  equation 


Ij  B.  T.  Whillsktr,  «'0a  the  soaatiloa  of  tigtteaie  fuelioas 
wM  Miomoifbit  ftestfoM^"  PM.  Trmm.  (ISM),  py.  l-St,BMy  alto  bt  MMMdL 
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which  it  not  poaaible  for  values  of  §  within  the  i^od.    Alto, 

-r-  does  not  vanish  for  values  of  s  within  the  region ;  for  otherwise 

we  should  have 

O'(*)-0 

for  such  values,  and  this  is  known  not  to  be  the  case.  Further,  m^ 
being  a  uniform  function  of  m  whose  derivative  does  not  vanish  for 
values  within  the  polygon,  cannot  scquire  any  of  the  values  e^  or 
e/,  for  r  >■  1.  ...,  9,  within  the  polygon;  if  it  could,  we  should  have 
^  (d?)  ■>  0  there,  and  then 

which  is  possible  only  at  a  comer.    Nor  can  it  acquire  any  of  the 

'  values  Oi,  ...,  Om  for  values  of  z  within  the  polygon :  if  it  could,  we 

should  have 

-**(*)•»  ^ (a,),  ^(o,),  ...,    or    ^(a«,), 

which  again  is  possible  only  at  a  corner. 

Now  since  F,  «■(?(#),  is  au  automorphic  function,  it  follows^ 
that 


(' 


^2T!''-l. 


which  is  equal  to  —  (z,  Y],  also  is  an  automorphic  function. 
Consider  the  upper  half  of  the  F-plsne.  So  far  as  the  equation 
Y ^0(t)  is  concerned,  certain  points  on  the  upper  side  of  the 
axis  of  real  quantitiesi  are  exceptional,  not  more  than  9  —  1  in 
number;  these  can  be  considered  as  excluded,  and  cuts  drawn 
from  them  to  singular  points  on  the  real  axis.  We  then  can 
reganl  this  simply-connected  and  resolved  half-plane  as  confonnally 
represented  upon  the  polygon  by  the  equation  Y^Q(m)\  hence'f 

whore  0(K)  m  a  rational  function  of  Y.    But 

*  (*)  -  I'. 
where  ^.(x)  ia  a  polynoiaial ;  hence       .  ' 

-2d[^(^)]p*^'>T+{^(,).,} 
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say,  where  6(c)  is  a  ratiooal  function  of  m.  Hence  $  is  the 
qnotient  of  two  integrals  of  the  equation 

Now  m  18  known  to  be  a  uniform  function  of  t.  It  is  therefore  a 
Fuchsian  function  of  t,  which  acquires  the  particular  assigned 
Talues  only  at  the  comers  of  the  ftindamental  region  and  nowhere 
within  the  region ;  its  derivative  does  not  vanish  anywhere  within 
the  region. 

The  statement  is  thus  established. 

167.  The  preceding  explanations,  outlines  of  proofs,  and 
analysis,  will  give  an  indication  of  the  kind  of  result  to  be 
obtained,  and  the  kind  of  application  to  differential  equations  to 
be  made.  It  wi^  be  recognised  that  such  proofs  as  have  been 
^  adduced  are  not  entirely  complete :  thus,  when  a  number  of  real 
constants  is  to  be  determined  by  the  same  number  of  equations, 
whether  algebraical  or  transcendental,  it  would  be  necessary  to 
shew  that  the  constants,  if  determined  in  the  precise  number,  are 
real.  As,  however,  it  was  stated  at  the  beginning  of  these  sections 
that  only  an  introductory-  sketch  of  the  theory  would  be  given, 
there  will  be  no  attempt  to  complete  the  preceding  proofs :  we 
shall  be  content  with  referring  the  student,  for  the  long  and  com- 
plicated processes  needed  to  establish  even  the  existence  of  certain 
results  without  evaluating  their  exact  form,  to  the  classical  memoirs 
by  Poincari,  and  to  the  treatise  by  Fricke  and  Klein,  which  have 
already  been  quoted^.  It  may  be  convenient  to  recount  the 
most  important  and  central  results  of  Poincartfs  investigations, 
which  have  any  application  to  the  theory  of  linear  differential 
equations. 

Let 

be  a  linear  equation  of  order  q.  having  rational  functions  of  m  and 
jf  for  its  coeflBdents,  where  y  is  defined  in:  terms  of  «  by  the 
algebraic  equation 


•  k  SMMir  hj  B.  T.  Whillsktr,  «'0a  Ihs  soaatiloa  of  slctbrale  fuMlioas 
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this  equation  in  w  will  be  called  the  main  equatiou.    Let 

be  another  equation,  in  which  $(x,  y)  is  a  rational  function  of  m 
and  y ;  it  will  be  called  the  suUidiary  equation*  and  its  elementa 
are  entirely  at  our  dispoiial. 

Let  «^ »  Oit,  y  »  6|t,  be  a  singularity  of  the  main  equation.  If  all 
the  integrals  are  regular  at  this  singularity,  if  they  are  free  from 
logarithms,  and  if  they  belong  to  exponents,  which  are' commensur- 
able quantities  (no  two  being  equal),  let  Ar'  (where  i;  is  an  int^er) 
be  a  quantity  such  that  the  exjioueDts  are  int^^rer  multiples  of  IrK 
We  make  W'»a^,  y^K,^  singularity  of  the  subsidiary  equation. 
In  the  case  of  the  indicated  hypothesis  as  to  the  integrals  of  the 
main  equation,  we  make  the  difference  of  the  two  roots  of  the 
indicial  equation  of  the  subsidiary  equation  equal  to  Ir*.  In  every 
other  case,  we  make  those  two  roots  equal.  This  is  to  be  effected 
for  each  of  the  singularities  of  the  main  equation. 

Thus  the  subsidiary  equation  is  made  to  possess  all  the 
singularities  of  the  main  equation.  It  may  have  other  singulari- 
ties  also ;  for  each  of  tliem,  the  difference  of  the  two  roots  of  the 
corresponding  indicial  equatiou  is  made  either  zero  or  the  re- 
ciprucal  of  an  integer,  at  our  own  choice.  By  these  conditions,  the 
coerticient  0  (x,  y)  will  bo  partly  determinate :  but  a  number  of 
parameters  wil^^main  undetermined. 

The  effect  of  these  conditions  is,  by  the  analysis  of  §  160,  to 
make  x  and  y  uniform  functions  of  z,  where  z  is  the  quotient  of 
two  linearly  inde|)oudeut  integrals  of  the  subsidiary  equation; 
and  no  further  conditions  for  this  purpose  need  be  imposed  upon 
the  imrameters,  which  may  therefore  be  used  to  secure  other 
properties  of  the  uniform  functions.  The  various  forms  of  $^ 
corresponding  to  the  various  determinations  of  the  parameters, 
detennine  a  corre8i)4)nding  number  of  differential  equations ;  all 
of  these  are  said  to  belong  to  the  same  type,  which  thus  ia 
characterised  by  the  singularities  and  their  indicial  equations. 

Poincar^  has  proved  a  number  of  propositions  connected  with 
the  results  that  can  be  v>\>la\uct\  \^>|  \*W  ^Y^wy^riaX/^  ^st&v^ment 
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of  Taluea  to  these  parameters.    Of  these,  the  meet  important 


.  I.  It  is  possible  to  assign  a  nniqne  set  of  values  in  such 
a  way  as  to  secure  that  m  and  y  are  Fuchsian  functions  of  #, 
eiisting  only  within  a  fundamental  circle. 

II.  It  is  possible  to  assign  sets  of  values,  unlimited  in 
number,  in  such  a  way  in  each  case  as  to  secure  that  m  and 
y  are  Kleinian  (unctions  of  s,  eiisting  over  only  part  of  the 
^•plane. 

III.  It  is  possible  to  assign  a  unique  set  of  values  in 'such 
a  way  as  to  secure  that  m  and  y  are  Fuchsian  functions  or 
Kleinian  functions  of  z,  eiisting  over  the  whole  of  the  ^-plane. 

There  are  limiting  cases  when  the  Fuchsian  function  becomes 
doubly-periodic,  or  simply-periodic,  or  rational. 


Poincar£*8  Theorem  that  ant  Linear  Equation  can  be 

INTEGRATED  BT  MEANS  OF  FUCHSIAN  AND  ZeTAFUCHSIAN 

Functions. 

168.  Consider  now  the  integrals  of  the  main  differential 
equation,  when  they  are  eipressed  in  terms  of  the  variable  t. 
We  shall  assume  that  x  and  y  have  been  determined  as  Fuchsian 
functions  of  ^,  existing  only  within  the  fundamental  circle. 

Near  an  ordinary  point  Cf.  y«,  any  integral  to  is  a  holomorphio 
function  of /r— «,;  near  such  a  point,  m\B  k  holomorphio  function 
of  #  — I,;  so  that  icr,  when  expressed  as  a  function  of  ^,  is  a  holo- 
morphio function  of  g. 

In  the  vicinity  of  a  singularity  (a,  6),  there  are  two  cases  to 
consider.  If  all  the  exponents  to  which  the  integrals  belong  are 
commensurable  quantities,  so  that  they  are  integer  multiples  of 
some  proper  fraction  1r\  where  ib  is  an  integer,  and  if  the  integrals 
are  free  fhmi  logarithms,  then  every  integral  is  of  the  form 
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where  iSf  is  a  holomorphic  fuooiicm  of  •— a.    Ae  ia  1 100»  we  lui?e 

I 

j-.o«(jr-a)'r(dP-aX 
eo  thel 

where  T  end  R  are  holomorphio  functiona.    Henoe 

where  the  Aiactioa  0  is  holoioorphic  in  the  Yiciaity  of  a  Thae  w 
is  a  uaiform  function  of  «;  if  /a  is  poaitive,  then  p  is  an  ordinarjr 
point ;  if  /4  is  negative,  it  is  a  pole. 

In  all  other  cases,  whether  the  integrals  involve  logarithmsi  or 
the  eiponents  to  which  they  belong  are  not  all  commensurable,  or 
the  singularity  is  one  where  some  of  the  integrals,  or  even  all  the 
integrals,  are  irregular,  the  roots  of  the  indicial  equation  for  the 
subsidiary  equation  are  equal.  In  consequence,  the  two  circular 
arcs  of  any  polygon  touch,  and  thus  the  angular  point  is  on  the 
fundamental  circle.  As  we  consider  the  values  of  m  within  the 
fundamental  circle,  the  character  of  the  integral,  when  expressed 
as  a  function  of  s,  does  not  arise  for  the  point  of  the  kind  under 
consideration. 

It  thus  appears  that,  when  s  is  restricted  to  lie  within  the 
fundamental  circle  of  the  Fuchsian  functions  which  are  the  repre* 
sentative  expressions  of  d?  and  y,  any  integral  of  the  main  equation 
is  a  uniform  functitm  of  s.  When  this  uniform  function  has  poles, 
it  can  be  represented  in  the  form 

where  the  zerim  of  Gi  (s)  are  the  poles  of  the  integral  in  unchanged 

multiplicity,  and  both  0  (z)  and  Gi  (s)  are  holomorphic  functions 

of  g  withiu  the  fundamental  circle.     When  the  uniform  function 

representing  the  integral  lias  no  poles,  it  can  be  expressed  in  the 

form 

Hit), 

where  the  function  Jl(t)  is  holomorphic  everywhere  within  the 
fundamental  circle. 

Hence  we  have  PoincanS's  theorem*  that  th$  integrah  of  a 
linear  differential  equation  with   algebraic  coefficients  can  be 
prtiued  as  uniform  functions  of  an  appropriatelg  chosen  variable. 
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169.  The  characteristic  property  of  these  unifomi  (unctions 
ean  be  obtained  as  follows.    Taking  the  equation  in  the  form 

where  it  is  suppoeed  that  the  term  (if  any)  which  involved  ^-^ 

has  been  removed  from  the  equation  by  the  usual  substitution 
(|  152),  we  denote  hj  9u  9%^  ...^  9^  9^  fundmental  system  of 
integrals  in  the  vicinity  of  any  singularity  (a^/^).  Let  a  closed 
path  on  the  Riemann  surfaoe,  associated  with  the  permanent 
equation,  be  described  round  the  singularity;  then,  when  the 
path  is  completed,  the  members  of  the  fundamental  system 
have  acquired  values  tf/«  0/, ....  0/,  such  that 

*•'  - <i  tf,  -H  ofi  tf,  -I- ...  +  a^l\  9^.       (n  -  1.  2.  ...,  ,), 

where  the  coefficients  a^'  arc  constants  such  that  their  determ- 
inant is  unity,  because  the  derivative  of  order  neit  to  the  highest 
is  absent  from  the  differential  equation. 

Now  »  and  y  are  Fuchsian  (unctions  of  #,  eiisting  only  within 
the  (undamental  circle  in  the  ^-plane ;  hence,  when  the  path  on 
the  Riemann  surface,  which  cannot  be  made  evanescent,  is  com- 
pleted, »  and  y  return  to  their  initial  values,  and  m  has  described 
Sonne  path  which  is  not  evanescent  It  followi,  from  the  nature 
of  the  (unctions,  that  the  end  of  the  ^-path  is  a  point  in  another 
polygon,  homologous  with  the  initial  position,  so  that  the  final 
posiUoo  of  #  is  of  the  form 

The  integrals  9^9^^  ••••  ^f  sre  uniform  functions  of  t\  let  them 
be  denoted  by  ^(»\  ^(0»  ••••  ^f(f)*  Moreover,  9n  is  the  value 
of  ^tt  at  the  conclusion  of  the  path ;  thus 


'•-♦-(s^)- 


so  that  the  integrals  in  the  (undamental  system  consist  of  a  set  of 
nnilbrm  (bnctions  of  #,  which  are  characterised  by  the  property 


/ 


520  scrAruoHSUir .  [16A. 

CoRetpoiidiiig  to  the  sabeiitutioQ  of  the  FuehaMi  group,  W9  haYe 
a  Uneiur  lubeUtaiioQ  8^  in  the  quaiitities  ^i*  ^>  •••*  ^*  ^ 
aggregate  of  these  linear  subetitutioos  8^  forms  a  groups  which 
is  isomorphic  with  the  Fuchsian  group. 

Functions  of  this  pseudo-automorphio  character  are  ealled^ 
Zeta/ueknan  by  Poincartf :  and  thus  we  can  say  that  linear  differ^ 
ential  equations  can  be  integrated  by  meane  of  Fu/Aeian  and  Zeta* 
fuchsian  /unctions  which  are  uniform.  It  is,  however,  necessary 
to  obtain  explicit  expressious  for  the  functions  ^.  in  order  that 
the  equation  may  be  regarded  as  iutegrated.  This  is  effected 
(I.e.)  by  Poincar^  as  follows. 

Let 

represent  the  substitution  inverse  to  8^,  so  that  the  quantitiea 

A^^^  are  the  minors  *of  the  determinant  of  8^.    Take  any  q 

arbitrary  rational  functions  of  x,  say  Ui(s\  Ht(s\  ...^  -^t (');  *iul 
by  means  of  themi  in  association  with  the  Fuchsian  group,  con* 
struct  p  infinite  series,  defined  by'  the  equatiops 

for  the  q  values  1, ...,  ^  of /a;  the  quantity  m  is  a  positive  integer; 
and  the  summation  with  regard  to  i  is  over  all  the  substitutiona- 
of  the  Fuchsian  group.  Thia  iuteger  m  is  at  our  disposal:  by 
choosing  it  sufficiently  large,  and  by  limiting  the  rational  func- 
tions if,  so  that  no  one  of  the  quantities 

aiS  +  &i' 


/ 


is  infinite  on  the  fundamental  circle,  all  the  series  can  be  made 
absolutely  converging:  but  we  do  not  stay  to  establish  this 
result  f.     Assuming  this  coiivergence,  and  writing 

*  AeU 

t  II  f  I  <bs  •smA  Ua«t  m  the  cooversenot  of  Poiassvi'to 
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80  that,  for  any  ralue  of  k  and  all  the  Talitea  of  t»  we  get  all  the 
Talnea  of  p  for  the  group,  fo  have 


But 


Owing  to  the  properties  of  the  ieomorphie  gronpe,  we  have 

and  therefore 

8kSr'^8r\ 
that  11, 

M.l     •*••      "••'  '*••' 

and  therefore 

Now  let  B(j)  represent  a  Thetafuchsian  series*,  with  the 
parametric  integer  m,  and  possessing  the  foregoing  Fuohsian 
groap:  then,  for  each  substitution  of  the  group,  we  have 


"'(siTt)-<«'+«^»<* 


We  introduce  functions  Z|,  Z,,  •••,  2i|,  defined  by  the  relatiom 
They  satisfy  the  conditions 

■ 

and  therefore  we  may  take 

♦^(*)-2;(#). 

or  the  q  functions  Z,  which  are  Zetafuchsian  functions,  constitute 
a  system  of  integrals  of  the  differential  equation. 

170.    As  regards  the  Zetafuchsian  functions  thus  constructed, 
it  will  be  noted  that  the  rational  functions  JJi,  •.«,  JJ^ ,  which 


5SS 


pROpftimiai  or  a 


[17a 


enter  into  tbeir  confttruoUon,  are  erbiinury;  ao  that  an  infiniie 
number  of  ZetaAiohsian  fiinctiona  can  be  formed,  admitting  a 
Fuchflian  group  0  and  the  linear  group  (say  0)  isomorphio  with  O. 

Further,  the  Thetafuchsian  aeriea  8(j)  with  the  parametrie 
integer  m  is  any  whatever;  but,  at 

«e  b»ve 

to  that  we  may  take 

e(«)-(J)'"-P(*.yX 

where  P  (x^  y )  in  any  uniform  function  c^  w  and  y.  The  aimpleat 
case  occurs  when  P  (d?,  y)  » 1. 

Again,  we  have 
and  therefore 


so  that 


dZ, 


di; 


^f 


..  fa,z  -H  A\  •  v^^^rraj  '•"••^  "*■  '••-^  '*'•••'*■  ••••■ar  • 

\7»*  +  ^a/  dx  ds  ds 


that  is, 


d  «  /«**  -»-  A\       (i)  dZ|       (4)  dZ,  tt)  dZ;, 

da?      \7a*  +  V       *'»dir        <.*d*  f.»dir 


Hence 


dZ,     dZ.  dZj 

dr  '    d«  '  "*•    d*  • 


are  a  Zetafuchsian  system,  admitting  the  Fuchsian  group  0  and 
the  Uiomorphio  linear  group  0. 

The  uame  property  is  possessed  for  all  the  derivatives  of  any 
order  of  the  system  Z| ,  Z«, . . ,« Z^ mtV  x^t^g^  v^ ». 


17a] 
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Thia  property  is  tiaed  by  Poinoai^  to  obtain  tba  moat  general 
expfeaaion  for  a  Zetafoohaian  qratem,  admitting  the  groapa  O  and 
0.    Let  it  be  Tt,  Tt T, ;  and  eonatraot  the  matrix 

^•'    di '&■'  '      ' 


dZ. 


di-*I. 


^«'  "sf "SF^ 


Denote  bjr  (—  1)*~*A«.|  the  determinant  obtained  bj  catting  out 
the  a*'  column  from  the  matrix :  then,  bjr  •  known  property  of 
detetminanta,  we  have 

for  all  values  of  a    Hence 

When  #  is  subjected  to  any  transformation  of  the  group  0, 
the  quantities  in  any  column  in  the  matrix  are  subjected  to  the 
corresponding  linear  transformation  of  the  group  G ;  so  that  each 
of  the  9  4-1  determinants  A«»  Ai, ...,  A^  is  multiplied  by  the 
determinant  of  the  linear  transformation.  Hence  Ar-i- A,  is  un- 
altered, that  is,  it  is  automorphio  for  the  substitution  of  the 
group  0;  and  therefore,  as  this  property  is  possessed  for  each 
substitution,  Ar-t-A^  is  automorphio  for  the  group  0.  Conse- 
quently,-  Ar  -i-  A,  is  a  rational  function  of  «  and  y,  say 


and  therefore 


Ar  B 

5-^  — #V. 


(r-0, 1 q~l); 


ffff  0   9  El    ^*^%  n  Qt^       Xm 

for  fi«l,  2,  ...,  q.  This  is  PoincarA's  expression  for  the  most 
general  Zetafbchsian  system,  admitting  the  Fuchsiaa  group  0 
and  the  isomorphio  linear  group  0. 
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We  eMi  immedutiely  verify  that  JF,.  ...,  £^  uXiaty  m  lineer 
differential  eqaatioii»  haYing  coeflkieDti  thki  are  rational  in  m 
and  y.    For 

are  a  Zetafuchsian  system,  admitting  the  Fuohsian  groop  O  and 
the  isomorphic  linear  group  0 ;  and  therefore  rational  fiinctiona 
^1  ^»  ••••  ^f-i  exist,  such  that 

holding  for  •ll.ralues  of  it.  Thua  Zx,  .\.,  Z^  are  integmh  of  (he 
linear  difllerential  equation 

dtZ     .  -^  .  dZ^*    ^  .      *-'r 

Similarly,  7),  ...,  7^  are  integrals  of  a  linear  differential  equation 
also  of  order  -q,  having  rational  functions  of  s  and  y  for  its  co* 
efficients,  and  characterised  by  the  same  groups  0  and  0  as 
characterise  the  equation  satisfied  by  Z|,  ...,  Z^.. 


CONCLUDIMQ   RilMABKa 

'  171.  The  Zetafuchsian  and  Thetafuchsian  functions  thus 
used  occur,  for  the  nvost  part,  iu  the  form  uf  series  of  a  particular 
kind;  as  they  were  first  devised  by  Poincar^,  his  name  is  fine* 
quently  associated  with  thorn.  The  main  aim  in  constructing 
them  was  to  obtain  functions  which  should  exhibit,  simply  and 
clearly,  the  organic  character  of  automorphism  under  the  substi* 
tutions  of  the  groups ;  and  they  are  avowedly  intended*  to  be 
distinct  in  nature  from  series  adapted  to  numerical  calculation, 
such  as  series  in  powers  of  z. 

Unless  both  these  properties,  viz.  the  exhibition  of  the  organic 
character  of  the  function  and  its  adaptability  to  numerical  calcu- 
lation, are  possessed  by  the  functions  involved,  it  is  manifest  that 
they  are  not  in  the  most  useful  form.  It  is  unlikely  that  the 
best  development  of  the  general   theory  can  be  effected,  until  I  A 
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I 

fanctions  have  been  obtained  in  a  fonn  that  poeneBees  both  the 

properties  indicated.    In  this  connection,  Klein*  quotes  a  parallel 

instance  from  the  theory  of  elliptic  fanctions,  vis.  the  series  of  the 

form 

S  S  {mm  Vm'm'y^, 

nsedf  by  Eisensteio,  which  exhibit  the  characteristic  autoraorphic 
property  of  the  modular  functions,  but  are  not  adapted  to  nu- 
merical calculation.  Their  deficiency  in  this  respect  has  been 
met  by  the  possession  of  the  theta-functions  and  the  sigma- 
functiona  The  generalisation  of  the  Jacobian  theta-function 
and  the  Weierstrassian  sigma-function,  required  for  automorphio 
functions,  has  not  yet  been  attained. 

We  thus  return  to  the  statement  made  at  the  beginning  of 
the  foregoing  sketch  of  Poincar^'s  theory  of  linear  differential 
equations'  with  algebraic  coeflicients.  The  explicit  analysis  con- 
nected with  the  theory  of  automorphio  functions  has  not  yet 
acquired  sufficiently  comprehensive  forms  upon  which  to  work; 
and  therefore  its  application  to  linear  differential  equations,  as  to 
any  other  subject,  can  be  only  partial  and  imperfect  in  its  present 
stage.  The  theory  of  automorphio  functions  in  general  presents 
great  possibilities  of  research:  the  gradual  realisation  of  these 
possibilities  will  be  followed  by  corresponding  developments  in 
many  r^ons  of  analysis. 

*  ForlitiMfM  f •  VaMmt  D{f(innHtil§Mekim§in  4,  tmHUn  OriMNif ,  (OSUiagta, 
lSS4)f  fb  4SS.  Bm  mso  nlMt  um  KMBf  ^wtfit  4if  aalMMfjiAM  J'^iMCltfifiii 
1.11,  p.  ISf. 

t  fte  nIvMM,  M  r.  F.,  I  St. 
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at  Ibe  beginniBg  of  the  fohmie  maj  be  eonenlted.) 


Adjoint  eqnation,  Lagrange*i,  398 ;  and 
original  equation  are  redprocally  ad- 
Joint,  35S;  ii  redncible  if  original 
eqnation  ia  redncible,  254;  eompofi* 
tion  of,  264 ;  propertiei  of,  in  relation 
to  the  number  of  regular  integral!, 
257. 

Algcbraio  eoeiBciente,  equations  having. 
Chapter  s ;  character  of  integrals  of. 
in  Ticinitj  of  branch-point,  479,  and 
in  ricinity  of  a  lingularity,  480 ;  mode 
of  conttmctinff  integrals  of,  488; 
Appeirs  class  of,  484 ;  associated  with 
automorphic  fnnetioos,  488  (see  auto- 
morphie  funeUont), 

Algebraic  equation,  roots  of,  satisfy  a 
lipear  equation  with  rational  ooeiB- 
deots,  46, 174 ;  eonnected  with  differ- 
ential resoWents,  49. 

Algebraic  integrals,  equations  harina, 
45,  165,  Chapter  t  ;  eonnected  wiUi 
Oieory  of  finite  groups,  175;  oonnected 
with  theory  of  ooTariants,  175 ;  eona- 
tions  of  second  order  having,  17o  el 
seq. ;  equations  of  third  order  having, 
191  et  seq. ;  equations  of  fourth  order 
having,  201 ;  construction  of,  184^ 
198;  and  homogeneous  forms,  202. 

Analytical  form  of  group  of  integrals 
associated  with  multiple  root  of  funda- 
mental eauation  of  a  singularilT,  66 1 
likewise  for  mnltiple  tool  of  ninda- 
mental  equation  for  a  period orperloda« 
416,  454. 

AnnuluB,  Integral  oonvcfging  in  any  (aea 
fmndamenUil  equaUoH^  irngwUr  intt* 
§r0it  LMmrtwi  ssries). 

anorsialft,  270. 

Apparent  alBgnlaritiyi  117 1  aondHioBS 
for,  119. 

Appih*  209,  481. 


Asymptotic  expansions,  Poincar4'a 
theory  of,  888;  represent  normal 
integrals  when  fonctionally  lllnsoiy, 
840. 

timtitnteientlUk^  111,' 

Automorphio  functions,  and  differential 
equations  having  algebraio  eoefllcients, 
488;  and  eonformal  representation, 
491 ;  associated  with  linear  equationa 
of  second  order,  495 ;  constructed  for 
a  special  ease,  500 ;  when  there  is  oat 
singularitv,  506 ;  when  there  are  two 
singularities,  508;  when  there  are 
three,  509,  510;  in  general,  510  tl 
seq. 

Bamea,  448. 

hfffUUendtr   hiUnearer  IHftrtniiaUnu* 

druek,  254. 
Benoit,  474. 
BessePs  equation,  1,  18,  84,  100,  101, 

126,  164,  880,  888,  898. 
Bilinear  concomitant  of  two  ndproeally 

adjoint  equations,  254. 
Basher,  161,  169. 
B6eher*s  theorem  on  equationa  of  Fueha- 

ian  type  with  five  aingnlaritlia,  16L 
Boole,  229. 

Boulanger,  195,  197,  198. 
BrioechI,  206,  208,  218. 

Oasorati,  55,  60,  417. 

Cauehy '  11,  20. 

Oauch/s   theorem   need   lo   eetabUih 

existence  of.qrneetlo  Integral  of  a 

linear  equation,  IL 
Oayley,  94, 118, 121, 182, 216,  288,  246, 

262,  281,  282,  286. 
Cavley*8  method  for  normal  lale|ral% 

281|  for  iubnonnl  lalegrali^  n4. 
OasiiBiga,  848. 
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Odt,  t54. 

OhaimoUritUo  tqiuUloB  btlonging  to  • 

Charaetorittie  eqoaUoa  for  datarmining 

faotor  of  normal  intagrab,  994 ;  aHaol 

of  timpla   nx>t   of,   894;   aflaol   of 

miiliiiila  rout,  398. 
Oharaotariatio  fimotion  of  an  equation, 
.      9M. 
Oharaot«riiitie  indai,  dal&ncd,  9%l; 

and  namber  of  regalar  intagrala 

of  an  aquation,  280,  23S ; 
of  nwiprooally  adjoint  eqiiationa, 
tUa  value,  957. 
Chrjatal,  7,  83. 
Circular  cylinder,  differential  equation 

of,  104  ;  (uee  HfitV*  e^uaiioH), 
Olaes,  equations  of  Fucbeian  (s«)e  yucht* 

ian  type), 
Cockltf,  49. 
OoelHcii*ntii,  form  of,  near  a  lingularitj 

if  all  integrals  there  are  regular,  76. 
Collet,  20. 
Confurwal    r«preBeutatlon,    and   auto- 

morpliio  functions.  4111 ;  and  funda* 

mental  polygon.  499. 
Conntaiit  covtttcieuts,  equation  having, 

14-iO. 
Construotion,  of   regular  integrals,  by 

method  of  Frobeuius,  78;  oif  normal 

integrals,  periodic  integrals  (see  norjaal 

imUifraU,    simply -periodic    iHtegrais, 

doubly "periiHiic  tntegruU). 
,   Coutiuuatiou  process  applied  to  synectie 

integral,  20. 
Continued  fractions  used  to  obtain  a 

fundamental  equation,  439. 
Covariauts    aHsociated    with    algebraio 

integrals,  202 ;  for  equations  of  third 

order,    203,    209;    for   equationa   of 

fourth  order,  201 ;   for  equations  of 

second  order,  206. 
Craig,  vi,  411. 
Crawford,  474. 
Curre,  integral,  defined,  203,  905. 

Darboui,  20.  25 «.  475. 

Detiiiile  integrals  (see  lMplact*t  dtjiniU 

inleyral,  double-loop  iuteyral). 
Determinant  of  a  syHtem  of  integrals, 
25 ;  its  value.  27  ; 

not  vaniahing,  the  system  is  tun* 

damental.  29 ; 
of  a  fundamental  system  does  not 

vsnitth,  30; 
special  form  of,  for  one  particular 

system,  34  ; 
form  of,  near  a  singularity,  77; 
when  the  coefficients  are  peri* 
odic,  400,  415;   when  the  co» 
ettieients  are  algebraic,  481. 
Determinants,  infinite  (see  iii/iui(s  de* 
Urminatitt), 


Detarmining  iaator,  of  aoiaud  latemL 
969;  obuiaad  if  Tliond'i  malbo^ 
969  al  seq.;  oonditione  for.  165x  fbf 
integrate  of  HMBboifar't  aanatwMW, 
988—292. 

Diagonal  of  inAnila  detarmlaantg  MS. 

Diiference-ielations,  68,  417. 

Differential  invarianta  (aea  mvartenff, 
dijfwetUlal), 

Differential  rseolventa,  49. 

Dini,  254.  956. 

Divisors,  alamantary  (sea  eleaealarf 
diviiort). 

Double-loop  intcgrala,  883;  applied  to 
integrate  equationa.  834  al  eeq. 

Dottbly-perio«lie  coefficienta,  ei|naliooa 
having.  441  al  seq. ;  anbatitntiona  for 
the  periods,  443;  fundamental  %^!tk$^ 
tiims  for  the  periods,  444.  445. 

Doubly.ueriodic  integrala  of  eeoond  kind, 
447 ;  rieard*B  theorem  on,  447 ;  nam* 
her  of,  448.  450 :  belonging  to  Lam4*t 
equation,  468 ;  now  eonstrueted.  471. 
475. 

Eii^eiistein,  525. 

Element  of  fundamental  ayatem,  80. 
Elementary  divisors,  of  certain  determ- 
inants. 41-^43;  of  the  fundamental 
equation,  55;  determine  gronpa  and 
sub-groups  of  integrals,  69: 

effect  of,  npon  number  of  periodaa 
integrals  when  ooefficienta  ara 
periodic.  416,  450. 
Elliott,  M.,  424,  425.  474. 
Elliptic   cylinder,  differential  eqnatioa 

of,  164,  399,  431—441. 
Eipansiou  of   converging  infinite   de- 
terminants, 853. 
Espaniiions,  asymptotic  (sea  osysiplolie 

expauiioH*), 
Exponent,  to   which   regular   integral 
belong*,  74 ;  properties  ol^  75 ; 

to  which  the  determinant  of  a 
fundamental   system   belonga, 
77; 
to  which  normal  integral  belongat 

262 ; 
of  irregular  integral  ae  lero  of  an 
infinite  determinant,  868. 
Exponents,  sum  of,  for  cqnationa   of 
FnohMian  type,  126; 

for  liiemann*s  P-fiinction,  189. 

Fabry,  94,  270. 

Factor,  determining  (sea  d^frraunfaf 
/actor), 

Fano,  214,  218. 

Finite  groups  of  lineo-linear  aobetito- 
tions,  in  one  variable,  176;  eonnected 
with  uolyhedral  functions,  181 ;  aaso- 
ciateJ  with  equations  of  aeoond  order 
having  algebraic  integrala.  189 ;  used 
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for  eontlnielioii  of  almlmio  intertl, 
185; 

in  two  Tarimblea,  193;  Iheir  dif- 
ftrential  inTarianto,  195;  ilM 
Lagnerre  ioYtrUnl,  196;  need 
to  oonsinicl  •qaationi  of  third 
order  haTing  algebraio  integrmls, 
197; 
in  three  Tariablet,  900. 
Firet  kiDd,  periodio  fanotion  of,  110. 
Floqnet,  841,  984,  959,  411,  448. 
Frioke,  489,  615,  695. 
Frobeniai,  78,  93,  109,  996,  981,  988, 

938,  947,  954,  957,  959. 
Frobeniaa*  method,  for  the  eonetniotioB 
of  integrals  (all  being  regular),  78  et 
seq. ;  Tariation  of,  vaggeeted  by  Caylej 
for  tome  cases,  114;  applied  to  byper- 
geometrio  equation  for  special  eases, 
147;  for  the  oonstmction  of  integrals, 
when  onlr  some  are  regular,  9iB5  et 
seq.;  used  for  eonstruetion  of  irregular 
integrals,  879  et  seq. 
Fuchs,  L.,  10,  11,  60,  65,  66,  78,  98,  94, 
109, 110,  117, 198, 195, 196, 199,  156, 
906,  908,  916,  899,  489. 
Fuchsian  equations,  193, 495  et  seq. ;  in- 
dependent f  ariable  a  uniform  function 
of  quotient  of  intemls  of,  496—499) 
mods  of  determining  eoefBcients  In, 
501;  used  as  subsidianr  to  linear  equa- 
tions of  anj  order,  515. 
Foohsian  functions,  associated  with 
linear  equations  of  the  second  order, 
500,  509,  515 ;  associated  with  linear 
equations  of  general  order,  515,  517; 
In  the  expression  of  integrals  as  uni- 
form functions,  590. 
Foohsian  group,  (see  Fuehiian  function^ 
Z€tafuehiian  function),  • 

Foehsian  type,  equations  of.  Chapter  it, 
yo.  198  et  seq.;  form  of.  198;  proper- 
ttei  of  exponents,  196 ; 

when  fully  determined  by  singu- 
larities and  exponents,  198; 
of  second  order  with  any  number 

of  singularities,  150; 
forms  of,  when  ao  is  an  ordinary 

C>int,  159;  when  ao  is  a  singu- 
rity,  155, 158;  Klein's  normal, 
158; 
Lamp's  equation  transformed  so 

as  to  U  of ,  160; 
equations  of,  having  five  singu- 
Urities,  161 ;  B6cher's  theoiem 
on,  161; 
having     polynomial     integrals, 
166;  having  rational  integrals, 
169. 
Fandamental  equation,  beloncinff  lo  a 
Angularity,  is  sama  for  Ml  fnnda- 
nental  qrHemi,  88— 40;* invariants 
oi;  40;  Poiaeari't  thaoffum  on,  40; 

F.  IT, 


properties  of,  connected  with  ele- 
mentary divisors,  41 — 48; 
Auidamental  system  of  intejgrals 
associated  with,  50;  when  roots 
are  simple,  59 ;  when  a  root  is 
multiple,  58; 
roots  o(  how  related  to  roots  of 
indieial  equation,  94. 
Fundamental  equation  when  integrals 
are  irregular,  expressed  as  an  infinite 
determinant,  889; 

expressed  in  finite  terms,  899; 
various  methods  of  obtaining,  899. 
Fundamental  equations  for  double  peri- 
ods, 444,  445;  their  form,  447;  rooU 
of,  determine  doublv-periodic  integrals 
of  the  second. kind,  448;  number  of 
these  integrals,  450;  effect  of  multiple 
roots  of,  451. 
Fundamental  equation  for  simple  period, 
405;   is  invariantive,  406;   form  of, 
407 ;  integral  associated  with  a  simple 
root,  408;  integrals  associated  with  a 
multiple  root,  408;  analytical  expres- 
sion of,  419. 
Fundamental  equation  when  coefllcienti 
are  algebraic,  489;  relation  to  indieial 
equation,  489. 
Fundamental  polygon  for  antomorphie 

functions,  490,  498,  500. 
Fundamental  system  of  integrals,  defined, 
80;  its  determinant  is  not  evanesoent, 
80;  properties  of,  80,  81 ;  tests  for,  81, 
89;  form  of,  near  ningularity,  50;  if 
root  of  fundamental  equation  is  sim- 
ple, 59;  if  root  is  multiple,  58; 
affected   by  elementary  divisors 
of  fundamental  equation,  57 1 
aggregate  of  groups  associated 
with  roots  of  indieial  equation 
make  fundamental  system,  95. 
Fundamental  system,  of  irregular  inte- 
grals, 887 ;  of  integrals  when  eoefflci- 
ents  are  simply-periodic,  408,  419; 
when  coefficients  are  doubly-periodic, 
449—457;  when  coefficients  are  alge- 
braic, 480. 
Fundamental    system,    constituted    by 
group  of   integrals  belonging   to  a 
multiple  root  of  fundaments  equa- 
tion (see  group  of  inieffraU), 

Oordan,  189. 

Grade  of  normal  integral,  969. 

Graf,  888. 

Oreenhill,  466. 

Group  of  integrals,  associated  with  mul- 
MpM  root  of  fundamental  equation, 
58;  resolved  into  sub-groups,  by  elt- 
mentary  divisors,  57;  Hamburger's 
iob-groopa  of,  69;  geasral  analytieal 
form  o^  68 1  can  ba  fundamental 
iiyslMB  ii  aqnatfoo  of  lowtr  otd«r,  79. 
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Oimip  of  latamli,  tMoeiatod  wilh  ami- 
lipU  roolof  uidieial  eqiiaUoti  la  oMthod 
or  Fn>b«ilii%  80;  guMrtl  thMrem  oo. 
M;  Aggregate  of,  make  a  fandamentel 
qratem,  M;  compared  with  Ham- 
mirger'a  groapa,  118. 

Oroiip  of  integrala  l6r  l^pargaometrio 
eqaaiioo,  144. 

Group  of  irregular  integrala  auooiated 
with  multiple  root  of  obaraot«riitio 
infinite  determinant,  881  et  eeq.;  re- 
folved  into  aub-gronpt,  882. 

Group  of  integral!  aeaooiated  with  mul- 
tiple rootiof  fundamental  equations  for 
periods  when  eoetBoienta  are  doubljr- 
periodio^  451 ;  analytical  eipretsion  of, 
488, 457;  further  development  of^  when 
uniform,  459. 

Group  of  integrals  associated  with  mul- 
tiple root  of  fundamental  equation  for 
period  when  coetHoients  are  simply- 
periodic,  415 ;  arranged  in  sub-groups, 
according  to  elementary  divisors,  410; 
analytical  eipression  of.  419;  they 
constitute  a  fundamental  system  for 
aquation  of  lower  order,  420;  further 
eipression  of,  when  uniform,  421. 

Groups  of  aubtftitutions,  finite  {§eejinite 

wAnite   (see   autQHwrphic  fuiw* 
iioiu), 
Gninfeld.  25U. 
Gubler,  833. 
Gfinther,  11,  209,  899. 
Gyia^u,  462. 

Halphen,  254,  255,  281.  816,  816,  448, 

464,  465,  478. 
Hambur»*er,  88,  60.  62,  68,  64,  US,  277, 

2H0.  2H8,  286,  8U9.  482. 
Haroburtter's  e<|uations,  276  et  iteq. ; 

of  second  order  with  normal  inte- 
grals, 279 ;  the  number  of  nor- 
mal integrals,  280; 
of  general  order  n  with  normal  or 
subnormal  integrals,  288et  seq. ; 
of  thiid  order  with  normal  or  sub- 
normal integrals,  801  «»t  stK|. 
Hamburger's  sub-groups  of  integrals  (see 

<ii6-j|roii/>«  of  inttgraU), 
Hankol,  108,  838. 
Harley,  49. 
Heffter,  55,  156. 
Heine,  164.  166.  481.  441. 
Hermite.  15.  20,  418.  463.  465,  468.  478. 
Hermite,    on    equation   with    constant 
coefiicicnts.  15—20;  on  equation  with 
doubly* periodic  coellicients,  465. 
Heun,  159. 
Heymanii,  50. 

Hill.  O.  W.,  81H,  396.  3J8,  899,  402,  482. 
Hobson,  334,  887. 
Homogeneous  forms  (sea  covaridHUV 


Homogmmom  Unaif  mv 
27<fiieqsaioB  U»ited  lo,  8L 

Homoganeooa  raUtfama  bat— m  inla- 
grala  w^  tlisgr  ara  algabrmia^  M» 
817;  of  saoond degraa  for aqoaliooa of 
third  order,  810;  and  of  highardcfraa, 
214. 

Horn.  888,  841,  842,  846,  847. 

Humbert,  187. 

Hypergeometrio  ftoeiioa,  osad  to  rsodar 
integrals  of  differential  eqiiatioDa  am- 
form  in  special  ease,  509. 

Hypergeometrio  seriaa,  eqnation  of.  1,  It, 
84.  108,  126,  144-150, 178,888,  801, 
509. 


Identical  relationa,  polynomial  la  [ 

of  a  logarithm,  cannot  aiiat,  89. 
Indet,  characteristic  (aea  thar^UrUtU 
ind^x) ;  to  whioh  regular  integral  bo- 
longs.  74;  properties  of,  78. 
Indioial  equation,  when  all  integrala  ara 
regular,  85.  94;  sit^nificance  of^  in  tht 
method  of  Frobenius,  85; 

integral  associated  with  a  aimpla 

root  of.  86; 
group  of  integrals  aasociatod  with 

a  multiple  root  of,  86; 
roots  of,  how  connected  with  mote 
of  fnndj^mental  equation,  94; 
for  equation  with  not  all  integrala 
.  regular.  222,  227; 
when  coefficients  aic   algebraic, 
482 ;  relation  of,  to  the  funda- 
mental equation,  482. 
ladicial  function,  when  all  integrala  ara 
regular,  94; 

when  not  all  integrals  are  regnUr, 

227; 
de<{ree  of.  as  affecting  the  number 
of  rcKular  integrals,  280.  233 ; 
of  adjoint  eqnation.  aa  affecting 
the  number  of  regular  integrala, 
259. 
Infinite  determinant,  giving  eiponeni  of 
irregular  intrgral,   368;   modified  to 
another  determinant,  869;  is  a  peri- 
odic function  of  ite  parameter,  875; 
effect  of  simple  root  of,  380,  of  a  mul- 
tiple root  of,  381  et  seq. ;  leads  to  tha 
fundamenUl  equation  of  the  singn- 
'     larity,  349 ;  eipressed  in  finite  terma, 

392. 
Infinite  determinants  in  general,  849; 
convergence  of.  35U;  propertiae  of  con- 
verging, in  general.  352  et  seq.;  uni- 
form convergence  of,  when  functions 
of  a  parameter,  858;  may  be  capa- 
ble or  differentiation,  859;  need  to 
solve  an  unlimited  number  of  linear 
equations,  360;  applied  to  construct 
irregular  integrals  of  diffurential  aqua- 
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iBitUl  aondUiomi  deflntd,  4 ; 

▼alaet,  4;  effeoi  of,  npon  fonn  of 
•jneotio  integral,  9. 
latagral  eonro,  903,  806. 
lotcgralt,  irregular  (mo  irre^uUr  inte* 

9ral$). 
lategndt,    donblj-poriodio,     irrcgalar, 
BomuJ,  regular,  limplj-iieriodio,  tob- 
normal,  lynectie  (lee  onder  thew  titlat 
reipeotiTely). 
iDtogralf  ronderod  miifomi  foDetiont  of 
a  Tariable,  when  tboro  it  one  tingii* 
laritT,  606 ;  when  there  are  two  tingii* 
laritiee,  608;  when  there  are  three, 
609,  610;  in  general,  610  et  leq.;  bj 
meant  of  Zetaf aohiian  fanetiont,  619, 
690. 
larariantt,  differential,  Sehwarzian  de« 
rivatiTet  at,  for  eqoationt   of   the 
eeeood  order,  189; 

for  eqnatione  of  the  third  order, 

196; 
for  eqnationt  of  the  foorth  order* 

901,  918; 
LagQerre*t,  198. 
Intariantt  of  fandamental  equation,  eon* 
neoted  with  lingnlarity,  88,  40; 
for  irregnltr  integralt,  898; 
eonneoted  with  a  period  or  periods, 

406,  446; 
when  eoeflloiente  are  algebraic, 
489. 
Irreeoncileable  patht,  defined,  93. 
Irredaoible  eqnationt,  exist,  847;  Fro- 
benlut*  method  of  eonitrneting,  948. 
Irregolar    integralt,    in    the   form   of 
Laurent  tenet,  864;  converge  within 
an  annnlnt,  866;  formal  exprettion 
for,  obtained  bj  infinite  determinantt, 
876;  gronpt  and  tnb-gronpt  of,  ob- 
tained by  generalitation  of  Frobenint' 
method,  879;  thete  conttitnte  a  tanda- 
mental  tyttem,  887; 

made  nniform  fonotiont  of  a  new 
Tariable  by  meant  of  antomor* 
phio  fnnofiont  (tee  automorpMe 
functiom), 

Jordan,  197,  900,  888,  884.  888,  841. 
Jfirgent,  66,  118. 

Klein,  160, 168. 166,  168, 161, 176, 186» 
187,  190,  197.  906,  489,  616,  696. 

Klein't  normal  form   of  equation   of 

teeond  order  and  Fneheian  type,  168; 

method  for  equationt  of  eeeoad 

Kneter.  841. 

fon  Koch.  848,  809,  898,  899.  481 
Kummer,  146. 

Kummer'a  group  of  faHegrila  of  Ibo 
IgrpefgeooMlrig  eqwilion,  144. 


Lagrange,  961. 

Laguerre,  196. 

Lamp's  equation,  1,  196,  169,  160, 166, 

168,  888,  448.  464-^78. 
Lam4*t  generalised  equation.  160. 
Lapltce*t  definite   integral,   tatitfying 

Sottion    with   rational   coefficientt, 
8;  contour  of,  898;  developed  into 
.    normal  integralt,  where  thete  exitt, 

824  et  seq. 
Laurent  teriet  expreeting  an  irregular 
integral,  864;    proof  of  eoDvergenee 
within  an  annnlue,  866. 
Legendre*t  equation,  1, 18,  84,  108, 196, 

160,  168. 
Liapounoflr,  819,  496—481. 
LiapounoflTt  theorem,  applied  to  evaluate 
lkplace*t  definite  integral,  894;  me- 
thod of  ditcutting  uniform  periodic 
integralt,  496. 
Lindemann,  481,  484,  487. 
Lindttedt.  439. 

Linear    algebraic    equationt,    infinite 
tyttem  of,  tolved  by  meane  of  infinite 
determinantt,  860. 
Linear  differential  equation,  definition 

of,  9. 
Lineo-linear   eubetitutione    (see  JinlU 

groupi). 
Logarithms,  quantity  alfected  hj,  can 
tatisfv  a  uniform  linear  differential 
equation   and  determine  itt   funda- 
mental tyttem,  66; 

identical  relatione,  polynomial  in 

powers  of,  cannot  exist,  60; 
regular  integralt  free  Arom,  106; 
oondition     that    eome    regular 
integral   shall   be   free  from, 
110. 
Lommel,  881. 

Maodonald,  838. 

Markoff,  169. 

Member  of  a  fundamental  tyttem,  80. 

Minort  of  infinite  determinantt,  flyS4. 

MittaflLeffler,  899,  463. 

Modular  function,  used  to  render  into- 
mlt  of  differential  equationt  uniform 
in  tpeoial  cate,  610;  £itenttein*t 
function  timilar  to,  696. 

Multiple  root,  group  of  integralt  aseo- 
ciated  with  (tee  multtpU  n»t\. 

Multiplier  of  periodic  integral  of  eecond 
kind,  410;  it  a  root  of  the  funda- 
mental equation  of  the  period,  406. 

Muth,  49. 

Normal  form,  (after  Frobeniue)  of  equa- 
tion having  tome  integralt  regular, 
997;  of  component  fMtore  of  luoh 
an  equation,   and  of  a  compoeito 
.  equation,  998 1 
.    (•flerKMn)olaqnilkNioirtteha- 
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Imi  ljrp«,  IM;  ol  IbAbIu  4*- 

-    linaiiiAnl.  Mk 

Normal  inUgrala,  (Mb«4,  M  ;   oon- 

ttnMl«d  bjr  Thoiii4*«  BMlhoa,  969  •! 

••S*;   AgRragAto  of*  laiUiy  onothor 

diSACMitial  ««|\iAtion,  971 ; 

eonditiooa     Ibal     Hambarger't 

•qoAtion  of  aaoond  order  toMj 

hkw,  979|  and  Uio  numbar  of, 

9a0| 

Oojrlajr't   OMtbod   of  obuinlnn, 

!M1; 
of  HAmbbrger'A  oqiulion  of  order 

n,  98a  •!  MO. ; 
number  of,  beloDging  to  eqiutioa 
of  order  n,  9tt5,  3U8;  belongiog 
(6  cquAlioQ  of  Uiird  order,  a04, 
800,  809; 
of   equAtions  with   ratioDAl   eo« 

eOicienU,  SIS; 
Arising  out  of  LapltoA't  deflnito 

inU*KrAl,  8*i9; 
are  aivmptotic  repreeentAtion  of 
LapUce*ii  integral,  840. 
Nttmber  of  ri-guUr  integrAls  of  an  equA- 
tlon  Aud  ilii  ohArActerietio  Indei,  2S0 ; 
OAO  be  leii«  than  maiimum  value,  288 ; 
and  the  number  fur  the  adjoint  equa- 
tion, 957. 

OfdinATT   point,   sjrneotio   integrAl   in 

doniAin  of,  4. 
Origin  of  infinite  determinant,  849;  oao 

M   moved   in   the  diagonAl  without 
.ehangiug  the  value  of  the  detenu- 

inant,  8;>0. 
Oagood,  85,  199. 

Painlev^,  195.  198,  199. 

Papperitz,  149. 

Parabolio  cylinder,  equation  of,  165. 

PatliH,  if  revLTiicd  in  continuation  pro- 
oeitit,  restore  initial  valuei>,  91 ;  deform- 
atiou  of,  without  oroii«ing  liugularity, 
99 ;  reconuileablc*,  and  irreconcileable, 
98 ;  effiiot  of,  round  a  eiugularitjr, 
Chapter  II,  piutim. 

Pepin.  900. 

Period,  (umlamental  equation  for  aimple, 
405 ;  fundamental  equations  for 
double,  445 ;  (see  j'undamnUal  iqua^ 
Hon), 

Periodio  eot^fficieiita,  equations  having 
uniform.  Chapter  is,  408  et  seq. ; 
simply-  (nee    simply -periodic    co- 

doubly   (Mee    doubly -ptriodie    cu- 
ej^vientt). 
/'•function,  discuMiion  of  (sot  RiemaHh't 

P-fuHCtivn), 
Physios,    equations    of    mathematical, 
and  e«^uatioiii  of  Fuohsian  type  having 
five  iingularities,  101. 


Pioard,  vi.  •IT,  tin  MI.iia.4IT,  Am. 

460,  471. 
Pochhammar,  105,  IM,  Itt.  tSS. 

Poincar4,  40,  41.  105,  946,  970^  tTl, 
815,  817  al  aa^.  MSffai,  88U.  988  at 
•eq.,  847,  846,  858,  899,  44I,  488, 
489  al  aa^.  jnusIm. 
Poincar6'a  tbaorani  on  aggragaU  of 
normal  intagrala  ol  a  given  aqnnlioA, 
971; 

davalopmant  of  LanUoa'a  daAnita 
integral  that  aatisfiea  aqunlion 
with  rational  eoeltteiania^  616 

•»  aaq.; 
atymptotio  aipanaiooa,   888   al 

■eq.; 

applicationa  of  aatomorphio  fnne* 

tiona  to  oqaaliona  having  nl§a- 

braio  ooefiicienta,  486  at  ae^; 

theorem  on   the  Intagimtioii  of 

linear  aqiuUiona  by  meana  of 

setafuohaian  f onationa,  517, 598, 

Polygon,  fundamental  (mo  fmmimmtmud 

polygoH), 
Polyhedral  fuuetioni^  and  Anita  groopa, 
lo4 ; 

associated    with    aqnationa     of 
aeooud  order  having  algabraao 
integrala,  189; 
used   for  construotioa  of  algo- 
braio  integral,  165. 
Polynomial  integnda,  aqnationa  havinc, 
166; 

how  far  deterounatc,  167« 
Potential,  equation  for  the,  solved  bj 

means  of  Lam4*s  equation,  465. 
Priuci|)al  diagonal  of  infinite  dctarm- 

inant,  849. 
Pttiheux  diagram  need,  967,  969,  974, 
9b5,  800,  810.  811. 

Quarter-period    in    elliptic    funolaona, 
equation  of,  1,  199,  887,  510. 

Hank,  of  differential  equation,  defined, 
971;  equatious  of,  greater  Uian  nnitj 
replaced  by  equations  of  rank  nnilj, 
8^9  et  s«q. 
Ratiov^al  coettieieuts,  equations  having, 
813  et  M;q. ;  normal  integrals  of,  814; 
Laplaoe'tf  definite  integral  eolation  of, 
818. 
Bational  iutci^rals,    equations   having, 

169. 
Ueal  singularity,  117 ;  conditions  for,  119. 
Keconciltratle  paths,  98. 
Ueducibility  of  equations,  defined,  998; 
extent  of,  wiien  some  integrala 

are  regular,  996.  948; 
if  they  t>obsesii  uormai  or  attb> 
normal  iniegrals,  978. 
Beducible,    equatious    having    regnlar 
integrals,  are,  994,  996^  948; 
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ftdioint  of  a  redoeibte  equation 

M»  358; 
eqnatioD,  baring  a  redueibla  ad* 

ioiot,  is,  904; 
•qnatiooi,  baTing  normal  or  inb- 

normal  integrals,  are,  978. 
r,   eqnationi   when    onlj   tome 
Inlegimla  are.  Chapter  ti;   f6rm  of 
ootmeients,  231; 

•qnatione  baring  eome  integral!, 

are  reducible,  334,  336; 
integrals  posseseed  bj  an  aqna- 

Uon,  number  of,  380; 
•qaationi  baring   no   fcntegrali, 

331,  283; 
integrals,  when  they  eiist,  eon- 
•tmeted  bj  method  of  Froben- 
ins,    338   et  seq. ;  eonditlons 
that  they  eiist,  387; 
bow  many  integrals  of  adjoin! 
equation  are,  387. 
Bogvlar  integrals,  defined,  4,  74;  fbrm 
oif  ooeflleients  near  a  singularity  if  all 
integrals  are,  78; 

eonstmction   of,  by  method  of 

Frobenins,  78; 
oonditions  that  all  may  be  free 

from  logarithms,  106; 
oonditions  that  some  may  be  freo 

flrom  logarithms,  110; 
equations    baring    all    integrals 
everywhere  regular,  Chapter  tr 
(see  ¥ueh»ian  type), 
Resolrents,  differential,  49. 
Riemann,  187,  140. 

Biemann's  P>fonotion,  definition  of, 
186;  transformations  of,  187;  deter- 
mines a  differential  equation,  141, 
168,  168;  forms  of  differential  equa- 
tion thus  determined,  148;  group  of 
integrals  deduced  for  hypergeometrie 
equation,  144. 
Roots  of  fundamental  equation  and  of 
indicial  equation,  how  related,  94. 

Salmon,  48. 

Bauraffe,  49. 

Bchlesinger,  ri,  118,  918. 

Behwara,  499. 

Bcott,  R.  F.,  41.  / 

/  Second  kind,  period!^  fbnetions  of;  410, 
447;  equation  with  periodic  coeffi- 
cients has  integrals  which  are,  411, 
447;  number  of  such  integrals,  411, 
417,  448,  480;  (see  Hmpt^-peHodU 
inUgnU,  doubfy-'periodie  iHieyrah). 

Simplr-periodio  ooeflleients,  eqnationa 
baring,  408  et  esq. ;  possess  integrals 
which  are  pcriodie  of  second  kind, 
411;  analytieal  etprssakm  of  Ibess 
integimls,  418. 

Bimp^^periodie  intsgrals  of  sseoBd  kind* 
«11|  Ibsir  aoi^ytloal  tapwssioa,  «It. 


Singularities  of  a  differential  equation, 
8;  real  or  apparent,  117,  with  con- 
ditions for  discrimination,  119;  how 
treated  when  coefficients  are  algebraic, 
490  et  seq. 
Singularity,  effect  of  path  round,  86; 
equation  connected  with,  is  inrarian- 
tire,  88. 
Stieltjes,  169,  487. 

Snb-groups  of  irregular  integrals  (see 
$roup  of  irrtgular  integraU,  irregular 
integrau). 
Snb-groups,  in  a  group  of  integrals 
associated  with  multiple  root  of  ften* 
daraental  equation,  87 ; 

Hamburger's,  69 ;  number  of,  is 
equal  to  number  of  elementary 
dirisors  of  fundamental  eqna* 
tion,   69;    general    analytical 
form  of,  68; 
can  be  fundamental  system  of  an 
equation  of  lower  order,  79. 
Snb-groups  of  periodic  integrals,  deter- 
mined by  elementary  dirisors  of  the 
fundamental  equation  of  the  period, 
416;  are  analogous  to  Hamburger's 
sub-groups  of  regular  integrals,  417 ; 
analytical  eipression  of,  419. 
Subnormal  integrals,  defined,  970 ;  how 
constructed,  970 ;  aggregate  of,  satisfy 
another  equation,  971 ; 

of     Hamburger's     equation    of 
second    order,    986;    Cayley's 
method  of  obtaining,  984; 
of  HamburRer*s  equation  of  order 

fi»  2U0  et  seq.; 
of  Hamburger's  equation  of  third 
order,  809,  818. 
Subsidiary  equation  for  integration  of 
any  linear  equation  in  terms  of  uni- 
form functions,  Fuchslan  equations 
used  as,  817. 
Substitutions,  finite   groups  of   llneo- 
linear  substitutions  (see  na/f#  ^roM|M). 
Sylrester's  eliminant  used,  46. 
Synectio  integral  In  domain  of  ordinary 
point,  4 ;  is  unique  as  determined  br 
Initial  conditions,  8;  ranislies  If  all 
initial  values  ranish,  9;  Is  linear  In 
initial  ralues,  9 ;  modes  of  establish- 
ment of,  10, 11 ;  continuation  of,  90. 
System  of  ftinctions,  when  linearly  inde- 
pendent, can  satisfy  a  linear  differen- 
tial equation  of  which  tbn^  are  a 
fundamental  srstem,  44;  when  tbt 
ooeflleients  in  the  equation  are  ration- 
al, 48,'  998;   this  property  used  to 
reduce   an  aqnatloo    (sea   rtdueiM$ 
eqmmtiofu), 
Bftitm  of  integrala,  detorminaal  of;  38; 
ftandamsBtal  (set/Wndasimlal  spsliai). 

Taantiy.  44,  H  109t  19,  181«  186. 
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kind,  ptiiodla  fuaetioBt  of,  410 ; 
MtuUlon  bATing  int«sndB  whkh  ta% 

ThomV  74,  S9I,  SSI,  9S9,  S88,  tt4,  M7. 

859,  969,  48a. 
Tboiii4't  method  ol  obUinina  th«  d*- 

terminiiig  (aotor  of  a  normal  iaUignU, 

9tt9  ot  leq.. 
TiBMurand,  481,  441. 
Transfornuitioii  of  oqiulioiM  of  rank 

graaUr  than  vnltjr  to  aquatloua  of 

rank  unitv,  849  et  aeq.    ■ 
Type,  •quatlout  of  Fuobaian  (lae  /*iicA«- 

ian  type)  I  of  tqnatioiia,  at  aaaooiated 

with  autoinorpbio  funotiona,  510. 

Uniform  doukly-periodio  intagraU.  459 ; 
modaa  of  consUucting,  460,  46d,  471, 
476 ;  illutfirat«d  bjr  LamA'a  atjuatlon, 
464  at  Meq. 

Uniform  ftinotiona,  intagrala  of  eqoa- 


tfOM    •SBNMibli    ai»  hf   I 

antomoriMiio  AuMftkMM  (aai 
mkU  /MnrMoni) ; 

abnplo  aiamplaa  ol,  601, 800. 600. 

6l0i  In  ganaral,  610  ol  aof.; 

Poinoar4*a  thaoiwn  on,  610. 

Uniform  aimpljr-pariodio  intagrala,  491 1 

Liapoonofl'a  mathod  ol  daiuing  with, 

^496. 

Valantinar,  197. 
van  Vlaok,  160. 
Vogt,  899. 

Wifber,  165.  888. 
Wai«ratra«a,  49,  06«  117.  977. 
wfieniliek,  117. 
WbitUkar.  616. 
WiUUmaon,  890. 

Zataf uebaian  funotiona,  690 ;  yropafftiaa 
of,  531 ;  nied  to  aiproM  tba  Intagial 
of  any  linear  aquation,  699—^; 
moat  ganaral  aipraaaioo  of,  598. 
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